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Functlon Spaces
vlth General1zed Dlstances*
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In [1] we presented a qeneralization of the idea of a
metric, a generallzed distance. We now consider how these
distances can be used to determine converqence structures for
function spaces.

Given a collection B of continuous functions into a distance
space <Y, 6>, we produce a definition for a distance on {j'

qeneralizinq that of the uniform norm for functions into metric
spaces. If {j' is qiven the topology induced by this distance, then
a sufficient condition that the evaluation function be continuous
is that 6 be a summable distance (equivalently, that the
topoloqical space Y be reqular.)

We use this distance concept to describe the compact-open
topoloqy on a function space by means of a base for the topology
in place of the more common subbase.
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Oe~inition 1: By a distance space we will mean a set Y together
with a function ~ from Y x Y to a partially ordered set P such
that:

01, for any x, y • Y, if
and 6(y, y) < p.
6(x, y) • 6(y, x) for all x, y E Y
if 6(x, y) < u, then there exists
6 (y, y) < IJ. and such that 6 (y,
6 (x, z) < u.
If 6(x, y) < IJ. and
u E P such that 6 (x,
For any x, y E Y,

some IJ. E P such that
z) < IJ. implies that

6(x, y) < v, then there exists
y) < u, u s IJ. and u s v.
there exists some p E P such

The partially ordered set P is called a distance set for Y and
the function 6 is called a distance function. We denote by Ne(X)
the collection { y E Y : ~(x, y) < e }. A set Ne(X) is said to be
a distance neighborhood (or a 6 neighborhood) of x. Please note
that distance neighborhoods may be empty.

A distance space is a triple <x, 6, P> where P is a distance
set for X and 6 : X x X ~ P is a distance function. If there
exists an element 06 E P such that 6(x, x) - 06 for all x E X,
then <X, 6, P> is called a zeroed distance space.

If <X, 6, P> and <Y, ~, Q> are dlstance space. and lf f ls a
function from X to Y, then f is said to be (distance) continuous
provided that for anye. Qand any x. X, if 7( f(x),f(x) ) < e,
then there exista some u E P suoh that 6(x, x) <u and such that
6(X, z) < u implies that ~( f(x), f(z) ) < e. The collection of
all distance spaces and all distance continuous functions forms a
category DST. The full subcategory whose objects are zeroed
dlstance spaces will be designated ZDST.



{ Nc(X) : x E X, e E P }
is a base for a topology ~6 on X and the association which maps
<X, 6 , P> to <X,:7"6> induces a functor FDT froJllDST onto the
cateqory TOP of all topoloqical spaces and all continuous
functions. The imaqe under FDT of ZDST is the cateqory of Ro
spaces (see [2].) Any two distance spaces with the same imaqe (or
homeomorphic imaqes) under FDT are isomorphic. Thus the
isomorphism equivalence classes of DST form a cateqory equivalent
to TOP.

Given any topoloqical .space <X, :7">,we can define a partial
order on ~(X), the collection of subsets of X, by sayinq that
A s B provided that A ~ B and B e ~. We desiqnate this partially
ordered set as ~~. Define 6~(x, y) to be {x, y}, an element of
~:f. Then <X, 6~, ~~> is a distance space. The association
<X,"> ~ <X, 6~, ~:f> induces a functor FTD from TOP into DST and
the composition FDT o FTD is the identity on TOP.

Given any topoloqical &Pace <X, ~> , we denote by ~ (X x X)
the collection of all subsets of the product X x X. The
collection ~ (X x X) can be partially ordered by requirinq that
A s B only if A s; B, that B be sYJUletric and open in X x X and
that the diaqonal 6x - { (x, x) : x E X } be contained in B. We
denote this partially ordered set as z~. We define a function C~
from X x X to Z~ by C~(x, y) = 6x v { (x, y), (y, x) }. Then
<X, C~, z~> is a zeroed distance space, the association relatinq
<X, ~> ~ <X, C~, z~> induces a functor ZTD from TOP into ZDST
and the composition Fot o ZTD is the identity on the cateqory of
Ro spaces.

