Revista Integracion
Escuela de Matematicas

Universidad Industrial de Santander @
Vol. 40, N° 2, 2022, pag. 193-206 @ —

Determinant Inequalities for Positive Definite
Matrices Via Additive and Multiplicative
Young Inequalities

SILVESTRU SEVER DRAGOMIR X,

Victoria University, Mathematics, College of Engineering and Science, Melbourne,
Australia.

Abstract. In this paper we prove among others that, if the positive definite
matrices A, B of order n satisfy the condition

0<ml, <B—A<MI,,

for some constants 0 < m < M, where I, is the identity matrix, then

0 < (1—t)[det (A)] " +¢[det (A +ml,)] " — [det (A + mtl,)]”"
< (1 —1t)[det (A)] " +¢[det (B)] " —[det (1 —t) A+tB)] "
< (1—t)[det (A)] " +t[det (A+ MIL,)] " — [det (A + MtIL,)] ",

for all t € [0,1].
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Resumen. FEn este trabajo demostramos entre otros que, si las matrices defi-
nidas positivas A, B de orden n satisfacen la condicion

0<ml,<B—A< MI,,
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194 S. S. DRAGOMIR

para algunas constantes 0 < m < M, donde I,, es la matriz identidad, enton-
ces

(1 —t) [det (A)] " + t[det (A + mI,)] " — [det (A +mtl,)] "
< (1—1t)[det (A)] " +t[det (B)] " — [det (1 —t) A+ tB)] "
(1 —¢t)[det (A)] " + ¢ [det (A + MI,)] " — [det (A + M¢tI,)] ",

0

IN

IA

para todo ¢ € [0,1].

Palabras clave: Matrices definidas positivas, Determinantes, Desigualdades.

1. Introduction

A real square matrix A = (a;5), ¢, j = 1,...,n is symmetric provided a;; = a;; for
all i, 7 = 1,...,n. A real symmetric matrix is said to be positive definite provided the
quadratic form Q () = 37", a;;x;a; is positive for all z = (z1,...,z,) € R"\ {0}. Tt is
well known that a necessary and sufficient condition for the symmetric matrix A to be
positive definite, and we write A > 0, is that all determinants

det(Ak) = det (aij), i,j =1, ...,k; k= 1,..,n

are positive.

It is know that the following integral representation is valid, see [1, pp. 61-62] or [11,
pp. 211-212],

7.(.n/2

[det (A)]'/* .

T (A) = /R exp(— (Az, z))dz = /_O;.../_O:oexp(— (Az, 2))dz =

where A is a positive definite matrix of order n and (-,-) is the usual inner product on
R™.

By utilizing the representation (1) and Holder’s integral inequality for multiple integrals
one can prove the logarithmic concavity of the determinant that is due to Ky Fan ([1,
pp. 63] or [11, pp. 212]), namely

det (1 —A) A+ AB) > [det (A)]" ™ [det (B)]* (2)

for any positive definite matrices A, B and X € [0,1].
By mathematical induction we can get a generalization of (2) which was obtained by L.
Mirsky in [10], see also [11, pp. 212]

m

det NA; | = T [det (A1, m > 2, (3)
1 j=1

j=

where \; >0, j =1,...,m with Z;":l Aj=1land 4; >0,5=1,...,m.

[Revista Integracion



Determinant Inequalities for Positive Definite Matrices Via Additive 195

If we write (3) for A; = B;l we get

-1

iAij—l ﬁdet )] = ﬁ[det(Bj)]A”' ;
j=1 j=1 j=1

which also gives
-1

ﬁ det (4,)]™ > det iAjAj*l , (4)
j=1 j=1

where A\; >0, j = 1,...,m with Z;nzl Aj=land 4;>0,j=1,...m

Using the representation (1) one can also prove the result, see [11, pp. 212],
det (A) = det (A1) < det (Agg) det (Agggryn), k=1,...,n; (5)
where the determinant det (A4,) is defined by
det (A,5) =det (ai;), i, =r,...,s.

In particular,
det (A) S a11a22...0npn- (6)

We recall also the Minkowski’s type inequality,
[det (A + B)]"/™ > [det (A)]"/™ + [det (B))"/" (7)

for A, B positive definite matrices of order n. For other determinant inequalities see
Chapter VIII of the classic book [11]. For some recent results see [3]-[6].

