Revista Integracion
Escuela de Matematicas

Universidad Industrial de Santander ®
Vol. 41, N° 2, 2023, pag. 69-81 @ —

The Padovan numbers of the form 6° + 6° + 6¢

ANA CECILIA GARCIA LOMELI® ™, SANTOS HERNANDEZ HERNANDEZ®,

“Centro de Investigaciéon en Matematicas (CIMAT), Unidad Zacatecas, Zacatecas,
Meéxico.
®Universidad Auténoma de Zacatecas, Unidad Académica de Matematicas,
Zacatecas, México.

Abstract. Let (P,),>0 be the Padovan sequence given by Py =0, P = P, =1
and the recurrence formula P, 3 = P41 + P, for all n > 0. In this note, we
completely solve the Diophantine equation

P, =6%+6"+6°

in non-negative integers (n,a,b,¢) witha > b > ¢ > 0.
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1. Introduction

Let (Fy,)n>0 be the Fibonacci sequence. It is given by the initial conditions Fy = 0,
F; =1 and the recurrence formula

Fn+2 :Fn+1+Fn
holds for all n > 0. Let’s consider the Diophantine equation

F,=a2%+a"+1 (1)
in positive integers (n,x,a,b) with max{a,b} > 2. The case x = p with p being a prime
number is studied in [9] by Luca and Szalay. They show that such an equation has only
finitely many solutions. Then, the same conclusion is obtained by Laishram and Luca

in 7] where this time  is of the form p°q? where p and ¢ are prime numbers. In [6], the
particular case x = 2 was completely solved.

There are many other instances of Diophantine equations of the same flavour as the
above one. For example, in [8] the Diophantine equation F,, = p® 4+ p®, where p is prime
number, is studied. And, in [12] the squares of the form 2¢ + 2° + 2¢ are found.

Now, let us consider the Padovan sequence (P,)n>0, named after the architect R.
Padovan. It is the ternary recurrence sequence given by Py = 0, P, = P, = 1 and
the recurrence formula
Pnis = Phy1+ Pa, holds for all n > 0.
This is A000931 sequence in [11]. Its first few terms are
0,1, 1, 1,2, 2 3,4,5, 7,9, 12, 16, 21, 28, 37, 49, 65, 86, 114, 151,

Motivated by the above problems, in this note we study the Diophantine equation

P, = 6%+ 6"+ 6° (2)
in the non-negative integers (n,a, b, c) with @ > b > ¢ > 0. To avoid numerical repeated
solutions we will assume that n # 1,2,4. Note that for all non-negative integer a,

(3,a,a,0) is clearly a solution to the case P, = 6% —6” + 6¢ with a = b. Let us call these
trivial solutions of equation (2). Our result is the following:

Theorem 1.1. All non trivial solutions of equation (2) in non-negative integers (n, a, b, c)
withn #1,2,4 anda >b > c >0 are

Ps=6"4+6"+6°, Pr=6"—6"—6", Pyy=6*—6>+6", Py =6"—6%—¢6"

2. Linear forms in logarithms, reduction method

In proving Theorem 1.1 we use lower bounds for linear forms in logarithms, and we use
the result due to Matveev explained in Theorem 2.1. Let o be an algebraic number of
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degree d, let a > 0 be the leading coefficient of its minimal polynomial over Z and let
a=aW, . .. o denote its conjugates. The logarithmic height of a is defined as

h(a) = % <loga+ zdjlogmax{’a(i) ,1}) .
i—1

The basic properties of the function h are the following. For «, § algebraic numbers and
m € Z we have

» W+ B) < h(a) + h(B) +log(2),
= h(af) < h(a) + h(B),
= A(a™) = |m|h(a).
Now, let K be a real number field of degree dk, a1,...,a; € K positive elements and
bi,...,be € Z\ {0}. Let B > max{|b1],...,|bs|} and
A=ab - .abe—1.
Let Aq,..., Ay be real numbers with
A; > max{dg h(a;), |logay|, 0.16} for i=1,2,... ¢
The following result is due to Matveev in [10] (see also Theorem 9.4 in [2]).
Theorem 2.1. (Matveev’s Theorem) Assume that A # 0. Then
log |A| > —1.4-30"3 . /%5 . d% . (1 +logdx) - (1 +log B)A; --- Ay.
In this paper we always use £ := 3. Further K := Q(v), where + is given at the beginning
of Section 3, has degree dx = 3. So, once and for all we fix the constant
C:=1.4-30>".3%5.32. (1 +log3) ~ 2.70443 x 10*2.

