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Abstra
t. Let N(G) be the number of verti
es of the graph G. Let Pl(Bi) be
the tree obtained of the path Pl and the trees B1, B2, ..., Bl by identifying the

root vertex of Bi with the i-th vertex of Pl. Let Vm
n = {Pl(Bi) : N(Pl(Bi)) =

n;N(Bi) ≥ 2; l ≥ m}. In this paper, we determine the tree that has the

largest α-index among all the trees in Vm
n .
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Grafos extremales para α-índi
e

Resumen. Sea N(G) el número de vérti
es del grafo G. Sean Pl(Bi) los

árboles obtenidos del 
amino Pl y los árboles B1, B2, ..., Bl, identi�
ando el

vérti
e raíz de Bi 
on el i-th vérti
e de Pl. Sea Vm
n = {Pl(Bi) : N(Pl(Bi)) =

n;N(Bi) ≥ 2; l ≥ m}. En este artí
ulo determinamos el árbol que tiene el

α-índi
e más grande entre todos los árboles en Vm
n .

Palabras 
lave: Oruga, diámetro, distan
ia, índi
e, árbol.

1. Introdu
tion

Let G be a simple undire
ted graph with vertex set V (G) and edge set E(G). The degree
of a vertex v ∈ V (G) is d(v) or simply dv. We denote by N(G) the number of verti
es of

the graph G. A graph G is bipartite if there exists a partitioning of V (G) into disjoint,

nonempty sets V1 and V2 su
h that the end verti
es of ea
h edge in G are in distin
t sets

V1, V2. In this 
ase V1, V2 are referred as a bipartition of G. A graph G is a 
omplete

bipartite graph if G is bipartite with bipartition V1 and V2, where ea
h vertex in V1 is


onne
ted to all the verti
es in V2. If G is a 
omplete bipartite graph and N(V1) = p
and N(V2) = q, the graph G is written as Kp,q. The Lapla
ian matrix of G is the n× n
matrix L(G) = D(G) − A(G), where A(G) and D(G) are the matri
es adja
en
y and

diagonal of vertex degrees of G [7℄, [8℄, and [11℄, respe
tively. It is well known that L(G)
is a positive semi-de�nite matrix and that (0, e) is an eigenpair of L(G) where e is the
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all ones ve
tor. The matrix Q(G) = A(G)+D(G) is 
alled the signless Lapla
ian matrix

of G (see [4℄, [5℄, and [6℄). The eigenvalues of A(G), L(G) and Q(G) are 
alled the

eigenvalues, Lapla
ian eigenvalues and signless Lapla
ian eigenvalues of G, respe
tively.
The matri
es Q(G) and L(G) are positive semide�nite, (see [20℄). The spe
tra of L(G)
and Q(G) 
oin
ide if and only if G is a bipartite graph, (see [2℄, [4℄, [7℄, and [8℄). The

largest eigenvalue µ1 of L(G) is the Lapla
ian index of G, the largest eigenvalue q1(G)
of Q(G) is known as the signless Lapla
ian index of G and the largest eigenvalue λ1(G)
of A(G) is the adja
en
y index or index of G [3℄.

In [12℄, it was proposed to study the family of matri
es Aα(G) de�ned for any real number

α ∈ [0, 1] as
Aα(G) = αD(G) + (1− α)A(G).

Sin
e A0(G) = A(G) and 2A1/2(G) = Q(G), the matri
es Aα(G) 
an underpin a uni�ed

theory of A(G) and Q(G). In this paper, the eigenvalues of the matri
es Aα(G) are 
alled
the α-eigenvalues of G. We write ρα(G) for the spe
tral radii of the matri
es Aα(G) and
are 
alled the α-indi
es of G. The α-eigenvalue set of G is 
alled α-spe
trum of G. The
spe
trum of a matrix M will be denoted by Sp(M).
Let [l] denote the set {1, 2, ...l}. Given a rooted graph, de�ne the level of a vertex to be

equal to its distan
e to the root vertex in
reased by one. A generalized Bethe tree is a

rooted tree in whi
h verti
es at the same level have the same degree. Throughout this

paper {Bi : i ∈ [l]} is a set of generalized Bethe trees. Let Pl be a path of l verti
es.
In this paper, we study the tree Pl{Bi : i ∈ [l]} obtained from Pl and B1, B2, ..., Bl,
by identifying the root vertex of Bi with the i-th vertex of Pl where ea
h Bi has order

greater than or equal to 2. For brevity, we write Pl(Bi) instead of Pl{Bi : i ∈ [l]}. Let

Vm
n = {Pl(Bi) : N(Pl(Bi)) = n;N(Bi) ≥ 2; l ≥ m}.

Figure 1. The 
omplete 
aterpillar P4(K1,2, K1,1,K1,3,K1,2).

In a graph, a vertex of degree at least 2 is 
alled an internal vertex, a vertex of degree

1 is a pendant vertex and any vertex adja
ent to a pendant vertex is a quasi-pendant

vertex. We re
all that a 
aterpillar is a tree in whi
h the removal of all pendant verti
es

and in
ident edges results in a path. We de�ne a 
omplete 
aterpillar as a 
aterpillar in

whi
h ea
h internal vertex is a quasi-pendant vertex.