A distance space <X, 6, P> is aaid to be summable if for any
x E X and any e E P, if 6(x, x) < e then there exists some 7 e P
such that

a) 6(X, x) < 7
b) 6(X, y) < 7 and 6(y, z) < 7 imply that 6(x, z) < c.



If <x, eS, P> ls a sUJIlJIlablezeroed distanee spaee then
FDT ( <X, 6 , P> is a regular spaee (i.e. an R1 spaee in the
terminology of [2]) and if <X, ,,> ls a regular spaee, then
ZTD( <X, ,,> ) i& a &ummable zeroed distanes &paee.

The followinq two detinitions are NOT ineluded in [1]. Their
inelusion will simplify both the statements and the proofs of the
results in thi& paper.
Definition 2: A zeroed distanee spaee <X, 6, P> will be said to
be a T1 distanee spaee provided that tor any pair ot di&tinet
points x, y E X there exists some e E P sueh that x E Ne(X) and
y 4! Ne(x) •

Definition 3: A distanee spaee <X, 6, P> will be said to be a
laver bound distanee spaee provided that for any p, q E P, it tor
some x, y E X we have 6(x, y) < p and 6(x, y) < q thenthere
exists some r E P sueh that s < r implies s < p and s < q and
sueh that s < p and s < q implies s s r. We eall thi& element r
the minimum of p and q.

The relation between T1 distanee spaees and T1 topologieal
spaees is the obvious one.
Theorem 1: It <X, 6, P> is a zeroed distanee spaee then the image
FDT( <X, 6, P> ) is a T1 topoloqieal speee if and only if the
distance spaes <X, 6, P> is a T1 distanee spaee.

proof: Suppose that <X, 6, P> is a T1 distanee spaee. Then tor
any two points x, y E X, there exists e E P sueh that x E Ne(X)
and y 4! Ne(X). Sinee x E Ne(~)' the zero element 06 is less than
e and so, as 6 (y, y) - 06 < e, we have that y E Ne (y). Sinee
6(x, y) is NOT less than e, (Le. y 4! Nc(X) ) we know that
x 4! N (y). Henee, x and y eaeh has a neighborhood whieh does note
eontáin the other, and so, <X, "6> i8 a T1 8paee. Suppose now
that <X, "6> i& a T1 spaee. For any two points x, y E X there
exist open sets U, V E "6 sueh that x E U, Y E V, X 4!. V and
y 4! U. From the eonstruetion of "6' there must exist some e E P
sueh that x E Ne(X) ~ U. This, then implies that y 4! Ne(X), and
so <X, 6, P> is a T1 distanee spaee.



We note that for any topo1oqica1 space <X, ':f>, the image
FTC( <X, ':f> ) is a 10wer bound distance space and that for any Ro
space <X, ':f>, the image ZTD( <X, ':f> ) is a1so a 10wer bound
distance space. Thus, we 10se 1itt1e in 1imiting ourselves to
10wer bound distance spaces.

The fol10wing is an e1ementary exercise:
Proposition 1: If <X, ~, P> is a 10wer bound distance space, if
&1' &2' ••• , &n is any finite subset of P and if for some pair
of points x, y E X we have ~(x, y) < &i for each i = 1, 2, •••,
n, then there exists some &0 E P such that:

l. p s &0 imp1ies p s &i for each i = 1, 2, •.•, n
2. p s &i for each i = 1, 2, •••, n imp1ies p s &0

The following description ot a distance on a col1ection of
functions is motivated by the unit'orm metric (see (3]) on a
co11ection of functions into a metric space.
De~inition 4: Suppose that B is a co1lection of functions from a

*set X into a 10wer bound T1 distance space <Y, ~ , P> • Let P
denote P if P contains an e1ement m such that ~(y, z) < m tor a1l