Our second tool is a version of the reduction method of Baker-Davenport based on the
lemma in [1]. We shall use the following one given by Bravo, Gomez and Luca in [3]
(see also [4]). For a real number z, we write ||z| for the distance from x to the nearest
integer.

Lemma 2.2. Let M be a positive integer. Let T, u, A >0, B > 1 be given real numbers.
Assume that p/q is a convergent of T such that ¢ > 6M and € := ||uql| — M||7q| > 0. If
(n,m,w) is a positive solution to the inequality

A
with n < M then
log(Aq/e)
log(B)
Finally, the following result of Guzmén and Luca [5] will be very useful.

Lemma 2.3. Ifm > 1, T > (4m*)™ and T > z/(logx)™. Then
x < 2™T(logT)™.

Vol. 41, No. 2, 2023]
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3. Proof of Theorem 1.1

Let us to start with some basic properties of the Padovan sequence. For a complex
number z we write Z for its complex conjugate. Let w # 1 be a cubic root of 1. Put

\/9+\f 9-v6o 5 \/9+f \/9—f
18 18 o '

It is clear that ~,d, 6 are the roots of the Q-irreducible polynomial X3 — X — 1. We also
have the Binet formula

Pn = Cl’yn —+ 625n —+ ngn, (3)
which holds for all n > 0, where
y(y+1) 5(0+1) _
— 4 e A = Co. 4
4T3 2T 543 8T )

Formula (3) follows from the general theorem on linear recurrence sequences since the
above polynomial is the characteristic polynomial of the Padovan sequence. We note
that

v=1.32471...,16] = 0.86883..., ¢y =0.54511 ..., |ca| = 0.28241 ...

Further, the inequalities
YL Py <M, (5)

hold for all n > 1. These, formula (3) and inequalities (5) can be proved by induction.

Observe that the study of the non-trivial solutions of equation (2) reduces to the study
of equations of the following form:

P, = t¢-6%wherete {1, 3} and a > 0; (6)
P, = t-6%%t,-6° where t,t; € {1,2},t #t; and a>b>0; (7)
P, = 6+6°+£6° a>b>c>0. (8)

An elementary analysis shows that the right hand side of each these equations is always
positive. So, we assume n > 1. As n # 1,2,4, we assume throughout the proof that
n > 3 with n # 4. The most involved case is equation (8), so we start with it.

3.1. Case (8)
Recall that n > 3, n # 4 and a > b > ¢ > 0. From inequalities (5) we obtain
VPP, =6"£6"£6° <6 and "' > P, =6°+6"+6°> 6"

So,
log y logy
-3)— < 1 d -1
(n=3) log 6 at+1 and (n—1) log 6
In particular note that a < n since (logv/log 6) < 1. Now, if n < 500 from (9) we see that
a < 80. Running a computer basic program in the range 0 < n < 500,0 < c < b < a < 80

>a—2. 9)
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we find the last two solutions written in Theorem 1.1. We will prove that these are all
of them in this case.

From now on, we assume n > 500. In this case, (9) gives a > 76. The first task is to
obtain an absolute upper bound on n. To this end, from the Binet formula (3) we rewrite
our equation as

1y — 6% = £6° £ 6° — 26" — ¢30 .

Dividing through by 6%, we obtain

1

|76 — 1| < T (10)

Let A be the expression inside in the left hand side of (10). Now, if A = 0 then ¢;7™ = 6
and, by taking norms we conclude that the norm of ¢; is an integer which is not. The
norm of ¢; is 1/23. Hence A # 0 and we apply Matveev’s inequality to it by taking

oy =cp,oap =703 =6, b =1by=n,b3=—a.