A 
omplete 
aterpillar Pl(K1,pi
) is a graph obtained from the path Pl and the stars

K1,p1
, ...,K1,pl

by identifying the root of K1,pi
with the i-th vertex of Pl where pi ≥ 1

for all i ∈ [l] (see Fig. 1 for an example). Let q ∈ [l]. Let Aq be the 
omplete 
aterpillar

Pl(K1,pi
), where pq = n− 2l+ 1 and pi = 1 for all i 6= q.

Let Tn,d be the 
lass of all trees on n verti
es and diameter d. Let Pm be a path on m
verti
es and K1,p be a star on p+ 1 verti
es.

In [19℄ the authors prove that the tree in Tn,d having the largest index is the 
aterpillar

Pd,n−d obtained from Pd+1 on the verti
es 1, 2, ..., d+1 and the starK1,n−d−1 identifying

the root of K1,n−d−1 with the vertex ⌈d+1
2 ⌉ of Pd+1. In [10℄, for 3 ≤ d ≤ n− 4, the �rst

[Revista Integración, temas de matemáticas



Extremal graphs for α-index 17

⌊d
2⌋+1 indi
es of trees in Tn,d are determined. In [9℄, for 3 ≤ d ≤ n−3, the �rst Lapla
ian

spe
tral radii of trees in Tn,d are 
hara
terized. In [14℄ the authors present some extremal

results about the spe
tral radius ρα(G) of Aα(G) that generalize previous results about
ρ0(G) and ρ1/2(G). In [23℄, the authors gives three edge graft transformations on Aα-

spe
tral radius. As appli
ations, we determine the unique graph with maximum Aα-

spe
tral radius among all 
onne
ted graphs with diameter d, and determine the unique

graph with minimum Aα-spe
tral radius among all 
onne
ted graphs with given 
lique

number. In [13℄ the authors gives several results about the Aα-matri
es of trees. In

parti
ular, it is shown that if T∆ is a tree of maximal degree ∆, then the spe
tral radius

of Aα(T∆) satis�es the tight inequality

ρ(A(T∆)) < α∆+ 2(1− α)
√
∆− 1.

The 
omplete 
aterpillars were initially studied in [17℄ and [18℄. In parti
ular, in [17℄

the authors determine the unique 
omplete 
aterpillars that minimize and maximize the

algebrai
 
onne
tivity (se
ond smallest Lapla
ian eigenvalue) among all 
omplete 
ater-

pillars on n verti
es and diameter m+ 1. Below we summarize the result 
orresponding

to the 
aterpillar attaining the largest algebrai
 
onne
tivity.

Theorem 1.1 ([17℄ Theorems 3.3 and 3.6.). Among all 
aterpillars on n verti
es and

diameter m+ 1, the largest algebrai
 
onne
tivity is attained by the 
aterpillar A⌊m+1

2
⌋.

Theorem 1.2 (Abreu, Lenes, Rojo [1℄). Let α = 0, 1/2. Let G be a 
omplete 
aterpillars

on n verti
es and diameter m+ 1. Then,

ρα(G) ≤ ρα(A⌊m+1

2
⌋),

with equality if, and only if, G ∼= A⌊m+1

2
⌋.

Numeri
al experiments suggest us that A⌊m+1

2
⌋ is also the tree attaining the largest α-

index in the 
lass Vm
n . In this paper we prove that this 
onje
ture is true; we 
ome up

with a bound for the whole family Aα(G), whi
h implies the result of Abreu, Lenes, and

Rojo. This is organized as follows. In Se
tion 2, we introdu
e trees obtained of the path

Pl and the trees B1, B2, ..., Bl by identifying the root vertex of Bi with the i-th vertex of

Pl and give a redu
tion pro
edure for 
al
ulating their α-spe
tra, thereby extending the

main results of [15℄. In the Se
tion 3, we determine the graph that maximize the α-index
in Vm

n . We �nish the se
tion maximizing the α-index among all the uni
y
li
 
onne
ted

graphs on n verti
es.

2. The α-eigenvalues of Pl(Bi)

Given a generalized Bethe tree Bi with ki levels and an integer j ∈ [ki], we write ni,ki−j+1

for the number of verti
es at level j and di,ki−j+1 for their degree. In parti
ular, di,1 = 1
and ni,ki

= 1. Further, for any j ∈ [ki − 1], let mi,j = ni,j/ni,j+1. Then, for any

j ∈ [ki − 2], we see that
ni,j = (di,j+1 − 1)ni,j+1,

and, in parti
ular,

ni,ki
= di,ki

= mi,ki−1.
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Figure 2. Labelling the tree P4(Bi).

For i ∈ [l], it is worth pointing out that mi,1, ...,mi,ki−1 are always positive integers, and

that ni,1 ≥ ni,2 ≥ · · · ≥ ni,ki
. We label the verti
es of Pl(Bi) as in [15℄. (See �gure 2).

Re
all that the Krone
ker produ
t C ⊗ E of two matri
es C = (ci,j) and E = (ei,j) of
sizes m×m and n× n, is an mn×mn matrix de�ned as C ⊗ E = (ci,jE).
Two basi
 properties of C ⊗ E are the identities

(C ⊗ E)T = CT ⊗ ET

and

(C ⊗ E)(F ⊗H) = (CF ⊗ EH),

whi
h hold for any matri
es of appropriate sizes.

