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Abstract. A family of constructs is proposed that generalizes the notion of
closure operator associated to a partial order. The constructs of the family
(and some of its sub constructs) hold adjoint relations with Gconv which
ensure a topological resemblance; furthermore, it is shown that the constructs
are topological categories.
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Relaciones Topolégicas

Resumen. Se propone una familia de constructos que generaliza la nociéon de
operador clausura asociado a un orden parcial. Los constructos de la fami-
lia (y algunos de sus subconstructos) cumplen relaciones de adjunciéon con
Gconv lo que nos asegura un simil topologico; atin mas, se demuestra que
los constructos son categorias topologicas.

Palabras clave: Categorias topoléogicas, constructos, adjunciones.

1. Introduction

In [5] it is said that familiarity with categorical techniques can help those who are con-
fronted with a new field to detect analogies and connections to familiar fields, to organize
the new field properly, and to separate the general concepts, problems and results from
the specials ones which deserve special investigation. Thus, categorical knowledge can
help us to direct and organize our thoughts.

Closure operators have had multiple uses and applications. These applications have used
finite set models [3, 4, 6], endorsing a pretopological structure to the relationships ob-
tained from modelling the interactions between the elements (relationships that represent
nearness, academic influence, domination, etc.).
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80 E. ANGULO-PERKINS & J. ANGOA-AMADOR

A categorical approach to the definitions of previously cited works helps to achive the
goals stated at the beginning of this section. Therefore, we propose structures that
generalize the closure operator used in those works.

Moreover, Blass [2]| says that a useful methodological principle in modern mathematics
is that, when a kind of mathematics structures are defined, the corresponding morphism
between two of such structures should be defined. Therefore, not only new structures
are defined but also the morphisms among them.

The constructs proposed in this work have been defined in such a way that adjunctions to
classical topological structures (Gconv and some of its full subconstructs) are obtained.
We expect that analogous topological concepts can be defined in the future.

First, we determine the nature of the spaces to work as mathematical structures in the
sense of [1]. Then our mathematical structures are laid inside a construct in the sense of
[1, 5, 7]. As our main concern is to work with generalized forms of pretopological spaces,
we endowed our constructs with the properties needed to be topological in the sense of
[7]. We proceed to verify the “correct” behavior of our structures settling adjunctions
with familiar topological constructs.

2.  Preliminaries

Following [7], a construct is a category € whose objects are structured sets, i.e. pairs
(X,e) where X is a set and ¢ is €-structure on X, whose morphisms f : (X,¢) — (Y, n)
are suitable maps between X and Y and whose composition law is the usual composition
of maps.

We call X the underlying set of (X,e) and f : X — Y the underlying map of f :
(X,e) = (Y,n). As an abuse of notation, we say a map f : (X,e) = (Y,n) to refer to
the underlying map f. An example of this is the following definition:

If (X,e) and (X, n) are €-constructs, we say that n is coarser than e (or € is finer than
n) if the identity map 1x : (X,e) — (X,n) is a €-morphism.

Again, according to [7], a construct ¥ is called topological if it satisfies the following
conditions:

(1) FEzistence of initial structures: For any set X, any family ((X“Ei))iel of ¥-
objects indexed by a class I and any family (f;:X — X;),.; of maps in-
dexed by I there exists a unique %-structure ¢ on X which is initial with
respect to (X, fi,(Xi,Ei,I)); i.e.,, such that for any %-object (Y,n) a map
g : (Y,n) — (X,e) is a €-morphism iff for every i € I the composite map
fiog: (Y,n) — (Xi,¢&;) is a ¥-morphism.

(2) For any set X, the class {(Y,n) € Ob(%) : X =Y} of all ¥-objects with underlying
set X is a set.

(3) For any set X with cardinality at most one, there exists exactly one €-object with
underlying set X.
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Topological Relations 81

We mainly work with the construct Geconv and some of its full subcategories. Recall that
Gconv denotes the category of generalized convergence spaces (and continuous maps),
that is:

» For each set X let F/(X) be the set of all filters on X. Then a generalized convergence
space is a pair (X, q) where X is a set and ¢ C F(X) x X such that the following
axioms are satisfied:

1) (2,2) € q for each x € X, where : = {A C X : z € A};
2) (G,z) € ¢ whenever (F,x) € gand G D F.