*y, Z E Y. If P contains no such element, 1et P denote the set P
v {m} with partia1 order of P toqether with the rule that m > p
for all p E P. Let ~B denote the collection ot functions from X
into P*. We give ~B the partial order defined by defining u < ~
provided that:

~ i. a constant function ~(x) - p for a11 x E X, with
p > 06 the zero e1ement of P.
there exists some & E P such that:
a) 6(y, y) < & for any y E Y
b) for any x E X, ~(y, z) s u(x) and ~(z, w) < &

imp1iea that ~(y, w) < p.
two e1ementa f, 9 E B we define ~B(ft g) to be the
which carries each x in X to the point 6( f(x), g(x) )

For any
function
of P.

with these definitions, we will have a distance space. It
wlll be easler to follow, if we develop this result aa a aequence



of lemmas. In the following lemmas, assume that B is a collection
of funetions from a set X to a lower bound Ti distanee spaee
<Y, eS, P>.

Lemma 1: If c5B(f, g) < h e ~B then eSB(f, f) < h.
proo!: By the definition of the partial arder on ~B' h must be a
eonstant function h(x) = p tor all x E X. Clearly for any three
points y, z, w E. Y, if:

eS(y, z) s eSB(f, f)(x) - eS( f(x), f(x) ) - 015

then, sinee <Y, 15, P> is a Ti distanee spaee, y - z. Thus, if
eS(z,w) < p and eS(y, z) < eSB(t, f)(x), then c5(Y, z) < P = h(x).
Therefore eSB(f, f) < h.
Lemma 2: For any f, 9 E ~B' c5B(f, g) = eSB(g, f).
proof: For anyxeX, eSB(f, g)(x) -.s( f(x), g(x)
equal to.s( g(x), f(x) ) - c5B(g, f)(x).

Lemma 3: If eSB(f, g) < h e ~B then there exists r E ~B sueh that
eSB(g, g) < r and such thateSB(g, s) < r implies c5B(f, s) < h.

proof: If c5B(f, g) < h, then h is a eonstant function h(x) = p
and there exists some q > 06 in P sueh that for any x e X and any
y e Y, if eS(g(x), y) < q then.s( f(x), y) < p. Define r(x) to be
the eonstant funetion r(x) = q. As was shown in lemma 1,
c5B(g, g) < r and it is immediate that eSB(g, s) < r implies that
.sB(f, s) < h.
Lemma 4: Suppose that .sB(f, g) < p and c5B(f, g) < u. Then there
exists ~ e ~B sueh that.sB(f, g) < ~, ~ s p and ~ s u.

proo!: From the partial order on ~B' p is a eonstant funetion
p(x) - r and u is a eonstant tunetion u(x) - s. There also exist
r

o
and So in P sueh that for any x E X and any y E Y, if

.s(g(x),y) < rO then.s( f(x), y) < r and sueh that if

.s(g(x), y ) < So then eS( f(X), y ) < s. Sinee < Y, .s, P > is a
lower bound distanee spaee, there exist z and to in P sueh that
z sr, z s s, zO s rO and zO s so' sueh that t s r and t s s
implies that t s z and sueh that t s ro and t s So implies that
t s zO. Define ~(x) to be the element z of P. It ia elear that
~ s r and ~ s s.



Lemma 5: There exists some u E ~ij sueh that for any elements f
and q of {j, a{j(f, q) < u.

*proof: The set P eontains an element m sueh that for any
y, Z E Y the imaqe a (y, z) < m. Then, defininq u to be the
eonstant funetion u(x) - m, it is elear that tor any t, q E ij,
a{j(f, q) < u.

L-..a 6: Given any two distinet elements f, q E {j, there exists
some u. ~{j BUch that f E Nu(t) and sueh tha~ q. Nu(f).

proof: Sine. f and q are distinet funetions, there existe some
x E X sueh that f (x) •• q (x). sinee <Y, a, P> is a T1 distanee
spaee, there is some p E P sueh tha~ a( f(x), f(x) ) < p and sueh
that g(x) ti! Np( f(x) ). Define u to be tile eonstant funetion
u(x) •••p. From the proof of lemma 1, •• can COftcltMIe that
aB(f, f) < ~ and it iB immediate that 9 ti! Nutt).