We write Il for the identity matrix of order l and jl for the 
olumn l-ve
tor of ones. For

i ∈ [l], let si =
∑ki−2

j=1 ni,j and Di be the matrix of order si × l de�ned by

Di(p, q) =

{
1, if q = i and si + 1 ≤ p ≤ si + ni,ki−1,

0, elsewhere.

Let β = 1−α, and assume that Pl(Bi) is a tree labeled as des
ribed above. It is not hard

to see that the matrix Aα(Pl(Bi)) 
an be represented as a symmetri
 blo
k tridiagonal

matrix 


X1 0 · · · 0 βD1

0 X2
.

.

. βD2

.

.

.

.

.

.

.

.

. 0
.

.

.

0 0 Xl βDl

βDT
1 βDT

2 · · · βDT
l Xl+1



,

where, for i ∈ [l], the matrix Xi is the blo
k tridiagonal matrix:




γi,1Ini,1
βIni,2

⊗ jmi,1

βIni,2
⊗ j

T
mi,1

γi,2Ini,2
βIni,3

⊗ jmi,2

.

.

.

.

.

.

.

.

.

γi,ki−2Ini,ki−2
βIni,ki−2

⊗ jmi,ki−2

.

.

. βIni,ki−1
⊗ j

T
mi,ki−2

γi,ki−1Ini,ki−1




,

[Revista Integración, temas de matemáticas



Extremal graphs for α-index 19

and

Xl+1 =




γ1,k1
+ α β

β γ2,k2
+ 2α β

.

.

.

.

.

.

.

.

.

β γl−1,kl−1 + 2α β
β γl,kl

+ α



,

where

γi,j = αdi,j .

Let's de�ne the polynomials P0(λ), P1(λ), ..., Pl(λ) and Pi,j(λ) for i ∈ [l] and j ∈ [ki] as
follows:

De�nition 2.1. For i ∈ [l] and j ∈ [ki], let

γi,j = αdi,j .

For i ∈ [l], let

Pi,0(λ) = 1, Pi,1(λ) = λ− α,

and for i ∈ [l] and j = 2, 3, ..., ki − 1, let

Pi,j(λ) = (λ − γi,j)Pi,j−1(λ)− β2mi,j−1Pi,j−2(λ). (1)

Moreover, let

P1(λ) = (λ− γ1,k1
− α)P1,k1−1(λ)− β2n1,k1−1P1,k1−2(λ),

Pl(λ) = (λ − γl,kl
− α)Pl,kl−1(λ) − β2nl,kl−1Pl,kl−2(λ),

and

Pi(λ) = (λ− γi,ki
− 2α)Pi,ki−1(λ)− β2ni,ki−1Pi,ki−2(λ), (2)

for i = 2, 3, ..., l− 1.

Theorem 2.2. The 
hara
teristi
 polynomial φ(λ) of Aα(Pl(Bi)) satis�es

φ(λ) = P (λ)

m∏

i=1

ki−1∏

j=1

P
ni,j−ni,j+1

i,j (λ), (3)

where

P (λ) =

∣∣∣∣∣∣∣∣∣∣

P1(λ) −βP1,k1−1(λ)

−βP2,k2−1(λ)
.

.

.

.

.

.

.

.

.

.

.

. −βPl−1,kl−1−1(λ)
−βPl,kl−1(λ) Pl(λ)

∣∣∣∣∣∣∣∣∣∣

.

Proof. Write

∣∣A
∣∣
for the determinant of a square matrix A. To prove 3, we shall redu
e

φ(λ) =
∣∣λI −Aα(Pl(Bi))

∣∣
to the determinant of an upper triangular matrix. For a start,
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note that

φ(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

X1(λ) 0 · · · 0 −βD1

0 X2(λ)
.

.

. −βD2

.

.

.

.

.

.

.

.

. 0
.

.

.

0 0 Xl(λ) −βDl

−βDT
1 −βDT

2 · · · −βDT
l Xl+1(λ)

∣∣∣∣∣∣∣∣∣∣∣∣

,

where, for i ∈ [l], the matrix Xi(λ) given by,



















Pi,1(λ)Ini,1
−βIni,2

⊗jmi,1

−βIni,2
⊗j

T
mi,1

(λ− γi,2)Ini,2
−βIni,3

⊗jmi,2

.

.

.

.

.

.

.

.

. −βIni,ki−1
⊗jmi,ki−2

−βIni,ki−1
⊗j

T
mi,ki−2

(λ− γi,ki−1)Ini,ki−1



















,

and

Xl+1(λ) =




λ− γ1,k1
− α −β

−β λ− γ2,k2
− 2α −β

.

.

.

.

.

.

.

.

.

λ− γl−1,kl−1 − 2α −β
−β λ− γl,kl

− α



.