» A map f: (X,q) — (Y,p) between generalized convergence spaces is continuous
provided that (f(F), f(x)) € p for each (F,z) € q.

Now, we recall some important subcategories of Gconv: A generalized convergence space
(X, q) is called

a) a Kent convergence space provided that the following condition is satisfied:
e (FNz,z) € ¢ whenever (F,x) € q,

b) a limit space provided that the following condition is satisfied:
e (FNG,x) € g whenever (F,z) and (G, z) € q,

¢) a pretopological space provided that the following condition is satisfied:

o (Vy(x),x) € qforall x € X, where ¥, (z) =({F € F(X): (F,z) €q}.

A pretopological space (X, q) is called a topological space provided that the following
condition is satisfied:

» For each U € ¥,(z) there is some V' € ¥, (z) such that U € ¥, (y) for all y € V.

The corresponding full subcategories of Gconv are denoted by Kent, Lim, Prtop and
Top, respectively.

3. Topological Relations
In this section the concept of topological relation is defined. Also, interesting properties of

these relations are proved. Constructs are built with them, we show that those constructs
are topological.

Let X be a set and R C X x P(X). We say that R is a Ry-relation on X if:

(RTo) Vz € X [(2,0) ¢ R],

(RTy) Vz € X [(z,{z}) € R].
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82 E. ANGULO-PERKINS & J. ANGOA-AMADOR

If R is a Ry-relation on X, we call the pair (X, R) a Ry-space. A function f: (X, R) —
(Y, Q) between R;-spaces is Rj-continuous if:

- V(z,U) € RIV[(f(x),V) € QA flU] C V].

The class of R;-spaces, and Rj-continuous functions forms a construct. This construct
is denoted by #;. Observe that the identity map 1x : (X,R) — (X, Ry) is an %;-
morphism between the %;-objects (X, R) and (X, Ry) if R C R;. We denote by , R the
set {U C X | (z,U) € R}. The union of this set, | J,R is denoted by %} or just %,
when it is clear from context what relation we are referring to.

The following association can be made:

We associate to each (X, R) € #; an object (X, qr) € Geonv as follows:
(F,z)€qr+ Uz RUANF DUT].

We associate each Rj-continuous f : (X,R) — (Y,Q) the Gconv-morphism f :
(X,qr) = (Y,q@), with the same underlying function.

Remark 3.1. The above association is a functor:
Given that z R {z} for all z, and & = {z}?1, we have that (&,z) € g for all z € X.

If G O F and (F,x) € qr, then 3U [x RU A F 2 Ut]. Thus we obtain that (G,z) € qg
since G D U?.

Suppose f : (X,R) — (Y,Q) is Rj-continuous and (F,z) € gr. It follows that
U [x RU A F 2 U?|. This implies that U € F and f[U] € f(F); by the R; continuity
we have that, for some V, f(x)QV where f[U] C V. All the aforementioned implies that
f(F) 2 flUIt 2 V1, and also (f(F), f(z)), which proves that f : (X,qr) — (Y,qq) is

continuous.

The remaining properties to verify that the association is a functor are easily derived
from the construct structure. We denote the previous functor by 7.

The following association can also be made:

We associate to each (X, ¢q) € Geconv an Rj-space, (X, R,) as follows:

quUHH(f,x)Eq[Uzm}"#@].

We associate each Geonv-morphism f : (X, q) — (Y, p) the Z;-morphism f : (X, Ry) —
(Y, Rp), with the same underlying function.

Remark 3.2. The previous association is also a functor:

By construction we have (RTy). Given that (&, x) € ¢ for all z, in any Gconv space, we
have that (RT:), therefore (X, R,;) is an %;-object.