Lemma 7: For any three elements u, ~, ~ E ~8'if b~~ 4 < u and
~ < ~, then there exists '1 E ~{j whieh has the property that if
~ s u and ~ s ~ th.n ~ s '1 and whieh has the property that if
~ s '1then ~ s ~ and ~ s ~.
proof: Sinee ~ < u, then u must be a eonstaRC fuRCtion ~(.) • ~o.
Sinee ~ < ~, then ~ must be a eonstant function ~(x) = ~O. For
some (any) x e X, we have both ~(x) < Uo and ~(x) < ~o. Sinee
<Y, a, P> is a lower bound distanee spaee, there exists some 70
in P sueh that Po s ~o and Po s ~O imply that Po s '10 and sueh
that Po s 70 implie. P s Uo and Po s 1:'0. Define '1 to be the
eonstant function 7 (x) - 70. Then if ex < 7, there exists some
E: E P such that 005 < E: and such that a (y, z) s ex(x) and
a(z, w) < E: baply a(y, w) < 70 and, therefore that a(y, w) < Uo
and a(y, w) < 1:'0. ThuB, ex< u and ex< ~. If ex< ~ and ex < ~, then
there exist el and E:2 in P sueh that a (y, z) s ex(x) and
a(z, w) < el imply that a(y, w) < Uo and sueh that a(y, z) s ex(x)
and a(z, w) < E:2 imply that 6(y, w) < 1:'0. Sinee <Y, a, P> is a
lower bound distanee spaee, there exists E:3 E P sueh that p < E:3
implies p < E:l and p < E:2• Thus, a(y, z) s ex(x) and a(z, w) < E:3
implies 6(Y, w) < Uo and 6(y, w) < 1:'0 whieh, in turn, imply that
acy, w) < 70•



Having established these lemmas, we are now in a position to
prove our theorem.
Theorem 2: If B is a collection of functions from a set X to a
lower bound T1 distance space <Y, ~, P>, then <B, ~B' ~B> is a
lower bound T1 distance space.
proof: From lemma 1, the system satisfies condition 01 of
definition 1. Lemma 2 implies that the system satisfies condition
O2• Lemma 3 implies that the system satisfies condition 03• Lemma
4 implies that the system satisfies condition 04• Lemma S implies
that the system satisfies condition OS. Hence, <B, ~B~ ~B> is a
distance space. The constant function 0B(X) - 0a is obviously a
zero element and so the system is a zeroed distance space.
Lemma 6 9ives us that <B, aB, ~B> is a T1 distance space and
lemma 7 implies that it is a lower bound distance space.

Given a distance structure for a collection of functions, it
is only natural to inquire how this distance structure relates to
the continuity of the functions.
Theorem 3: Suppose that <X, p, Q> is a distance space and that
<Y, a, P> is a summable lower bound T1 distance space. If B is a
collection of continuous functions from <X, p, Q> to <Y, ~, P>,
then the evaluation function e B x X ~ Y defined by
e(f, x) - f(x) is continuous (as a function from the product of
the distance spaces <B, aB, ~B> and <X, p, Q> to the distance
space <Y, a, P>.)
proof: For a given x E X and e • P, if a( f(x), f(X) ) < e, then,
since <Y, a, P> is summable, there exists some ~ E P such that
f(x) E V { N~(Z) : z E N~( f(x) ) } s; Ne( f(x) ). Since f is a
continuous function, there exists some v E Q such that x E Nv(X)
and such that z E Nv(X) implies fez) E N~( f(x) ). Define u to be
the constant function u(x) = ~. If aB(f, g) < u and p(x, z) < v,
then a( feZ), g(z) ) < ~ and a( f(x), fez) ) <~, and so
g(z) E V { N~(y) : y E N-r( f(x) ) }.