Let λ ∈ R be su
h that Pi,j(λ) 6= 0 for any i ∈ [l] and j ∈ [ki − 1]; set Pi,j = Pi,j(λ). For
ea
h i ∈ [l] and for all j ∈ [ki − 2], multiplying the j-th row of Xi(λ) inserted in φ(λ) by
βPi,j−1

Pi,j
⊗ j

T
i,mj

and add it to the next row. Sin
e

λ− γi,j+1 −
β2mi,jPi,j−1

Pi,j
=

(λ − γi,j+1)Pi,j − β2mi,jPi,j−1

Pi,j
=

Pi,j+1

Pi,j
,

we obtain,

φ(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

Y1(λ) 0 · · · 0 −βD1

0 Y2(λ)
.

.

. −βD2

.

.

.

.

.

.

.

.

. 0
.

.

.

0 0 Yl(λ) −βDl

0 0 · · · 0 Yl+1(λ)

∣∣∣∣∣∣∣∣∣∣∣∣

,

where, for i ∈ [l], the matrix Yi(λ) is given by




Pi,1Ini,1
−βIni,2

⊗ jmi,1
0

Pi,2

Pi,1
Ini,2

−βIni,3
⊗ jmi,2

.

.

.

.

.

. −βIni,ki−1
⊗ jmi,ki−2

Pi,ki−1

Pi,ki−2
Ini,ki−1



,
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Extremal graphs for α-index 21

and

Yl+1(λ) =




P1

P1,k1−1
−β

−β P2

P2,k2−1
−β

.

.

.

.

.

.

.

.

.

Pl−1

Pl−1,kl−1−1
−β

−β Pl

Pl,kl−1




.

Thereby,

φ(λ) =
l+1∏

i=1

∣∣Yi(λ)
∣∣

=
∣∣Yl+1(λ)

∣∣
l∏

i=1

P
ni,1

i,1

(Pi,2

Pi,1

)ni,2
(Pi,3

Pi,2

)ni,3

· · ·
(Pi,ki−2

Pi,ki−3

)ni,ki−2
(Pi,ki−1

Pi,ki−2

)ni,ki−1

=
∣∣Yl+1(λ)

∣∣
l∏

i=1

P
ni,1−ni,2

i,1 P
ni,2−ni,3

i,2 · · ·Pni,ki−2−ni,ki−1

i,ki−2 P
ni,ki−1

i,ki−1 ,

where ∣∣Yl+1(λ)
∣∣ =

1
∏l

i=1 Pi,ki−1

∣∣∣∣∣∣∣∣∣∣∣

P1 −βP1,k1−1

−βP2,k2−1 P2 −βP2,k2−1

.

.

.

.

.

.

.

.

.

−βPl−1,kl−1−1 Pl−1 −βPl−1,kl−1−1

−βPl,kl−1 Pl

∣∣∣∣∣∣∣∣∣∣∣

.

Hen
e

∣∣λI −Aα(Pl(Bi))
∣∣ = P (λ)

l∏

i=1

ni,ki−1∏

j=1

P
ni,j−ni,j+1

i,j (λ).

Thus, the equality (3) is proved whenever Pi,j(λ) 6= 0 for any i ∈ [l] and j ∈ [ki − 1].
Sin
e for any i ∈ [l] and j ∈ [ki − 1] the polynomials Pi,j(λ) have �nitely many roots,

the equality (3) is veri�ed for in�nitely many value of λ. The proof is 
omplete. �XXX

De�nition 2.3. For i ∈ [l] and j ∈ [ki−1], let Ti,j be the j×j leading prin
ipal submatrix

of the ki × ki symmetri
 tridiagonal matrix

Ti =




αdi,1 β
√
di,2 − 1

β
√
di,2 − 1 αdi,2

.

.

. β
√

di,ki−1 − 1

β
√
di,ki−1 − 1 αdi,ki−1 β

√
di,ki

β
√

di,ki
γi,ki

+ αc



,

where β = 1− α, c = 2 for i ∈ [l − 1] and c = 1 for i = 1 and i = l.
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Sin
e ds > 1 for all s = 2, ..., j, ea
h matrix Tj has nonzero 
odiagonal entries and it is

known that its eigenvalues are simple. Using the well known three-term re
ursion formula

for the 
hara
teristi
 polynomials of the leading prin
ipal submatri
es of a symmetri


tridiagonal matrix and the formulas (1) and (2), one 
an easily prove the following

assertion:

Lemma 2.4. Let α ∈ [0, 1). Then

∣∣λI − Ti,j

∣∣ = Pi,j(λ)

and ∣∣λI − Ti

∣∣ = Pi(λ),

for any i ∈ [l] and j ∈ [ki − 1].

Let Ã be the matrix obtained from a matrix A by deleting its last row and last 
olumn.

Moreover, for i, j ∈ [r], let Ei,j be the ki × kj matrix with Ei,j(ki, kj) = 1 and zeroes

elsewhere. We re
all the following Lemma.

Lemma 2.5 ([16℄). For i, j ∈ [r], let Ci be a matrix of order ki × ki and µi,j be arbitrary

s
alars. Then,

∣∣∣∣∣∣∣∣∣∣∣∣

C1 µ1,2E1,2 · · · µ1,r−1E1,r−1 µ1,rE1,r

µ2,1E
T
1,2 C2 · · · · · · µ2,rE2,r

µ3,1E
T
1,3 µ3,2E

T
2,3

.

.

. · · ·
.

.

.

.

.

.

.

.

.

.

.