Suppose that f : (X, q) = (Y, p) is a Geconv-morphism and that z R, U. Then 3 (F,z) €
q such that U = () F. By continuity of f we have that (f(F), f(z)) € p. Also, by
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construction, f[U] CV, for all V € f(F). Thus [ f(F) 2 f[U]. Observe that f[U]|t 2
f(F), this implies that (f[U]1, f(z)). By construction f[U] = () f[U]1, which implies
that f(z) R, f[U], which makes f an %;-morphism.

Equally, the remaining properties are easily derived from properties of the construct.

We will denote the previous functor by Wj.

The following properties will be used to define different constructs.

Definition 3.3. Let X be a set and R C X x P(X):

(RT2) Vo€ X [t RU =z RU U {xz}].
(RT3) Ve € X [t RUAz RV =z R(UUV)].
(RT4) Vz € X [x R %)

(RT5) VxeX[xRU/\yeUﬁ%yg%w]

With these properties it is possible to define %,, constructs as the full subconstructs of
%1 such that their objects satisfy the RT; properties with ¢ < 5.

Remark 3.4. Let (X, R) € #,. We define R as (z,U) € R < 3(z,V) € R[U C V].
Then

1) T1((X, R)) = T1((X, R));

2) if R = R then

[ (X,R) = (Y,Q) is Z-continuous < VU [z RU = f(z)Qf[U]] .

This means that if we are interested in studying %,, constructs through the functors T}

and Wi, then we may assume R = R. Furthermore, we can replace (RTy) by
Vee X Uz RUAzeU].

We will now see that the constructs £, with 1 < n < 5, are topological. First, we will
show this for #; and then for the others.

and

Theorem 3.5. Let {(X;, R))}icr and {fi + X — (X, Ri) }ier be a family of % -spaces
and maps, respectively. The structure R over X defined as

T RUU#OAVi el IV; C X; [fi(I)R¢WAfi[U] C Vi}
18 an initial structure.
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Proof. Because f;(x) R; {fi(z)} for all z € X and all i € I, we obtain that x R {z}.
Therefore we obtain RT1; the verification of RTy is straightforward. The previous shows
that (X, R) is an % structure. Next we are going to verify the initiality.

Let g : (Y,Q) — (X, R) a map such that f;og: (Y,Q) — (X, R;) is an %;-morphism.
We have to prove that g is an Z%;-morphism. Let y @ V. We will prove that 3U C
X [g(y) RU Ag[V] C U]. Because f; o g is an %; morphism for each i € I, then

Viel3dU; CX;[fiogly) Ri Uin fioglV]CU;].

By the construction of R, we have that g(y) R g[V]. Now we will show that R is the
coarsest structure that makes each f; Ri-continuous. Suppose that R’ does it too. Let
1x : (X, R") — (X, R) be the identity map and (z,U) € R'. We will prove that

Vi 3V; C X, [fi(x) Ry Vi A filU] C Vi),

but this is equivalent to f; : (X, R') = (X, R;) being Z;-continuous, which is true by
hypothesis. %]

To show that Z%; is also topological for 1 < 4 < 5, it is enough to prove that the structure
R defined in Theorem 3.5 is an %Z;-structure when {f; : X — (X;, R;) }ier is an %Z;-source.

Theorem 3.6. The constructs Z; when 1 < i <5 are topological.

Proof. 1) %, is topological. Indeed, let {f; : X — (X;, R;)}ier with {(X;, R;) }icr C 4.
Let (X, R) be defined as in indeed, Theorem 3.5. We shall prove that (z,|J,R) € R.
YU € ;R IVy [fl(x) R, Vu A fi[U] C VU]. Because each (X;, R;) is an %Z4-object, then
(fl(x), U fi(x)Ri) € R;. It follows that

fi [UwR] = U rvic U welnwhi foralliel,

Ue:R Ue:R

which concludes that @ R | »R.
The proof that Z> and %3 are topological constructs is similar.