Of course the above construction can be used to construct a
topology on B such that the evaluation function i8 a continuous
function from the topological space B x X to the topological
space Y. This construction does not, in general, provide the



smallest topoloqy for which the evaluation lunction is
continuous. It is well known that, in the case that the space Y
is locally compact, then the smallest topoloqy on ~ tor which the
evaluation function is continuous is the compact open topoloqy. A
modification of the above construction does, in fact, yield the
compact open topoloqy.
Definition 5: Supposa that B is a collection of functions from a
distance space <X, p, Q> into a lower bound Tl di.tance space

*<Y, a, P>. Let P denote P if P contains an element m such that
a(y, z) < m for all y, z • Y. If P contains no such element, let
P* denote the set P u {m} with partial order of P toqether with
the rule that m > p for all p E P. Let E be a collection of
subsets of X which is closed under finite union. and finite
intersections, which contains the empty set and which has the
property that every element of X has a neiqhborhood contained in
some element of E. Let ~E denote the collection of tunctions from
X into P*. By a "E distance construct" we will mean a pair <@S, 1>
where @S is a finite subset of E which is clo ••d under the
formation of unions and intersections, and where I 1_ a function
from @S to P havinq the property that IDl s;; m implie. UIDl) s Um).
Each E distance construct <@S, I > determines a "E distancev v
function" ~v defined by:

{
m if x I! u { S : S E @S }

~v(X) = v
I( n { S : x E S E @Sv} if x E u { S : S • @Sv }

We qive ~E the partial order obtained by defininq u < ~ provided
that:

l. ~ is a E distance function
2. there exists some ~ E P such that:

a) a(y, y) < ~ for any y E Y
b) for any x E X, if a(y, z) s u(x) and 6(z, w) < ~,

then a(y, w) < ~(x).

For any two elaments f, q E B we define a~(f, q), .s before, to
be the function which carries each element x of X to the point



We will need a bas!c result concerning the order on ~~.

Proposition 2: Let <X, p, Q>, <Y, .5, P>, !P~, t)'and .5t)'be as
described above and let I/J be an element of !Pl;' Suppose that
S, T E ~ and S , T. SUppose also that p, q E P and that p < q. If
I/J < ~qT then I/J < ~ps'

proof: For any x E X, it is clear that ~qT(X) ~ ~ps (x). Since
t/J < ~qT' there exists some e E P such that .5(y, y) < e for each
y E Y, and such that for any x E X, if .5(y, z) ~ t/J(x)and if
.5(z,w) < e, then .5(y, w) < ~qT(X) ~ ~Ps(X).

We must, of course, prove that the structure of definition 5

produces a distance space. Once again we do this as a sequence of
lemmas, all very similar to the lemmas proved earlier. In each of
the following lemmas, assume that <X, p, Q> is a distance space.
Assume also that ~ is a collection of subsets of X which is
closed under finite unions and which has the property that each
element of X has a neighborhood which is contained in some
element of ~. Finally assume that <Y, 8, P> is a lower bound T1
distance space.
Lemma lA: If .5t)'(f,g) < h E ~~ then .5t)'(f,f) < h.
proof: By the definition of the partial order on !P~, h must be a
function of the form ~ps' Clearly for any x E S and any three
points y, z, w E Y, if .5(y, z) ~ .5t)'(f,f) (x) = .5( f(x), f(x) )
which i8 equal to 0.5' Then, since <Y, .5, P> is a T1 distance
space, y = z. Thus, if .5(z, w) < h(x) and .5(y, z) ~ ..5t)'(f,f)(x),
then .5(y, w) < h(x). Therefore .5t)'(f,f) < h.

Lemma 2A: For any f, 9 E !P~, .5t)'(f,g) .5t)'(g,f).
proof: For any x E X, .5t)'(f,g)(x) = .5( f(x), g(x) is, by 02'
equal te.5( g(x), f(x) ) = ~t)'(g,f)(x).