. Cr−1 µr−1,rE
T
r−1,r

µr,1E
T
1,r µr,2E

T
2,r · · · µr,r−1E

T
r−1,r Cr

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣C1

∣∣ µ1,2

∣∣∣C̃2

∣∣∣ · · · µ1,r−1

∣∣∣C̃r−1

∣∣∣ µ1,r

∣∣∣C̃r

∣∣∣
µ2,1

∣∣∣C̃1

∣∣∣
∣∣C2

∣∣ · · · · · · µ2,r

∣∣∣C̃r

∣∣∣

µ3,1

∣∣∣C̃1

∣∣∣ µ3,2

∣∣∣C̃2

∣∣∣ .

.

. · · ·
.

.

.

.

.

.

.

.

.

.

.

.

∣∣Cr−1

∣∣ µr−1,r

∣∣∣C̃r

∣∣∣
µr,1

∣∣∣C̃1

∣∣∣ µr,2

∣∣∣C̃2

∣∣∣ · · · µr,r−1

∣∣∣C̃r−1

∣∣∣
∣∣Cr

∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

From now on, for i ∈ [l− 1], by Fi we denote the matrix of order ki × ki+1 whose entries

are 0, ex
ept for the entry Fi(ki, ki+1) = 1.

Lemma 2.6. Let r =
∑l

i=1 ki. Let M(Pl(Bi)) be the symmetri
 matrix of order n × n
de�ned by 



T1 βF1

βFT
1 T2

.

.

.

.

.

.

.

.

. βFl−1

βFT
l−1 Tl



.

Then, ∣∣λI −M(Pl(Bi))
∣∣ = P (λ).
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Proof. The 
hara
teristi
 polynomial of the matrix M(Pl(Bi)) is given by

∣∣∣∣∣∣∣∣∣∣

λI − T1 −βF1

−βFT
1 λI − T2

.

.

.

.

.

.

.

.

. −βFl−1

−βFT
l−1 λI − Tl

∣∣∣∣∣∣∣∣∣∣

.

From Lemma 2.5, we have that

∣∣λI −M(Pl(Bi))
∣∣
is given by

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣λI − T1

∣∣ −β
∣∣∣ ˜λI − T1

∣∣∣
−β

∣∣∣ ˜λI − T2

∣∣∣
∣∣λI − T2

∣∣ −β
∣∣∣ ˜λI − T2

∣∣∣
.

.

.

.

.

.

.

.

.

−β
∣∣∣ ˜λI − Tl−1

∣∣∣
∣∣λI − Tl−1

∣∣ −β
∣∣∣ ˜λI − Tl−1

∣∣∣
−β

∣∣∣λ̃I − Tl

∣∣∣
∣∣λI − Tl

∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Sin
e λ̃I − Ti = λI − Ti,ki−1 for i ∈ [l], by Lemma 2.4, the proof is 
omplete. �XXX

Theorem 2.2, Lemma 2.4, Lemma 2.6, and the interla
ing property for the eigenvalues

of hermitian matri
es yield the following summary statement:

Theorem 2.7. Let α ∈ [0, 1). Then:

1. the α-spe
trum of Pl(Bi) is

[ l⋃

i=1

ki−1⋃

j=1

Sp(Ti,j)
]
∪ Sp(M(Pl(Bi)));

2. the multipli
ity of ea
h eigenvalue of Ti,j as an α-eigenvalue of Pl(Bi) is ni,j −
ni,j+1, if i ∈ [l] and j ∈ [ki − 1], and is 1 if i ∈ [l] and j = ki;

3. ρα(Pl(Bi)) is the largest eigenvalue of M(Pl(Bi));

4. ρα(Pl(Bi)) > α.

3. The α-index of graphs

In Theorem 2.7, we 
hara
terize the α-eigenvalues of the trees Pl(Bi) obtained from path

Pl and the generalized Bethe trees B1, B2, ..., Bl obtained identifying the root vertex of

Bi with the i-th vertex of Pl. This is the 
ase for the 
aterpillars Pl(K1,pi
) in whi
h the

path is Pl and ea
h star K1,pi
is a generalized Bethe tree of 2 levels. From Theorem 2.7,

we get
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Lemma 3.1. Let α ∈ [0, 1). Then:

1. the α-spe
trum of Pl(K1,pi
) is formed by α with multipli
ity

∑l
i=1 pi − l, and the

eigenvalues of the 2l× 2l irredu
ible nonnegative matrix

M(Pl(K1,pi
)) =




T (p1) βE
βE S(p2) βE

.

.

.

.

.

.

.

.

.

.

.

. S(pl−1) βE
βE T (pl)



,

where

T (x) =

[
α β

√
x

β
√
x α(x + 1)

]
, E =

[
0 0
0 1

]
;S(x) = T (x) + αE,

2. ρα(Pl(K1,pi
)) is the largest eigenvalue of M(Pl(K1,pi

));

3. ρα(Pl(K1,pi
)) > α.

Let t(λ, x) and s(λ, x) be the 
hara
teristi
 polynomials of the matri
es T (x) and S(x),
respe
tively. That is,

t(λ, x) = λ2 − α(x+ 2)λ+ α2(x+ 1)− β2x

and

s(λ, x) = λ2 − α(x + 3)λ+ α2(x + 2)− β2x.