2) %5 is topological. To see this, let {f; : X — (X;, R;) }ier with {(Xi, R;) }ier © Zs;
(X,R) as defined in Theorem 3.5; (z,U) € R and y € U. We shall prove that
U, C U,. Since (z,U) € R, we have that Vi € I 3V, [fl(x) R; Vi A £i[U] QVQ].
It follows that f;(y) € fi[U] C V; for each i and, since each (X;, R;) is %5, we
obtain %y, € U, (x)- Let z € %, then 3A[y R ANz € A]. Observe that z €
U, is equivalent to 3U’ [t RU' Az € U’|. By construction we have that Vi € I
aw; [fl(y) R, Wi N fl[A] - Wz] From this it follows that fZ(Z) S fl[A] CWyC %fz(y) -
Uf,(z)- So, we obtain that x R {z}. 4

From an Z;-object, (X, R), we can construct %,-objects as follows:

By letting R, = RU R*, with R* = {(z,U U {z}) | # R U}, we obtain an s-object.
Defining B; = RUR*, with R* = {(z,UA) | A C ;RA|A| < X}, we obtain an #s-object.
And Rc = RU R*, with R* = {(z,UA) | A C R}, is an Z4-object.
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We define recursively over w the following sets for each z € X: R = R, ,R*"t! =
{VeyR"|3U € ;R"[y e U]} UR", ;RY = J{zR" | n € w}. Hence, (X, (R¥)¢) is an
Zs-object.

Theorem 3.7. %, is a reflective subcategory of %1 .

Proof. Let (X, R) be an %#;-object and let Rc be as previously defined. Let us see, in
fact, that (X, R¢) is an #4-object. It is enough to show that |J,Rc = |J,R. One
inclusion follows by definition. Let « € |J . R¢, if z € U € R we have finished. Suppose
that z € U € R*. This implies that 3V € Rz € V € 4R], so z € |J,R, which shows
that (X, R¢) is an %#4-object.

We will see that the identity map 1, : (X, R) — (X, R¢) is a morphism and serves as a
reflector; for which we shall prove that the following diagram commutes if f has f as an

underlying map.
\

(X, R)
(X, Ro) —I— (Y, Q)

Let f : (X,R) — (Y,Q) and (z,U) € Rc. If U € R, we have finished. Sup-
pose that U € R*; then U = [JA. By the Z;-continuity of f, we have that
YW € A3V [f(z)QViw A fIW] C Viy]; all this implies that

o =yJa= U rwic U viv g,

WeA WeA

The proofs that %, and %5 are reflective are similar to that for %j.
Theorem 3.8. Let (X, R) € %, and R¥ as previously defined. Then:

a) (X, R¥) satisfies RT5,
b) for any %1-morphism f: (X, R) — (Y, Q) with (Y,Q) an %Zs-object, the diagram

e

(X, R)
(X, RY) ——— (Y, Q)

commutes if f and f have the same underlying map.
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Proof. a) Let (z,U) € R¥ and y € U. We shall prove that %, C %,. Let z € %, =
UyRY, then 3V C X 3n € w [z ceVAVE yR"]; let n be the least n € w which
satisfies the property. Since U € ,R“ we have that Im € w[U € ,R¥]; let 7 be the
least m € w which satisfies the property. Let | = max(r,n). With this we obtain
that z € V € ;R C ,R* C %,.

b) Let (z,U) € R“. Let n € w the least natural number such that (z,U) € R™. We shall
prove by induction over n that, if 0 < n, there are N € w, {4;}ien+1 € P(X) and
{z;}ien+1 € X such that:

A =U, (z4,A;) € Rfor eachi € N + 1,
zy =z and z; € Aj4q for eachi € N.

Base case, n = 1. By definition we have that
WV CX [(yU)e RAyeV A(z,V)€ER].

Letting N =0, A; =V and 2y = y we obtain what is required.