Thus B = n. The heights h(as), h(as) are log~y/3 and log 6, respectively. For o we use
the properties of the height to conclude

h(ay) < log~y + 5log 2.
Thus, we take A; = 11.3, A; = 0.3, and A3z = 5.4. Then,
log|[A| > —-C-(1+1logn)-11.3-0.3-54.
Comparing this with (10), we obtain

(a —b)log6 < 4.95073 x 10"3(1 + logn). (11)

Again, from the Binet formula (3) we rewrite (2) and obtain
lery™ — (6% £1)6°] < 611
Dividing through by 6% & 6 we get

6t 1

“a < <
6o -+ 6b ga—c—2 ’

G gt _q
6obL1!

(12)

where we use 6% £ 6° > 6~ 1. Let A; be the expression inside of the absolute value on
the left side of (12). With an argument as given for A above, we see that A; # 0 and we
apply Matveev’s to it. To do this, we consider

oy = mj,ﬁmézz%(lg:& by =1,b2 = n,b3 = —b.

Thus, B = n. The heights of as and a3 are already calculated. For a1, we again use the
properties of the height and (11) to conclude that

h(a1) < hler) +h(677° £1) < 4.95074 x 103(1 + logn).
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So we take A} = 1.48522 x 10**(1 +logn) and As, A3 as above. Hence, from Matveev’s
inequality we obtain
log|A1] > —C - (1 +1logn) - (1.48522 x 10'*(1 +logn)) - 0.3 - 5.4,
which compared with (12) yields
(a —c)log6 < 6.50701 x 10%°(1 + logn)?. (13)

In particular, since b < a, we also have an upper bound on (b — ¢) log 6.

Finally, from the Binet formula (3) we rewrite again (2) and obtain
lery™ — (677¢ £6°7° +1)6°| < 1.
Dividing through by 6% & 6° & 6¢ we get

c1 1 1 36 1

6a—c + Gb—c + 17n67c —1< 69 + 6 + 6e < Ga—1 < =3 < =167 (14)

where we use 691 > 473 from (9). Let Ay be the expression inside of the absolute
value on the left side of (14). As above, Ay # 0 and we apply Matveev’s inequality to it.
Now, we consider

C1

= m,%:%%:& by =1,bp =n,bs = —c.

851

Thus, B = n. The heights of as and a3 are already calculated. For a1, from (13) we
have
h(ay) < h(er) +h(6%7¢ £ 6°7°4 1) < 1.3014 x 10%7(1 + logn)?.

So we take A; = 3.9042 x 1027(1 + logn)? and As, A3 as above. Hence, from Matveev’s
inequality we obtain

log|As| > —C - (1 +1logn) - (3.9042 x 10*"(1 + logn)?) - 0.3 - 5.4,
which compared with (14) yields
nlogy < 1.7105 x 10%°(1 + logn)3.

Thus, n < 4.86629 x 10*!(logn)® and from Lemma 2.3 we get the following absolute
upper bound on n:
n < 3.44305 x 108, (15)

Now, the second step is to reduce this upper bound on n. To do this, we consider
I'=nlogy —alog6 +logci,
and go to (10). Assume that @ —b > 1. Note that e —1 = A # 0. Thus, I' # 0. If

I' > 0, we have that
1

O<F<6F_1:|A|<W
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If on the other hand, I' < 0, we then have that 1 — el = |A| < 1/2. Thus, el < 2. Hence,

2
Tl _ 1 = Tl _c
0<l<e l=e |A\<6a*b71.
Thus, in both cases, we have
Dividing through by log 6, we obtain
7
0< ‘TLT*G‘F/}J < W,
where
log v q log cq
T = an = .
log 6 K log 6

Now, we apply Lemma 2.2. To do this, we take M = 3.44305 x 10*8, which from (15) is
the upper bound on n. With the help of Mathematica, we found that the convergent

pro7 _ 6008326529102855602859915942776215564110897052594455

qror  38284111839976923510301357492702780666215483977296698

of 7 is such that g107 > 6M and € = ||qio7 - || — M||g107 - 7|| = 0.284414 > 0. Thus from
Lemma 2.2, with A :=7 and B := 6, we obtain that

log(7 - qio7/€)

—-b
¢ < log 6

< 70.