Then,

s(λ, x)− t(λ, x) = α(α − λ).

The notation

∣∣A
∣∣
l
will be used to denote the determinant of the matrix A of order l× l.

The next result is an immediate 
onsequen
e of the Lemma 2.5.

Lemma 3.2. The 
hara
teristi
 polynomial of M(Pl(K1,pi
)) is

∣∣∣∣∣∣∣∣∣∣∣∣

t(λ, p1) β(α− λ)
β(α − λ) s(λ, p2) β(α− λ)

.

.

.

.

.

.

.

.

.

.

.

. s(λ, pl−1) β(α − λ)
β(α− λ) t(λ, pl)

∣∣∣∣∣∣∣∣∣∣∣∣
l

.

For q ∈ [l], let Aq be the 
omplete 
aterpillar Pl(K1,pi
), where pq = n− 2l+1 and pi = 1

for all i 6= q. We de�ne

r0(λ) = 1, r1(λ) = t(λ, 1)

and, for 2 ≤ q ≤ ⌊ l+1
2 ⌋, we de�ne

rq(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

s(λ, 1) β(α− λ)
β(α− λ) s(λ, 1) β(α − λ)

.

.

.

.

.

.

.

.

.

.

.

. s(λ, 1) β(α− λ)
β(α − λ) t(λ, 1)

∣∣∣∣∣∣∣∣∣∣∣∣
q

.
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Let φq(λ) be the 
hara
teristi
 polynomial of M(Aq), then,

φq(λ) =
∣∣λI −M(Aq)

∣∣
.

Lemma 3.3. Let α ∈ [0, 1). Then

φq(λ)−φq+1(λ) = (a− 1)(αλ− 2α+1)(β(λ−α))2q−1[αrm−2q(λ)+ β2(λ−α)rl−2q−1(λ)]

for all q ∈
[
⌊ l+1

2 ⌋ − 1
]
, where l ≥ 3.

Proof. By Lemma 3.2, the (q, q)-entry of φq(λ) =
∣∣λI −M(Aq)

∣∣
is t(λ, a) if q = 1

and s(λ, a) if q 6= 1. Let El
∼= Pl(K1,pi

), where pi = 1 for all i ∈ [l]. Let

ϕs(λ) =
∣∣λI −M(Es)

∣∣
. From Lemma 3.2, we have

ϕs(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

t(λ, 1) β(α − λ)
β(α − λ) s(λ, 1) β(α− λ)

.

.

.

.

.

.

.

.

.

.

.

. s(λ, 1) β(α − λ)
β(α− λ) t(λ, 1)

∣∣∣∣∣∣∣∣∣∣∣∣
s

.

Sin
e

r0(λ) = 1, r1(λ) = t(λ, 1)

and

rq(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

s(λ, 1) β(α− λ)
β(α− λ) s(λ, 1) β(α − λ)

.

.

.

.

.

.

.

.

.

.

.

. s(λ, 1) β(α− λ)
β(α − λ) t(λ, 1)

∣∣∣∣∣∣∣∣∣∣∣∣
q

,

for q = 2, ..., ⌊ l+1
2 ⌋; then, expanding along the �rst row, we obtain

rq(λ) = s(λ, 1)rq−1(λ)− β2(λ− α)2rq−2(λ). (4)

Sin
e s(λ, x) = t(λ, x) + α(α− λ), by linearity on the �rst 
olumn, we have

rq(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

t(λ, 1) β(α − λ)
β(α − λ) s(λ, 1) β(α− λ)

.

.

.

.

.

.

.

.

.

.

.

. s(λ, 1) β(α − λ)
β(α− λ) t(λ, 1)

∣∣∣∣∣∣∣∣∣∣∣∣
q

+ α(α − λ)rq−1(λ).

Then,

rq(λ) = ϕq(λ) + α(α − λ)rq−1(λ).

Let q ∈
[
⌊ l+1

2 ⌋ − 1
]
. We sear
h for the di�eren
e φq(λ) − φq+1(λ). We re
all that

(q, q)-entry of φq(λ) =
∣∣λI −M(Aq)

∣∣
is t(λ, a) if q = 1 and s(λ, a) if q 6= 1. Sin
e
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t(λ, a) = t(λ, 1) + (1 − a)(αλ − 2α+ 1) and s(λ, a) = s(λ, 1) + (1 − a)(αλ − 2α+ 1), by
linearity on the q-th 
olumn, we have

φq(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

t(λ, 1) β(α − λ)
β(α− λ) s(λ, 1) β(α − λ)

.

.

.

.

.

.

.

.

.

.

.

. s(λ, 1) β(α− λ)
β(α− λ) t(λ, 1)

∣∣∣∣∣∣∣∣∣∣∣∣
l

+ (1− a)(αλ − 2α+ 1)

∣∣∣∣
rq−1(λ) 0

0 rl−q(λ)

∣∣∣∣ .

(5)

The (q + 1, q + 1)-entry of the determinant of order l on the se
ond right hand of (5) is

s(λ, 1), and sin
e s(λ, 1) = s(λ, a) + (a− 1)(λα − 2α+ 1), by linearity on the (q + 1)-th

olumn, we obtain

∣∣∣∣∣∣∣∣∣∣∣∣

t(λ, 1) β(α − λ)
β(α− λ) s(λ, 1) β(α − λ)

.