Inductive step. Let (z,U) € RM*1 (remark our hypothesis, M + 1 is the least natural
number Which satisfies that membership). By definition we have that 3V C X J y €
X}\/L )€ RM Ay eV A(x,V) € RM]. Using the induction hypothesis with (y,U) €
and (z,V) € RM we obtain that there are N € w, {A;}ien+1 € P(X), {zi}iens1 C

X and, N' € w, {AL}ienr4+1 CP(X) y {2 }ienr+1 C X, respectively. For j € N+ N'+2
we deﬁne

Bj:Aj and Zj = Tj lf]€N+1,

B;=A, and zj=uz) ifj=k+N+1

This construction satisfies what is required: By = Ag = U, z2n+n/41 = &'y, = 2 and that
ZN:y€V=A6=BN+1.

Let M = N + N’ + 1. By construction and the %;-continuity of f we have that there
is a family {V;};eamr41 € P(Y) which satisfies that f(z;) Q V; and f[B;] C V; for each
j € M + 1. The previous and that (Y, Q) is an #s-object 1mp11es that:

FlUVC Uy © Upizi) © -+ © Uy
Since f(x)QVys and from RTy, we have that f(2)Q%} ), which ends the proof. %]

Remark 3.9. To prove that f : (X, (R¥)c) — (Y, Q) is continuous, the case when U =
JA with A C ,R“ remains. In this case we proceed in the same way as Theorem 3.7,
where the existence for each Vyy is obtained in the same way as it done in Theorem 3.8.

To prove that (X, (R*)¢) satisfies the property RTs, observe that %" = %ng.

From the previous observation we can deduce the following:
Theorem 3.10. %5 is reflexive in % .
Example 3.11. Let X = w.

1) Let R = {{n},{n+1},{n+2}}. (X,R) is an %1-space but not an X-space.
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2) Let nR = {{n},{n,n+1},{n,n+2}}. (X,R) is an %2-space but not an Xs-space.

3) Let yR = {[n,N] Cw | N € wAn < N}. (X,R) is an Z3-space but not an
R4 -space.

4) Forn #0, let ,R={[n—1,w),{n}}. Forn=0, let )R = {{0},w}. (X, R) is an
R 4-space but not an Xs-space.

5) Let R = {[n,w),{n}}. (X,R) is an Xs-space.

Remark 3.12. We said that these constructs generalize the closure operators generated
by a reflexive poset. Indeed: If < is a reflexive partial order over X, define an %Z,-object,
(X,R),asx RU <> U ={y € X | x < z}. Then, the canonical closure constructed from
(X, <) coincides with the canonical closure constructed from 7} ((X, R)).

4. Adjunction

We will show that the functors 77 y Wi are adjoints; since the functors assign the same
underlying map to the morphism, it will be enough to show that the unity and co-unity
must have the identity map as their underlying maps.

(X,R) —™— (X, Ryy,) (X,qr,) —— (X,q)
s s |s s
(YaQ) " (Ya RQQ) (Y, QRP) s (Y,p)

Having proved that the identity maps works as unity and co-unity, we get that 7' (n(x r)) :
(X, qr) — (X, qRqR) has an identity as their underlying map. Since the identity map
Ex,qr) ¢ (X, qRqR) — (X, qr) is a morphism and by definition of the Gconv continuity
we can conclude that qg = dR,, - Those structures being equal, £(x 4, and T1(n(x,r)) are
the identity morphism over (X, gg). This trivializes the triangular identity e, o T1n =
17, since both maps from the left side are 17,. Analogously this can be shown for

WIE onw, = 1W1'
Theorem 4.1. The identity map ¢, : (X, qr,) — (X, q) is Geonv continuous.
Proof. Let (F,x) € qg,. By construction we have the following

A(z,U) € Ry [F 2 U1

and 3(G,z) € ¢ [U: ﬂg] Then Ut D G, which implies that (Ut,z) € ¢. Since
F DUt 2 G, we conclude (F,z) € q. ]

Theorem 4.2. The identity map ng : (X, R) — (X, Ryy) is %1 -continuous.

Proof. Let xRU. By definition, (Ut,z) € ¢qr. Since U = ((U?T, we conclude that
xRy U. v
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Example 4.3. Let (X, R) be an %1-object.
If (X, R) is an % -object such that X € 4R, then (F,x) € qr for all F € F(X). In this

case we get the proper inclusion R & Ry, .