Motivated by the above results, in this paper we prove among others that, if the positive
definite matrices A, B of order n satisfy the condition

0<ml,<B-A<MI,,
for some constants 0 < m < M, where [, is the identity matrix, then

0 < (1—1t)[det (A)] " + ¢t [det (A +mI,)] " — [det (A + mtl,)] "
< (1 —t)[det (A)] " + ¢[det (B)] " — [det (1 —t) A+ tB)] ™"
< (1 —t)[det (A)] ™" + ¢t [det (A + ML,)] " — [det (A + MtI,)] ",
for all t € [0,1].

2. Additive Inequalities

We consider the function f; : [0, 00) — [0, 00) defined for ¢t € (0,1) by

fi(u)=1—t+tu—u' (8)

The following lemma holds.
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196 S. S. DRAGOMIR

Lemma 2.1. For 0 < k < K we have

fe (k). if K < 1;
e fe(u) = Ay (k, K) := { max {f; (k), ft (K)}, ifk<1<K; (9)
’ fi(K), if1<k.

and
fi(K), ifK<l,
u€lk,K) X
fe(k), if 1 <k.

Proof. The function f; is differentiable and

wt—1

— )
ul—t

fllw)y=t(1—u""") =t

which shows that the function f; is decreasing on [0, 1] and increasing on [1,00), f; (0) =

1—1t, f:(1) = 0 and the equation f; (u) = 1 —t for v > 0 has the unique solution
1

up =1 > 1.

Therefore, by considering the 3 possible situations for the location of the interval [k, K]
and the number 1 we get the desired bounds (9) and (10). v

Lemma 2.2. Assume that a, b > 0 with 0 < k < 2 < K, then
0<6(k,K)a<(l—t)a+tb—ba'"" <A (k K)a. (11)
Proof. If u € [k, K], then by Lemma 2.1 we have
S (k,K)<1—t+tu—u <A (kK). (12)

If we take u = 2 in (12), then we get

b (b\'
o (kyK)<1—t+t-—— () <Ay (k,K),
a a
and by multiplying with a we obtain the desired result (11). ]

Theorem 2.3. Assume that the positive definite matrices A, B satisfy the condition
0<ml,<B-A<MI,, (13)

for some constants 0 < m < M, then

0 < (1—t)[det (A)] "2 + t[det (A + mI,)]"* — [det (A + mtl,)] /2 (14)
< (1—¢)[det (A)] 2+ t[det (B)] /% = [det (1 — t) A+ tB)] "/
< (1—t)[det (A)] % + t[det (A + MI,)]"*? — [det (A + MtI,)] /2,

for allt €10,1].
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Also,

[det (A)] Y2 + [det (A + mI,)] />
[det (A + mtln)]_Ql/Q + [det (A +m (1 —t)I,)] />
_ ldet (A)] 2 + [det (3)1—21/2
[det (1 —¢) A2+ tB)]7Y? 4+ [det (tA + (1 — t) B)] /2
_ ldet (A2 + [det (A + 1\241n)]1/2
[det (A + MtIn)]Ql/Q + [det (A+ M (1—¢t)1,)]*/?
2

0<

for allt €10,1].

197

Proof. Let a = exp(—(Az,z)) and b = exp(— (Bz,z)) for x € R". Then 2 =

exp (— ((B — A) z,z)) and since 0 < mI, < B— A < MI,, hence for z € R",

2 2
—Mlz|” < ={((B—A)z,z) < —m |z
which gives that

exp (—M ||a:\|2> < — <exp (—m||a:\|2> < 1.

Q| o

If we apply the inequality (11) for a = exp(— (Az,z)), b = exp(—(Bz,x)), k =

exp (—M Hx||2> and K = exp (—m ||x\|2> < 1, then we get

0< fi (exp (—=m o)) ) exp (- (Az,z))
< (1 —t)exp(— (Ax,z)) + texp (— (Bx, z))
—exp(—(((1 —=t) A+ tB)z,z))

< fi (exp (M Jl2]*) ) exp (= (Az,))

namely

0< (1 —t+texp (—m ||ac|\2) — exp (—mt ||;UH2>) exp (— (Az, )

<(1—t)exp(—(Az,z)) + texp (— (Bx,z)) —exp (—(((1 —t) A+ tB) x,x))

< (1 —t+texp (—M ||x||2) — exp (—Mt ||m||2)) exp (— (Az,x)) .
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198 S. S. DRAGOMIR

This inequality can be written as

0<(1—t)exp(— (Az,x)) +texp (— ((A+ ml,)z,z))
—exp (— ((A+mtl,) z,x))
< (1 —t)exp(— (Az,z)) + texp (— (Bz,z))
—exp(—(((1—=t) A+ tB)z,x))
<(1-t)exp(—(Az,x)) +texp (— (A + MI,) z,z))
—exp (— ((A+ MtlL,) z,z)),
for € R™ and ¢ € [0,1].