.

.

.

.

.

.

.

.

.

.

. s(λ, 1) β(α− λ)
β(α− λ) t(λ, 1)

∣∣∣∣∣∣∣∣∣∣∣∣
l

= φq+1(λ) + (1 − a)(αλ− 2α+ 1)

∣∣∣∣
rq(λ) 0
0 rl−q−1(λ)

∣∣∣∣ .

Thereby,

φq(λ) − φq+1(λ) =

(1− a)(αλ − 2α+ 1)

∣∣∣∣
rq−1(λ) 0

0 rl−q(λ)

∣∣∣∣+ (a− 1)(αλ− 2α+ 1)

∣∣∣∣
rq(λ) 0
0 rl−q−1(λ)

∣∣∣∣ .

Thus,

φq(λ)− φq+1(λ) = (a− 1)(αλ− 2α+ 1)[rq(λ)rm−q−1(λ) − rq−1(λ)rm−q(λ)].

Applying the re
urren
e formula (4) to rq(λ) and rl−q(λ), we obtain

rq(λ)rl−q−1(λ)− rq−1(λ)rl−q(λ) = [s(λ, 1)rq−1(λ)− β2(λ− α)2rq−2(λ)]rl−q−1(λ)

− rq−1(λ)[s(λ, 1)rl−q−1(λ) − β2(λ − α)2rl−q−2(λ)].

Then,

rq(λ)rl−q−1(λ)− rq−1(λ)rl−q(λ) = β2(λ− α)2[rq−1(λ)rl−q−2(λ)− rq−2(λ)rl−q−1(λ)].

By repeated appli
ations of this pro
ess, we 
on
lude that

rq(λ)rl−q−1(λ)− rq−1(λ)rl−q(λ) = [β(λ− α)]2(q−1)[r1(λ)rl−2q(λ)− rl−2q+1(λ)].
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Hen
e,

rq(λ)rl−q−1(λ)− rq−1(λ)rl−q(λ)

= [β(λ − α)]2(q−1)[t(λ, 1)rl−2q(λ)− s(λ, 1)rl−2q(λ) + β2(λ− α)2rl−2q−1(λ)]

= [β(λ − α)]2(q−1)[α(λ − α)rl−2q(λ) + β2(λ− α)2rl−2q−1(λ)]

= [β(λ − α)]2q−1[αrl−2q(λ) + β2(λ− α)rl−2q−1(λ)].

Thus,

φq(λ)− φq+1(λ) = (a− 1)(αλ− 2α+1)[β(λ−α)]2q−1[αrl−2q(λ) + β2(λ− α)rl−2q−1(λ)].

�XXX

Let ρ(A) be the spe
tral radius of the square matrix A. From Perron-Frobenius's Theory

for nonnegative matri
es [22℄, if A is a nonnegative irredu
ible matrix then A has a

unique eigenvalue equal to its spe
tral radius and it in
reases whenever any entry of it

in
reases. Hen
e, we have the next result.

Lemma 3.4 ([21℄). If A is a nonnegative irredu
ible matrix and B is any prin
ipal sub-

matrix of A, then ρ(B) < ρ(A).

Let Cn,l be the 
lass of all 
omplete 
aterpillars on n verti
es and diameter l + 1. A

spe
ial sub
lass of Cn,l is An,l = {A1, A2, ..., Al}, where Aq
∼= Pl(K1,pi

) ∈ Cn,l, with
pi = 1 for i 6= q and pq = n− 2l+1. Sin
e Aq and Al−q+1 are isomorphi
 
aterpillars for

all q ∈
[
⌊ l+1

2 ⌋
]
, the next theorem gives a total ordering in An,l by the α-index.

Theorem 3.5. Let α ∈ [0, 1). Then

ρα(Aq) < ρα(Aq+1)

for all q ∈
[
⌊ l+1

2 ⌋ − 1
]
, where l ≥ 3.

Proof. Let l ≥ 3. Let q ∈
[
⌊ l+1

2 ⌋− 1
]
. Let φq(λ) and φq+1(λ) be the 
hara
teristi
 poly-

nomials of degrees 2l of the matri
es M(Aq) and M(Aq+1), respe
tively. The matri
es

M(Aq) and M(Aq+1) are nonnegative irredu
ible matri
es, then its spe
tral radii are

simple eigenvalues.

Let

ρα(Aq) = µ1 > µ2 ≥ · · · ≥ µ2l

and

ρα(Aq+1) = γ1 > γ2 ≥ · · · ≥ γ2l

be the eigenvalues of the matri
es M(Aq) and M(Aq+1), respe
tively.
By Lemma 3.3, we have

φq(λ)− φq+1(λ) =

2l∏

j=1

(λ− µj)−
2l∏

j=1

(λ− γj)

= (a− 1)(αλ− 2α+ 1)(β(λ− α))2q−1

∗ [αrl−2q(λ) + β2(λ− α)rl−2q−1(λ)].