Lemma 3A: If .5t)'(f,g) < h E ~~ then there exists r E !P~ such that
.5t)'(g,g) < r and such that .5B(g, s) < r implies .5B(f, s) < h.



proof: If ~~(f, 9) < h, then h is a function of the form ~PS for
some S E ~ and some p E P. In addition there exists some C E P
such that O~ < C and such that ~(y, z) :s ~( f(x), 9(X) and
~(z, w) < c imply that ~(y, w) < h(x). Define r(x) to be the
funetion TcS(X). with this definition, it is immediate that
~~(9, 9) < r. Suppose that ~~(9, s) < r. For any x E X, if
~(y, z) s ~( f(x), s(x) ) and ~(z, w) < r(x) then either x ti! S
whieh implies that ~(y, w) < h(x) = m, or x E S and ~(z, w) < c,
and so ~(y, w) < h(x) - p. In either case we have that
~ (y, w) < h(x) •

Lemma 4A: Suppose that ~~(f, 9) < ~ and ~~(f, 9) < u. Then there
exists A E ~~ sueh that ~~(f, 9) < A, A :s ~ and A :s u.

proof: From the partial order on ~~, ~ is a funetion of the form
~(x) - TpS(X) for some p E P and some S E ~, and u is a funetion
of the form u(x) - TqT(X) for some q E P and some T E ~. Let U be
the union S v T. By hypothesis, ~ is elosed under finite unions,
and so U is an element of ~. Since <Y, ~, P> i6 a lower bound
distanee spaee, there exists w E P sueh that O~ < w, sueh that
w s p, sueh that w s q and such that if z " p and z " q then
z s w. Define A by:

m

={~
w

if x E X\(T v S)
if x E S\T
if x E T\S
if x E S n T

Clearly A iB a ~ distanee funetion. sinee ~~ (f, 9) < ~, there
exists c1 E P sueh that O~ < c1 and sueh that for any x E X and
any r, s, t E Y, if ~(r, s) s ~( f(x), 9(X) ) and ~(s, t) < c1
then ~(r, t) < ~(x). Sinee ~B(f, 9) < u, there exists some C2 E P
such 0a < c2 and such that for any x E X and any r, s, t E Y, if
~(r, s) s a( f(x), 9(X) ) and a(s, t) < c2' then ~(r, t) < u(x).
As <Y, ~, P> is a lower bound spaee, there exists 7 E P sueh that
7 s c1, 7 s c2 and sueh that ~(a, b) < C1 and ~(a, b) < c2
implies that a(a, b) < 7. Suppose now that x E X, that
r, s, t E Y, that ~(r, s) s ~( f(x), 9(X) ) and that ~(s, t) < 7.
If x E X\(S v T), then ~(r, t) < m = A(X). If x E S\T then



8(s, t) < r ~ el implies that ~(r, t) < p = A(X). If x E T\S then
.s(s, t) < 1 s C2 implies that .s(r, t) < q = A(X). Final1y, if
x E S n T, then a (r, t) < p and .s(r, t) < q implies that
a(r, t) < W = A(X). Henee aB(f, 9) < A.

Lemma 5A: There exists some u E ~~ sueh that for any elements f
and 9 of B, aB(f, g) < u.

proor:
y, Z E Y

eonstant

The set P* eontains an element m sueh that for any
the image a (y, z) < m. Then, defining u to be the
funetion u(x) = m, it is elear that for any f, 9 E B,

aB(f, g) < u.

Lemma 6A: Given any two distinet elements f, 9 E B, there exists
some u E ~~ sueh that f E Nu(f) and sueh that 9 ~ Nu(f).
proor: Sinee f and 9 are distinct funetions, there exists some
x E X sueh that f(x) - g(x). Sinee <Y, a, P> is a Tl distanee
spaee, there ia some p E P sueh that .s( f(x), f(x) ) < p and sueh
that g(x) ~ Np( f(x) ). There exists some S E ~ sueh that x E S.
Define u to be the funetion

u(z) _ { P if Z E Sm if Z lI! S
The funetion u is elearly a ~ distanee funetion, 0B(f, f) < u and
it is immediate that 9 lI! Nu(f).