If we take the integral over x € R™, then we get

0<(1-1¢) /n exp (— (Az, z)) dx + t/ exp (— (A +ml,) z,z))dx

n

- /n exp (— (A +mtl,) z,z)) dx

<(1-1) /,, exp (— (Az,z)) dz + t/ exp (— (Bzx, z)) dx

n

- [ e (- A+ tB) ) ds

n

< (1—t)/n exp (— (Aac7x>)dm+t/ exp(—((A+ MIL,) z,x))dx

— /n exp (— ((A+ Mtl,) x,z)) dz,

for t € [0,1].
By using the representation (1) we get
0<(1—¢t)Jd, (A) +tJ, (A+mly,) — J,, (A+mtl,)
<A=-t)Jy(A)+tJ, (B)— J (1 —t) A+tB)
<A =t)Jn (A) ++td, (A+ MI,) — J, (A+ Mtl,),
which, by the second equality in (1) gives (14).
If we replace ¢t with 1 — ¢ in (14), then we have
0 < t[det (A)] Y2 + (1 —t) [det (A + mI,)] "/ (17)
— [det (A +m (1 —t)1,)] />
< t[det (A)] Y% + (1 — ) [det (B)] /2
— [det (tA + (1 —t) B)"/?
< t[det (A)] V% + (1 —t) [det (A + MI,)] "'/
— [det (A+ M (1—1t)1,)] /2,
for t € [0,1].
If we add (14) with (17) and divide by 2, then we get (15). v
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Determinant Inequalities for Positive Definite Matrices Via Additive 199
Corollary 2.4. With the assumptions of Theorem 2.3 we have

o < [t ()7 + [det (A + ml,))

- /1 [det (A + mtL,)] Y2 at (18)

- 2
< Mt et BT (1) 4 03
2 0
et Qe (e M 4 g
0

The proof follows by taking the integral over ¢ € [0,1] in (14).

If we take the square in the representation (1), then we get

( / exp(- <x,Aa:>)da:>2 - defz o

Since
</n exp(— (Ax,:c))d:z)z = /R" /Rn exp(— (Az, x)) exp(— (Ay, y))dzdy
_ /R /R exp(— (Az, ) — (Ay, y)))dudy,
hence
Ko ) i= [ [ ool (o) = Ay g))dndy = s (19)

for A a positive definite matrix of order n and (-,-) is the usual inner product on R™.

We have:

Theorem 2.5. Assume that the positive definite matrices A, B satisfy the condition (13)
for some constants 0 < m < M, then

(1 —t) [det (A)] " + t[det (A + mI,)] " — [det (A +mtI,)] " (20)
(1 —t)[det (A)] " + ¢ [det (B)] " — [det (1 —t) A+tB)] "
< (1 —t)[det (A)] " +¢[det (A + ML,)] " — [det (A + MtIL,)] ",

0

IN A

for allt €10,1].
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200 S. S. DRAGOMIR

Also,

[det (A)] ™" + [det (A +mI,)] "
[det (A + mtln)}Q‘1 +[det (A+m (1 —t)1,)] "
< et (A" ; [det (B)]‘21
[det (1 —¢) A+ ¢B)]" + [det (tA+ (1 —t) B)]
_ [det (4)]7" + [det (A + Z\Q/IIn)]_l
[det (A + MtIn)?_l + [det (A+ M (1—1t)1,)] "
2

0<

for allt € [0,1].

Proof. Let a = exp (— (Ax,x) — (Ay,y)) and b = exp (— (Bz,x) — (By, y)) for z, y € R™.
Then

S

—=exp(—((B—A)z,z) — ((B—A)y,y))

S|

and since 0 < ml, < B— A < MI,, hence for z, y € R",

—M (Jlall® + 191%) < = (B = A)w,2) = (B = A)y,y) < =m (Jlall” + lgll*) .

which implies that

Q| o

exp (=M (Jlall® +[1911%) ) < 2 < exp (=m (Jle)* + l*) ) < 1.