Let X = (0,1] C R. Define V as the filter generated by the family {(0,6] | 0 < § < 1}
and let q(x) denote the set {F € F(X) | (F,z) € q}. Let (X,q) be such that q(1) has 1,
V' and all the superfilters of V' as members. Then qr,(1) = {i}. In this case we get the
proper inclusion qr, & q.

The following observation will be useful to prove Theorem 4.5 below.

Remark 4.4. Let I be a non empty set, M = {F,;}ier € F(X) and N = {{U{9(?) }ier |
g € [Lics Fi}. Therefore,

1) \M = N.
2) It L={\Fi|i€I}then N\OAM=UL.

1) For NM C N, if U € (1M, it is enough to choose g such that g(i) = U for all i € I.
For N C [\ M it is enough to see that for each ¢ € I, g(¢) C |U{g(?) }icr-

2) For Y M 2 |JL, observe that (M C F; for each i € I. For (M CJL, let us
see (VM as N = {{{9(i) }icr | 9 € [1;c; Fi}- Let z € (M. This means that for each
g € II;c; Fi, there is an 4 such that z € g(i). Suppose that z ¢ (J L. This implies that,
for each i € I, we can select an A; € F; such that z ¢ A;. If we define (i) as A; we have
that z ¢ |J{g(4) }scr, a contradiction.

Restricting the functor Ty over %Z; and W; over Kent, Lim, Prtop and Top (which will
be denoted by T, and W,,, respectively) we obtain the following:

Theorem 4.5. The following constructs are adjoints:

(a) %> and Kent,
(b) %5 and Lim,
(¢) %Z4 and Prtop,
(d) %5 and Top.

Proof. (a) Ty is well defined: Let (X, R) € %2, (F,z) € qr. By construction 3U[x R
U A F 2 U1]. By the (RT3) property we have x R U U {z}. Since F Nz 2 (U U {a})1,
we conclude that (F N&,x) € qg.

Wy is well defined: Let (X,q) € Kent, « R, U. By construction 3(F,z) €
q [U =NF # [Z)}. By the Kent property, we have that (F N&,z) € ¢. By Remark
4.4 (choosing M = {F,&}) we have () (F Nz) = UU{x}, and, by the functor definition,
we have that x R, U U {z}.

(b) T3 is well defined: Similar to (a), it can be easily proven that if F,G € qr(z), we get
that there are U,V C (X)) such that F 2 Ut,G D V1,2 RU and = R V. Finally, by
FNG2(UUV)T (Remark 4.4) we conclude that F NG € qr(x).
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W3 is well defined: Again, using the technique from (a) and by Remark 4.4, we have
that if R, U and xR,V then there are F,G € ¢(x) such that F = U # 0 and
NG =V #0. But FNG=UUV, which implies that zR,U UV.

(c) Ty is well defined: Let (X, R) € Z4. By Remark 4.4 we have (¢, F 2 %.

Wy is well defined: Let (X, ¢) € Prtop. By Remark 4.4 we have that (¥, = ([ ¢(z) =
UNFiliel} =%.

(d) T5 is well defined: Let (X, R) € %5. Let U € ¥, and take V as %,. If y € V, then

W' [yeU Az RU'|.

From this and (RT5), we have that %, C %,. Thus %, € ¥, and U € ¥#,. This shows
that (X, qr) is a topological space; observe that ¥, = %1 for all z, then (X, qgr) is
always an Alexandroff space.

W is well defined: Let (X, ¢) € Top, 2R,U and y € U. By (c) it is known that (7, =
U,. y € U, then there exists (F,z) € ¢ such that y € ((F = U. Thus VV € ¥, [y € V].
Let V € ¥,. Since (X, q) € Top, we have that 3V’ € ¥, [Vz € V' [V € %.]]. In particular
V € ¥,. Therefore %, C V. Since V was arbitrary, %, C (Vs = %. ]

It remains to determine which properties the functor Wi preserve, and how they will be

stated in an % construct.
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