Lemma 7A: For any three elements u, ~, A E ~~, if both A < u and
A < ~, then there exists 1 E ~~ whieh has the property that if
~::s U and ~ ::s ~ then ~ ::s 1 and whieh has the property that if
~ ::s '( then ~ s u and ~ ::s ~.

proor: Sinee A < u, then u must be a ~ distanee funetion. Sinee
A < ~ then ~ must also be a ~ distanee funetion. For eaeh x E X
we define '(x) to be the minimum of u(x) and ~(x). It is not
diffieult to see that '( is also a ~ distanee funetion. If ~ < u
and ~ < ~ then there exists cl and c2 sueh that 00 < cl and
°05 < (:2' and sueh that for any x E X and any w, y, Z E Y, if
o(w, y) < ~(x) and o(y, z) < cl then o(w, z) < u(x) and if



~(w, y) < ~(x) and ~(y, z) < c2 then o(w, z) < ~(x). Let c be the
minimum of c1 and c2• For any x e X and any w, y, z e 'l., if
~(w, y) < ~(x) and ~(y, z) < c, then ~(w, z) < l'(x). Henee,
~ < l'.suppose, now, that ~ < l'.There exists c sueh that for any
x E X and any w, y, z • 'l., if a{w, y) < ~(x) and a{y, z) < c then
~(w, z) < l'(x). This, thsn, impUss that a(w, z) < cr{x) and
~(w, z) < ~(x). Henee, ~ < cr and ~ < ~.

These lemmas permit us to establish the intended result:
Theorem 4: If ~ is a eolleetion of funetions from a set X to a
lower bound T1 distanee spaee <'l., ~, P>, then <~, o~, ~¿> is a
lower bound T1 distanee spaee.

proof: From lemma lA, the system satisfies eondition 01 of
de(inition 1. Lemma 2A implies that the system satisfies
eondition O2, Lemma 3A implies that the system satisfies
eondition 03, Lemma 4A implies that the system satisfies
eondition 04' Lemma 5A implies that the system satisfies
eondition °5, Henee, <~, a5" ~¿> is a distanee spaee. The
eonstant funetion O~(X) = 00 i5 obviously a zero element and so
the syatea is a zeroed distanee space. Lemma 6A gives us that
<~, a~, ~¿> is a T1 distanee spaee and lemma 7A implies that it
is a lower bound distanee spaee.

With this distanee funetion, the distanee spaee also has
the property that the evaluation funetion is eontinuous:
Theorem 5: Suppose that <X, p, Q> is a distanee spaee and that
<'l., a, P> ia • aummable lower bound T1 distanee spaee. If ~ is a
eolleetion of eontinuous funetions from <X, p, Q> to <'l., a, P>,
and if ¿ is a eolleetion of subsets of X as in definition 5, then
the evaluation funetion e : ~ x X ~ '1. defined by e{f, x) = f(x)
is eontinuous (as a funetion from the produet of the distanee
spaees <~, a¿, ~¿> and <X, p, Q> to the distanee spaee
<'1., a, P>.)

*proo!: For a given x e X and c e P , if ~( f(x), f{x) < c,
then, sinee <'l., O, P> is summable, there exists some ~ e P sueh



that f(x) E U { N~(Z) : Z E N~( f(x) ) } S;; Ne( f(x) ). Since f is
a continuous function, there exists some u E Q such that
XENu(X) and such that Z E Nu(X) implies fez) e N~( f(x) ).
Choose an element S E ~ which is a neighborhood of x. Define u to
be the function 1:~s(x). There exists some t/J e P, such that
x ti N~ (x) SO S. Let , denote the minimum of u and t/J. For any
9 E Nu(f) and any Z e N,(X), we have that 15( f(x), fez) ) < ~
and, since z E S, we also have that c5( fez), g(z) ) < ~. Hence
c5(f(x), g(z) < e, and so the evaluation function is
continuous.