If we apply the inequality (11) for
a = exp (= (Az,z) — (Ay,y)), b= exp (= (Bz,z) — (By,y)),

k = exp (—M (||9c||2 + ||y||2)> and K = exp (—m (Hﬂc”2 + ||y||2>> < 1, then we get

0< i (exp (—=m (2* + IvlI*) ) ) exp (— (Az,2) — (Ay,y)

< (1= t)exp (— (Az,@) — (Ay, ) +texp (— (Ba,z) — (By,y))
—exp (= (1 =) A+ tB)a,x) — (1 —t) A+ tB) y, )

< fi (exp (=M (Jlal® + lyl1*) ) ) exp (= (Aw,2) = {Ay.w).,
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namely

0<(1—t)exp(—(Az,z) — (Ay,y))
+texp (= (A+mly) x,x) — (A+mln)y,y))
—exp (= ((A+mtl,) z,z) — (A+mtl,)y,y))
< (L —t)exp(— (Az,z) — (Ay,y)) + texp (— (Bz,z) — (By,y))
—exp(—((1=t)A+tB)z,z) — (1 —t) A+ tB)y,zy))
< (1 —t)exp (= (Az,z) — (Ay,y))
+texp(—((A+ MI,)z,x) — ((A+ MI,)y,y))
—exp (— ((A+ Mtl,) z,z) — (A+ Mtl,)y,y)),

for x, y € R™ and t € [0,1].
If we take the double integral over x,y € R", then we get

0= [ [ exp(-(An.a) - (Ay.y)) dody
+t/n / exp (— (A + mIy) @ 2) — (A +ml) y, y)) dzdy
- / / exp (— (A + mtLy) z,) — (A+mtl) y,y)) dedy
<=0 [ [ exn(=(Ana) = (Ay.y) dody
+ t/R /R exp (= (Br,z) — (By,y)) dudy
_ / / exp (— ((1— ) A+ tB)a ) — (1 t) A+ tB) y,zy)) dady
<) [ [ e (- (Ana) - (Ay.y)) dody
+ t/n / exp (= (A + MI) e, z) — (A+ ML)y, ) dedy
_ / / exp (= (A + MtL)z,a) — (A + MtL,) y,y)) dady,

and by making use of the representation (19). ]
Corollary 2.6. With the assumptions of Theorem 2.5 we have

o < [det (]! + [d;t (At mI)I / "ot (A + mtz,)] " di (22)
< [det (4)] " 2 + [det (B /01 det (1 —t) A+tB)) " dt
g et (A7 ot (4 MID / et (A + Mt,)]
0

The proof follows by taking the integral over ¢ € [0, 1] in (20).
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3. Multiplicative Inequalities

We consider the function g; : (0,00) — (0, 00) defined for t € (0,1) by

1—t+tu B B
1§gt(u)=T=(1—t)ut+tul ¢ (23)

For [k, K] C (0,00) define the quantities

Ly (k,K) =

)

and

gt (k), it K <1;

max {g; (k),g: (K)}, ifk<1<K; (24)
gt (K), if1 <k.

(1—t) k=t + thl™t, if K <1;

max {(1—t) k™" + k', (1 —t) K" +tK'7'} | if k<1<K;
(1—t) Kt +tK™ if 1 < k.

gt(K)a K<
v (b ) = {1, itk <1<K: (25)
gt (k) if1 <k.

1—-t) Kt +tK*™ if K < 1;
=<1, ifk<1<K,;
(1—-t) k=t +tkl=t ifl1 <k

The following lemma holds.

Lemma 3.1. For 0 < k < K we have

and

—T, (kK
e 90 (u) =Ty (k, K)

i = v (k, K).
Jnin 91 (u) =7 (k, K)

Proof. The function ¢, is differentiable and

gr(w) = (1= t)tu™""" (u—1),

which shows that the function g is decreasing on (0,1) and increasing on [1,00). We
have gt (1) =1, 1imu~>0+gt (U) = +o00, lilnuﬁoogt (’LL) = +o0 and gt (%) = g1t (U) for
any v >0 and t € (0,1).