(6)
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We re
all that rl−2q(λ) and rl−2q−1(λ) are the 
hara
teristi
 polynomials of the matri
es

˜M(El−2q+1) and ˜M(El−2q) whose spe
tral radii are ρ( ˜M(El−2q+1)) and ρ( ˜M(El−2q)), re-

spe
tively. The matri
es

˜M(El−2q+1) and ˜M(El−2q) are prin
ipal submatri
es of M(Aq).

By Lemma 3.4, ρ( ˜M(El−2q+1)) < ρα(Aq) and ρ( ˜M(El−2q)) < ρα(Aq).
Hen
e, rl−2q(ρα(Aq)) > 0 and rl−2q−1(ρα(Aq)) > 0. We 
laim that ρα(Aq) < ρα(Aq+1).
Suppose ρα(Aq) ≥ ρα(Aq+1). Then ρα(Aq) ≥ γj for all j. Taking λ = ρα(Aq) in (6), we

obtain

−φq+1(ρα(Aq)) = −
2l∏

j=1

(ρα(Aq)− γj)

= (a− 1)(αρα(Aq)− 2α+ 1)(β(ρα(Aq)− α))2q−1

∗ [αrl−2q(ρα(Aq)) + β2(ρα(Aq)− α)rl−2q−1(ρα(Aq))].

By Lemma 3.1, ρα(Aq) > α. Then αρα(Aq)− 2α+ 1 > 0. Thus,

0 ≥ −
2l∏

j=1

(ρα(Aq)− γj)

= (a− 1)(αρα(Aq)− 2α+ 1)(β(ρα(Aq)− α))2q−1

∗ [αrl−2q(ρα(Aq)) + β2(ρα(Aq)− α)rl−2q−1(ρα(Aq))]

> 0.

whi
h is a 
ontradi
tion. The proof is 
omplete. �XXX

Lemma 3.6 ([?℄). Let A be a nonnegative symmetri
 matrix and x be a unit ve
tor of

Rn
. If ρ(A) = xTAx, then Ax = ρ(A)x.

Figure 3. Graphs G and Gu with s = 3.
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Let NG(v) be the vertex set adja
ent to v in G.

Lemma 3.7 ([23℄). Let α ∈ [0, 1). Let G be a 
onne
ted graph and ρα(G) be the α-
index of G. Let u, v be two verti
es of G. Suppose v1, v2, ..., vs, are some verti
es of

NG(v) − (NG(u) ∪ {u}) and x = (x1, x2, ..., xn) is the Perron's ve
tor of Aα(G), where

xi 
orresponds to the vertex vi for i ∈ [s]. Let

Gu
∼= G− vv1 − · · · − vvs + uv1 + · · ·+ uvs

(as shown in Fig. 3). If xu ≥ xv, then ρα(G) < ρα(Gu).

An immediate 
onsequen
e of Lemma 3.7 is

Theorem 3.8. Let T ∈ Vm
n . Then

ρα(T ) ≤ ρα(A⌊m+1

2
⌋), (7)

where A⌊m+1

2
⌋ ∈ An,m. For α ∈ [0, 1), the bound (7) is attained if, and only if, T ∼=

A⌊m+1

2
⌋. For α = 1, the bound (7) is attained if, and only if, T ∼= Ak, where k =

2, ..., ⌊m+1
2 ⌋ and m ≥ 3 or T ∼= A⌊m+1

2
⌋, where m = 2.

Proof. Let α ∈ [0, 1). Let T ∼= Pl(Bi) ∈ Vm
n . Let x1, x2, ..., xl be the verti
es of the path

Pl in the tree T . Let Bi be a tree with ki levels for all i ∈ [l]. Suppose T has the largest

α-index in Vm
n .

Suppose ki > 2 for some 2 ≤ i ≤ l − 1. Let u1, ..., usi be all the verti
es in the se
ond

level of Bi; we 
an assume without loss of generality that usi is an internal vertex. Let

w1, ..., wri be all the verti
es of NG(usi)− {xi}. Let

Txi
∼= T − usiw1 − · · · − usiwri + xiw1 + · · ·+ xiwri ,

and

Tusi

∼= T−xi−1xi−xi+1xi−u1xi−· · ·−usi−1xi+xi−1usi+xi+1usi+u1usi+· · ·+usi−1usi .

By Lemma 3.7, ρα(Txi
) > ρα(T ) or ρα(Tusi

) > ρα(T ). Moreover, ρα(Txi
) ∈ Vm

n and

ρα(Tusi
) ∈ Vm

n , whi
h is a 
ontradi
tion. If i = 1 or i = l, we reason analogously. Then,

ki = 2 for all i ∈ [l]. This is,
T ∼= Pl(K1,pi

).

By reasoning analogously we 
an verify that

T ∈ An,m.

Let m ≥ 3. By Theorem 3.5,

ρα(A1) < ρα(A2) < · · · < ρα(A⌊m+1

2
⌋).

Then the largest α-index is attained by A⌊m+1

2
⌋. For m = 2 the result is immediate.

Let α = 1; then Aα = D, where D is the diagonal matrix of vertex degrees. Let T ∈ Vm
n .

Let m = 3; then the maximum degree of T is less than or equal to n − 2l + 3. Then,

ρα(T ) ≤ n−2l+3 ≤ ρα(Ak) for all k = 2, ..., ⌊m+1
2 ⌋. Form = 2 is result is immediate. �XXX
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