Theorems 2, 3, 4 and 5 establish distance functions (and
thus topologies) on function spaces and the relationship with the
evaluation functions on these function spaces. The most common
traditional technique for assigning a topology to a collection of
functions is, in the case of locally compact spaces, the compact
open topology. It seems natural, then, to ask how the compact
open topology is related to the structures of theorems 2 and 4.
This, however, requires an additional distance property for the
spaces.

Defini tion 6: A distance space <X, 15, P> will be said to be
d-bounded if for any x e X and any e e P, if c5(x, x) < e, there
exists some 7 E P such that if c5(x, y) < 7 and c5(x, z) < 7 then
d(y, z) < c.

We note that it is easily shown that for any topological
space <x, ~>, the image FTD( <X, ~> ) is d-bounded. If <X, ~> is
an arbitrary RO space, the image ZTD( <X, ~> ) might NOT be d-
bounded. (This is particularly easy to see in the case where
<X, ~> is an infinite cofinite space.) If, however, <X, ~> is an
RO space, then ZTD( <X, ~> ) IS d-bounded.

Theorem 6: Suppose that <X, p, Q> is a summable zeroed distance
space, that <Y, 15, P> is a d-bounded summable lower bound T1
distance space and that G' is the collection of all continuous
functions from <X, p, Q> to <Y, 15, P>. If the image under FDT of



<x, p, Q> is a locally compact space and if L is the collection
of compact subsets of X, then the topology on B induced by
aB : B x B ~ ~~ is the compact-open topology.

proa!: Denote ~(a) the topology on B indueed by 6B as indicated
in the theorem. From theorem 5 we know that when B is given this
topology, the evaluation is a continuous functlon on the product
B x X. It ls well known (see, for example, (3) that the compact-
open topology is the smallest (i.e. coarsest) topology on B for
which the evaluation function is continuous. Hence, the compact-
open topology must be contained in '?f (a). Suppose, now, that
f E U E '?f(a). There must, then, exist some element A E L (Le.
some eompact subset A of X) and some e E P, such that
f E Nex(f) l;U, where ex = "rcA' Since <Y, a, P> is summable, for
each y E Y there exists 7y E P such that 0a < 7y and such that
u {N (z) : z E N (y) } l;Nc(Y)' since <Y, 6, P> i5 d-bounded,7y 7y
there exists Cy such that 0a < Cy and such that a(y, z) < Cy and
6(y, w) < Cy imply that 6(z, w) < 7y' Sinee f is continuous, for
each x E A, there exists some open neighborhood Vx of x such that
the closure Vx is compact and such that tb. image
f[Vx)l;NCdxf(X». The collection {Vx: x E A} ls an open

cover of the compact subspace A of X anci so contains a finite
subcover. Let ~ be a finite sUDset of A such that { Vx : x E ~ }
covers A. For any compact subset B of X and any open subset W of
y we denote by [ B : W 1 the collection { 9 E B : g(B) s;; W }.
(These are, of course, the subbase elements from which we
construet the compaet open topology. ) It is clear that
f E n { [Vx : NC ( f (x) )1 : x E 5lf }, an open subset of B (as a

f (x)
topologieal space with the compact open topology.) For any
gEn { [Vx : NC ( f (x) )1 : x E 5lf } and any z E A we know that

f(x)
some x E ~ such that Z E Vx' Since Z E Vx and

NC (f(x) 1 we have that 6 ( f(x), g(z) < Cf(X)' Since
f(x)

z E Vx we have that 6( f(x), fez) < Cf(X)' Hence

there is
9 E [ Vx :

a(f(z),g(z» < 7f(x) and so 6B(f, g) < ex. Thus 6B
naiqhborhood8 are open in the compact open topoloqy on B.
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