Now, consider
Ty =nlogy — blog6 + log <6‘1—f’1il) ,

and go to (12). Assume that a — ¢ > 2. Note that e!* —1 = A; # 0. Thus, I'; # 0. As
in the above case by considering again the cases I'y > 0 and I';y < 0 we conclude that

0<|F1|<W.

Dividing through by log 6, we obtain

41
O<|nT—b+M|<m,

where 7 is as above and

_log (e1/(6°7"+ 1))
o log 6 '

Consider

log (c1/(6% £ 1))
Hi 1=
log 6
With Mathematica we find again that the 107 —th convergent of 7 is such that ¢1o7 > 6 M
and g > 0.0162182 for all &k = 2,...,69. We calculated log(qi07 - 41/ex)/log6 for all

. k=2.3,...,69.
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k = 2,...,69 and found that the maximum of these values is at most 71. Therefore
a—c< 71

Finally, consider

FQ = nlog’}/— C]Og6+log (6‘10;61170:&]_) s

and go to (14). Note that e'> —1 = Ay # 0. Thus, 'y # 0. Again as above, we can
conclude that

2

Dividing through by log 6, we obtain

101
O<|nT—c+p|l < —,
,-Yn

where, 7 is as above and

log(c1 /(627 £ 6°7¢ £ 1))
o= log 6 '

Consider ‘
log(c1/(67 £ 6% +1))
log 6

Again, the 107-th convergent of 7 is such that gio7 > 6M and €;; > 0.0000191955 for
all j =3,...,71, k < j. Finally, by calculating log(gio7 - 101/¢; )/ log~ for all these
cases we find that the maximum of these values is at most 485. Therefore n < 485 which
contradicts the assumption on n and finish the proof of this case.

Wk =

3.2. Case (7)

This case also follows the same lines of argument as in Case (8). So, we will not write
all detailed calculations but only the result of the step.

As above, n >3, n#4; t, t1 € {1,2},t # t1 and a > b > 0. The inequalities
AP P, =16+t -6° <6t and A"l >P,=t-6%+t;-6° > 6771,

where t,t; € {1,2} and t # t;, show that we can and we will use the same inequalities
given in (9). In particular ¢ < n and with a basic computer program in the intervall
0<n<350and 0<b<a< 55 we obtain the solution Pr = 6 —2-6° = 61 — 6% — 69
for this case written in Theorem 1.1. As above, we now show it is the only one.

Let n > 350. Thus a > 53. As above, from Binet’s formula equation (7) gives

1
Gngma 1| <

; Ga=T- (16)
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Let A be the expression inside of the absolute value on the left side of (16). Now, being

A # 0 we take

ar = %,az =703=06, b =10by=n,bs=—a,
and apply Matveev’s to it. So, B = n. We already know the heights of as and a3 and
for oy we have

h(ay) < h(cr) + h(t) < logy + 6log2.
So we take A; = 13.4 and Ay = 0.3, A3 = 5.4. Hence, from Matveev’s inequality we get
log |[A1] > —C-(1+1logn)-13.4-0.3-5.4,
which compared with (16) yields

(a —b)log6 < 5.87079 x 10"3(1 + logn). (17)
From the Binet formula (3) we rewrite again (7) and obtain

1 1 36 1

1
t- 62 it16b < 6a—1 < ,yn—S < 711—16’

a9 meh 1| <
P60 £ty !

(18)
where we use 671 > "3 from (9). Let A; be the expression inside of the absolute
value on the left side of (18). Again, being A; # 0 we consider

1

M= e b £ gy

042:’)/,043:6, blil,bgin,bgifb.
and apply Matveev’s inequality with B = n. We know the heights of as and a3 and for
aq, (17) gives

h(a1) < h(er) + h(t-647° £ ;) < 5.8708 x 10'3(1 + logn).

So we take A; = 1.76124x 10'4(1+logn) and As, A3 as above. Then Matveev’s inequality
gives
log |Ai| > —C - (1+logn) - 1.76124 x 10**(1 4+ logn) - 0.3 - 5.4,

which compared with (18) yields
(n —16)logy < 7.71631 x 10%%(1 + logn)?.

