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On the ultimate boundedness of solutions
of systems of differential equations

lu this paper we give cOlltlitiolls IIllder wlliell all SOllltiolls of a systclII of
differelltial eqllatiolls are eqlli hOl\llllcd allllllltilllate hOlllltlcd. Wc apply
our reslllt 1.0a systelll which cOlltaill 1.0well kllowll Liéllartl's cqllat.ioll.

Where f : 1 X Rm -+ Rm, 1= [0,+00), is cOlltinuous. AIsoeonsider that thc
solutions of the system are uniquely determined by initial conditions.
In Liapunov's Seeond Method the study of various qualitative properties asso-
ciated with solutions of (1) was originated in the fundamental memoir of the
russian mathematician Liapunov. Sinee that time this area has been exten-
sively (perhaps even exhaustively) investigated. Many of the results require
intermediate, or direet, use energy (Liapunov) funetions.
In (8) Salvadori used seaIar functions V (t, x) and W (t, x), alld e (r) > o which
satisfy:

V{I) (t,X (t)) S -f'{W (t,x (t))),



and studied the asymptoptic stability of (1) with f(t, O) == O. In [1] two Lia-
punov functions have been used to investigate the ultimate boundedness and
the equi-ultimate boundedness ofthe solutions of (1) and

V{¡)(t,x(t)) ~ -c(W(t,x)) + >.(t)4>(V(t,x)),

where c(r) > O, Jooo>.(t)dt < 00 and Jooo c/>t~)= oo.
The purpose of this paper is to investigate the ultimate boundedness and
the equi-ultimate boundedness of the solutions cif (1) by using two scalar
functions too. In particular, our results generalize those in [1]. In section 3 as
an application, we consider the system x' = a(y) - (3(y) f(x), y' = -a(t)g(x)
where a, (3, f, 9 and a are continuous. '
Let IRm, denote Euclidean m space and 11·11 denote any norm in IRm, x(t; to, xo)
denote a solution of (1) with x(to; to, xo) = xo.
We will use the following notations:

C (X) and C 1(X) denote the farnilies of continuous functions and continuous
increasing functions, respectively, on a real intervall X (O E int X) and 1 =
[O, +00).
We consider the following functional class:

,C = {>.(t) E C(I) : >.(t) ~ O,foOO >.(t)dt < 00 },

p = {p(t) E C(I) : p(t) ~ o,foOO p(t)dt = 00 },

F = {4>(U) E C(IR) : 4>(u) > Ono decreasing and foOO 4>~:)= 00 }

For definitions of boundedness of the solutions of (1), we refer the reader to
[9].
We shall use sorne auxiliary functions continuous in (t, x) and locally Lips-
chitzian in x. Define:

V{l)(t,X):= lirn sup h-1 {V(t + h,x + hf(t,x)) - V(t,x)}.
h-O+ .

Now we give two lemrnas which will play an important role in the proof of our
main resulto



Lemma 1. Suppose that there exists a Liapunov function V (t, x) defined on
I x JRm, which ~atisfies the following conditions:

(i) a (1Ixli) ~ V (t,x) ,where a(r) E Cl (JR+) and a (r) --t 00 as r --t 00,

(ii) V{l) (t, x) ~ A (t)[r (t)~ (V)- q (t)], where A E [,; q, rE P and ~E :F.

Lemma 2. Let A(t) be continuous on l, ~ E F, ~(v) be a primitive ofl/~(v)
and suppose that v' ~ A'(t)~(v). Then we have: -

v(t) ~ ~-l ( ~ (v(to» +1:A(S)dS)

Remark 1. The proof of lemma 1, is a variant of the proofs of Theorems
10.1 and 10.2 of [9} and the Lemma 2 ls a trivial application of the theory of
differential inequalities.

Theorem 1. Suppose that there exist two Liapunov functions V (t, x) and
W(t,x), defined on lx ]Rm, satisfying the conditions:

2. b(lIxll) ~ W (t,x), b(r) E Cl and b(r) --t 00, as r --t 00,

3. VÚ) ~ -p (t) e (W (t, x» + A¡(t) ~¡(V(t, x», where e (r) E C (]R+) and
lim inf c(r) > O, p E P, Al E [" Y ~1 E F,
r-+QO

4. W{¡)(t,x) ~ A2(t)[r(t)~2(W)-q(t)], whereA2 E [,; q,r E P, ~2 E F
with r(t) ~2(W) - q(t) > O, for all tE I and x fixed.



Proof. The conditions 2 and 4 satisfy the lernrna 1 and the &olutions of (1)
are equi-bounded .•
There exist positive constants , and k such that:

in! c(r) ==" b-1(s) > O for any s ~ k,
r?k

since lim inf c(r) > O and b(r) -00 as r - oo. For the proof of the equi-
r-oo

ultimate boundedness of solutions of (1), we first show the following facts.
We suppose the there exist to E 1 and Ú' > O such that for all T > O,there
exist xo E SQ and x(t; to, xo) such that:

W(t,x(t;to,xo))~b(B) Jor to~t~to+T,

which means the no ultimate boundedness of the solutions of (1).
By the condition 3 and Lemma 2, there exist N > Osuch that:

~I (V (t, x (t; to,xo))) ~ N for t ~ tO.

Then it would follow the condition 3 that:

V(¡) (t,x) ~ -,p(t) + NAI (t) for to ~ t ~ to + T

and therefore that:
{to+T {to+T

V (to + T, x (to + T)) ~ V (to, xo) -, Jto p(t)dt + N Jto AI(t)dt.