Therefore, by considering the 3 possible situations for the location of the interval [k, K]
and the number 1 we get the desired bounds (11) and (12). v
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Lemma 3.2. Assume that a, b > 0 with 0 < k < g < K, then

i (b, K)a ' < (1 —t)a+tb < Ty (k, K) a' 8",

Proof. From Lemma 3.1 we have

1—t+t2
’yt(/ﬂ,K)STagft(k‘,K),

a
namely

Ve (k, K) (Z)t < 17t+tg <Ty(k, K) (b>t.

a

If we multiply these inequalities by a, then we get (26).

Theorem 3.3. Assume that the positive definite matrices A, B satisfy the condition

0<ml, <B-A,
for some constant 0 < m, then
(1 —1t)[det (1 —t) A+ tB — tml,)] "/
ttdet (1—t) A+tB+ (1 —t)ml,)] "/
< (1—t) [det (A)] 2 + t[det (B)) /2

for allt €10,1].
In particular, fort =1/2,

A+B m —1/2 A+B m —1/2
_*Iz *In
{det( 5 5 ,)} +[det< 5 + 5 )]

< [det (A)] /% + [det (B)] 712

Proof. If0 <k < g < K < 1, then by (26) we get
gt (K)a' ™' < (1—t)a+tb

namely
[(1—t) K" +tK'" a0 < (1—t)a+tb

203

(28)

(29)

If we apply the inequality (29) for ¢ = exp (— (Az,z)), b = exp (— (Bz,z)) and K =

exp (fm ||a:||2) < 1, then we get

(1= yexp (tm o)) + texp (=m (1= 1) [|l2]*)]
x exp (— ((1 —t) Az, z) — (tBz,x))
< (1 —t)exp (— (Ax,x)) + texp (— (Bz, z))
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This is equivalent to
(1—t)exp (tm lzl® = (1 — t) Az, z) — <th,g;>)
+ texp (—m (1—t) ||lz)|® = (1 — t) Az, z) — (th,x))
< (1 —t)exp(— (Az,z)) + texp (— (Bzx, z))

namely

(1—-t)exp(—{(((1 —t) A+tB —tml,)z,x))
+texp(—((1—t)A+tB+ (1 —t)yml,)z,x))
< (1—t)exp(— (Az,z)) + texp (— (Bz,x))

for all z € R™ and ¢ € [0,1].
Observe that
(1-t)A+tB—tml, =A+t(B—A)—tml, > A+tml, —tml,=A>0

and
1-t)A+tB+(1—t)ml, > 0.

By taking the integral on R", we get
(1- t)/ exp(—{((1 —t)A+tB —tml,) z,z)) dz
+t/ exp (= (1 =) A+ B + (1 — t)ymI,) 2, 7)) dz

<(1- t)/ exp (— (Ax,m))dm—l—t/ exp (— (Bx, z)) dz,

namely, by (1)
1-t)Jy(1—=t)A+tB—tml,) +tJ, (1 —t)A+tB+ (1 —t)ml,)
<1 =t)Jn(A) +tJ, (B),
which gives (27). v
By utilizing a similar argument to the one in the proof of Theorem 2.5 we can finally
state:
Theorem 3.4. Assume that the positive definite matrices A, B satisfy the condition
0<ml, <B-A,
for some constant 0 < m, then
(1 —t)[det (1 —t) A+ tB — tml,)] " (30)
+t[det (1 —t) A+ tB+ (1 —t)ml,)] "
< (1—t)[det (A)] " +t[det (B)] "
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for allt €10,1].
In particular, fort=1/2,

[det(A;B —T;In>]1+ [det(A;B—Fﬂ;In)]l (31)

< [det (A)] ™" + [det (B)] .

A complex square matrix H = (hy;), 4,j = 1,...,n is said to be Hermitian provided
hij = hj; for all 4, j = 1,...,n. A Hermitian matrix is said to be positive definite if the
Hermitian form P (2) = 377", a;;2iZ; is positive for all 2 = (z1, ..., z,) € C™ \ {0}.

It is known that, see for instance [11, pp. 215], for a positive definite Hermitian matrix

H, we have
n

K, (H) = / ) / exp (— (=, Hz)) dady = ﬁ(h’)’ (32)

where z = z + iy and dx and dy denote integration over real n-dimensional space R".
Here the inner product (z,y) is understood in the real sense, i.e. (z,y) = > 7_; TrYx-

On making use of a similar argument to the one in Theorem 2.5 and Theorem 3.4 for the
representation K, (-) we can state the same inequalities for positive definite Hermitian
matrices H and K.
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