Thus, n < 1.09763 x 10*®(logn)? and from Lemma 2.3 we get the following absolute
upper bound on n:
n < 1.83028 x 1032, (19)

Now we reduce this upper bound on n. Consider
C1
I'=nlogy —alog6 + log e

and go to (16). Assume that a —b > 1. Note that e’ —1 = A # 0. Thus, ' # 0 and with
the same above analysis we find that

0< |l < e
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Dividing through by log 6, we obtain

7
0<|nT—a+pul < —

6a—b’
where
1 log (<t
o= 087 and Ly 1= g(t) for t=1,2.
log 6 log 6

With M = 1.83028 x 1032 Mathematica finds that the 74-th convergent

pra _ 1198756459074489626137082939257979

qra  7638287653942657410690325642098828

of 7 is such that qz4 > 6M and e; = ||q74 - pu¢|| — M|qz4 - T|[ > 0.107923 > 0 for t = 1,2.
Thus from Lemma 2.2, with A := 7 and B := 6, we obtain that

log(7 - gr4/€)

—b
N P

< 46.

Now consider

C1
I'r =nl —blogb +1 _—
1 =nlogy 0og +Og<t-6a—bit1)’

and go to (18). Then I'; # 0 and we have

2
0< || < —=.
,Yn—lﬁ

Dividing through by log 6, we obtain

101
0<|nT—=b+4pul< —,
fyn

where 7 is as above and

_ log (cr1/(t-6"7b + 1))
pe= log 6 '

Let

__log (cr/(t- 6" £11))
Hkt,t; ~= log 6

, for k=2,3,...,45 and t#t; €{1,2}.

Again, Mathematica finds that the 74-th convergent of 7 is such that ¢74 > 6M and
Ektt, = 0.00798086 for all k = 2,...,45 and ¢ # t; € {1,2}. Then the maximum of the
log(q7a - 101/eg 1 4,)/logy for all k = 2,...,45 and ¢ # t; € {1,2} is at most 311. So,
n < 311 which contradicts the assumption on n and finish the proof of this case.
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3.3. Case (6)
Again, n > 3, n # 4. Now t € {1,3} and a > 0. We have the inequalities
A3 P, =167 <6 and A"l > P, =t-6%>6%"1,

where t € {1,3}. So, we use the same inequalities given in (9). Then a < n. In the interval
0 < n <200 and 0 < a < 32 Mathematica gives the solution Ps = 3 - 6° = 6% 4- 6° + 6°
listed in Theorem 1.1. We prove it is the only one in this case.

Let n > 200. Thus a > 29. From Binet’s formula equation (6) gives

1
A mgma 1| <

; o (20)

Let A be the expression inside of the absolute value on the left side of (20). As A # 0

we take c
011:?17042:’%043:67 b1:17b2:n’b3:_a'

and apply Matveev’s inequality to it with B = n. The height of a; is
h(ar) < h(c1) + h(t) < log~y + 7log2.

So we take A; = 15.4 and Ay = 0.3, A3 = 5.4 as above. Hence, from Matveev’s inequality
we obtain
log|A1| > —C - (1+1logn)-15.4-0.3-5.4,

which compared with (20) and Lemma 2.3 yields

n < 3.24438 x 10*°. (21)

Now, consider
I'=nlogy —alog6 + log ct—l,

and go to (20). Note that el — 1 = A # 0. Thus, I' # 0 and we obtain in fact that

2

Dividing through by log 6, we obtain

19
0<|nT—a+pul<—,
,yn
where
1 log (¢
o= 087 and Wy 2= Og(i) for t=1,3.
log 6 log 6

Now, with M = 3.24438 x 10'® Mathematica find that the 43-th convergent
D43 53909443715906518

Qa3 343502498150492101
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of 7 is such that g43 > 6M and e; = ||qas - pie]| — M||qas - 7|| > 0.087677 > 0 for t = 1, 3.
Thus from Lemma 2.2, with A := 19 and B := ~, we obtain that

log(19 -
"< 0g(19 - qu3/¢)

< 163,
logy

which contradicts the assumption on n and finish the proof of this case. This finish the
proof of Theorem 1.
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