Since p(t) E P,the lást member becomes -00 as T - +oo,and this contradicts
the condition 1.

Let B > b-I (F-I (F (b (B))) + L) ,where F (r) is a primitive oi r(t)</>2(~t)-q(t)
and L = 1000A2(t)dt
From the condition 4 we have:

W(I)(t,x)
r(t)~2(W(t, x)) - q(t) ~ A2(t).

Integrating this inequality from tI and t (t ~ tI) we have:

W (t,x) ~ F-I(F(b(B)) +L),t ~tl,

then W (t, x) < b(B), t ~ to + T. Thus the condition 2 shows that:

IIx(t)II<B for t>to+T

and the proof of Theorem 1 is completed .•



Remark 2. In (l, Th 3.3] the authors obtained the same conc1usion if the"
condition 4 is replaced by the more restrictive condition:

x' = n(y) - ~(Y)f(x),
y' = -a(t)g(x),

where the dots indicate differentiation with. respect to t. In what follows the
functions o, f3, f and 9 are taken to be continuous real--valued and a positive
continuously differentiable on [0,+(0).
We also asumme that the following conditions are fulfillcd:

a) o E CC (IR) ,

b) f3 E C Pb (IR) ,

c) f,gECS(IR),

d) aE {CP([0+00»nC1([O,+00»},

CS (IR)
CC (IR) =
CPK (IR)
CP (IR)

{h E C(IR): xh(x) > O for all x},
{h E (CI(IR) ncs (IR»)},
{h E C (IR): h(x) ~ k > Ofor all x},

.- CPo (IR),

with C1 (IR) are the families of functions with first derivate continuous on IR.
We define G (x) = l<f 9 (s) ds and A (y) = lit o(r)dr.
In [5]we proved that under these conditions all solutions of (4) are continuable
to the future.
In many papers of author (for example [2-7]), we discussed the asymptotic be-
havior of solutions of system (4) under several conditions on functions involved
in this.
In this section we shall give sufficient conditions for the equi and ultimate
boundedness of solutions of (4).



1. There exist sorne constants f and.º' such that a(t) > .º' > O Eor t 2: O and
l· 2a?? +1m al t < 00,
t----.OQ ,

Tl1en the solutions oE (4) are equi-bounded and ultirnately bounded.
'--

2a(t)
V (t,x,y) = a'(t) exp (A(y) + a(t)G(x)),

then: V (t, x, y) 2: f, thus V (t, x, y) satisfies the condition 1 of the Theorem
1. We next obtain:

, { [2a(t)]'}V(4) (t, x, y) ~ -abJ (x) 9 (x) + a'(t) exp (A(y) + a(t)G(x)),

V{4)(t,x,y) < {-abJ(x)g(x)+

+ln [~~&n'{~~&;}exp (A(y) + a(t)G(x))}

12a(t)
W(t,x, y) = ----,-() [exp (A(y) + a(t)G(x)) - 1]

O' a t

is clear that b (x, y) = A (y) + .º'G (x) satisfies the condition 2 of the Theorem 1.
Also:

W(4) (t, x, y) ~ [~~&;r{~w(t,x, y) + [~ - 1]},
putting p(t) == 1, Al(t) = [ln :~t:?r,<1>1(r)= r, A2(t) = [:~t:?r,r(t) == i y
q(t) = ~ ~ 1, the conditions 3 and 4 in Theorem 1 are fulfilled. Hence, all
solutions of(4) are equi-bounded and ultimate bounded .•



[1] T. HARA, T. YONEYAMA ANO M. YABUUCHI, On the ultimate boundedness O/ solutions
O/ Ordinary DiJJerential Equations, Appl. Anal., 18 (1984), pp. 295-307.

[2] J. E. N APOLES, On the global stability o/ non autonomous system, submited íor publi-
cation.

[3] J. E. NAPOLES ANO J. A. REPILAOO, On the continuation and non oscillation o/ so-
lution o/ bidemensional systems X' = ll'(y) - f3(y) f(x), y' = -a(t)g(t), Rev. Ciencias
Matemáticas, XV nos 2-3 (1994), Univ. oí Havana, to appear.

[4] .. -- On the boundedness and the asymptotic stability in the whole o/ solutions o/ a bidi.
mcnsional system o/ diJJerential equations, Rev. Ciencias Matemáticas, Univ. oí Havana.

[5] ...__. Continuability, Oscillability and Boundedness o/ solutions o/ bidimensional non
autonomous system x" = ll'(y) - f3(y)f(x), y' = -a(t)g(t), Rev. Ciencias Matemáticas,
XV nos 2-3 (1994), Univ. oí Habana, to appear.

(li]---- "Sufficient conditions lor the oscillability o/ solutions o/ system x' = ll'(y) - f3(y)
f(x), y' = -a(t)g(x)", Rev. Ciencias Matemáticas, XV nos 2-3 (1994), Univ. of Havana,
to appear.

[7] A. I. RUIZ ANO J. E. NÁPOLES, Convergence in nonlinear systems with /orcing term,
su bmitcd for publication.

[8] L. SALVADOlll, .'fui problema della stabilita asintotica, Atti della Accad. Naz. Lincei Ren-
c1iconti, 53 (1972), pp. 35-38.

[9] T. YOSIIIZAWA, Stability Thcoryby Liapunov's Second Method, The Math. Soco of Japan,
Tokyo, 19(;6.




