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1. Introduction

The Lie group symmetry method emerges as a potent tool employed for the analy-
sis of differential equations (DEs), encompassing both ordinary differential equations
(ODEs) and partial differential equations (PDEs), as well as fractional differential equa-
tions (FDEs) and various other equation types. This theory, originating in the 19th
century by the mathematician Sophus Lie [1], follows in the footsteps of Galois theory
within the realm of algebra. The application of the Lie group method to differential
equations has engendered considerable interest across a spectrum of scientific disciplines,
including pure mathematics and both theoretical and applied physics. This stems from
the invaluable physical interpretations it affords to the scrutinized equations. Conse-
quently, this approach facilitates the construction of conservation laws, employing, for
instance, the renowned Noether’s Theorem [2], and even symmetry solutions, a feat
unattainable through conventional methods.

Moreover, this method contributes to the formulation of frameworks and the assessment
of numerical methods, among other applications [3, 4, 5]. Present-day Lie symmetries
have undergone extensive scrutiny, as evidenced by the comprehensive body of work
available in the literature [6, 7, 8, 9, 10].

Within the study of the diffusions, specifically in the study of a relativistic fluid sphere
by considering the so-called isotropic metric, Buchdahl [11] obtained the equation

Yxz = 3y_1il/3 + x_lymv (1)

the solution of which is,

y(z) = é, where ¢, a, k are constants. (2)
2¢2/(1 + ka?)

In [12], the first three integrals of (1) are presented using the Prelle-Singer method. In
[13], first integrals of (1) are also derived by employing the relation between A—sym-
metries and extending the Prelle-Singer method. In [14], the first integrals of (1) are
obtained through an extension of the Prelle-Singer method. All of the aforementioned
authors have arrived at the same solution for (1)

y(z) = ﬁ (3)

where I; and I are first integrals. It is worth noting that (2) and (3) are equivalent
when the constants are arranged accordingly. In [15], Zaitsev and Polyanin present a
solution to (1)

y(z) = + (CyIn|z| + Cy)~*, where Cy,C, are constants. (4)
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The primary objectives of this article are as follows: We will begin by presenting the
5—dimensional Lie symmetry group for (1), offering a comprehensive description of its
computation. Next, we will utilize this Lie symmetry group to introduce an optimal
system, also known as an optimal algebra, for (1). Using the elements of the optimal
system, we will then proceed to derive invariant solutions for (1). Following this, we will
construct the Lagrangian associated with equation (1), based on the calculated group
of symmetries. This will enable us to determine variational symmetries through the
application of Noether’s theorem, ultimately leading to the presentation of associated
conservation laws. Furthermore, we will employ Ibragimov’s method to establish non-
trivial conservation laws. Finally, leveraging the group of symmetries we have identified,
we will undertake the classification of the Lie algebra associated with (1).

2. About the Lie group symmetries for relativistic fluid sphere equa-
tion.

The purpose of this section is to determine for (1) the group of Lie symmetries. This
objective is explained in the following proposition

Proposition 2.1. The Lie group of symmetries for the equation (1) consists of the fol-
lowing elements:

Y I R R )
Fl—xax, Iy==x 8x+( afy)ay, Fs—y8y7 Iy=y ay’ (5)

and T's = x2y38%.
Proof. The general form for the generator operators of a Lie group with an admissible
parameter for (1) is as follows:
x—>x+e§(m,y)+0(62), and y—>y+en(x,y)+0(62),
where € is the group parameter. The vector field associated with this group of transfor-

mations is given by:

ox

with ¢ and 7 being differentiable functions in R?. To calculate the infinitesimals 7 and &
in (6), we employ the second extension operator

FZE(:&y)EJrn(x,y)a%» (6)

0 0
r®» —r — o] 7
to the equation (1), resulting in the following symmetry condition:
(@) + 0 (By242) + Mg (—6y o — 71) + ey = 0, (8)
where 7, and 7, are the coefficients in I'® given by:
My = Daln] = (Dal€)ye = 10 + (ny — &)y — Eyya-
Naez) = Da[)] — (Dzlé])Yaa,
= Moo + (2Ney — &oa)Ya + (Myy — 2511/)%% - fyyyi
+(77y —282) Yz — 3y Yz Yaz- (9)
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where D, is the total derivative operator: D, = 0y + Y20y + Y20y, + .

After applying (9) to (8) and substituting the resulting expression for y,, with (1), we
obtain the following;:

(=3y~ 1€y — &)y + By ™2n — 3y~ 'ny — 22716y + myy — 260, )Ys
+ (.73725 - 62971773: - xilé.x + 27]xy - £££K) Yo + Nz — 1'717790 =0.

after analyzing the coefficients in regard to the independent variables 32, y2,y,,1 we get
the following system of determining equations:

38y + y&yy =0, (10a)

3xn — 3zyn, — 2y°&, + vy*ny, — 23y°E,, =0, (10b)
Y& — 62°n, — 2y&s + 20°Yney — °YSan =0, (10c)
Ty — N =0. (10d)

Solving in (10a) and (10d) we get

£=eilo) = 22 s = Jaea(s) + ealy).

Using these equations in (10b) and (10c) to solve for ¢i(x),ca(x),c3(y), and cq4(y), we
obtain the following:

f =kix + kQ‘TSa
n = —koxy + ksy + kay® + ks2®y?,

where ki, ko, k3, k4, and ks are arbitrary constants. Thus, by using 1 and & in the
operator (6) and grouping the constants, we obtain I'y through T's, which constitute the
generators of the symmetry group for the equation (1), as proposed in the statement of
Proposition 2.1. v

3. About optimal system

Considering [16, 18, 19, 20, 21, 17], we will now present the optimal system for (5). To
determine the optimal algebra, it is essential to first obtain the corresponding commutator
table. This can be calculated using the following operator:

n

[Ca,Ts] =Tals = Tsla = ) (Ta(&h) — Ts(€)) aiw (11)

i=1

where i = 1,2, with o, 3 =1,---,5 and Eg,% are the corresponding coefficients of the
Iy, Tp.

In Table 1, we present the results obtained by applying the operator (11) to the symmetry
group (1).
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LI T [T [ Ty [ Ty [Ts

I, 0 [20,] 0 0 | 2l
T, | 25| 0 0 | —2Ts | 0
T3 0 0 0 oT, | 2T

Iy 0 25 | —2Ty 0 0
I's —2I'5 0 —2I's 0 0
Table 1. Commutators table for (5).

Following the objective for determining the optimal algebra, we must now obtain the
‘Adjoint Representation’ using Table 1 and the next operator (Ad):

oo n

Ad(exp(A\I")G = Z )\—'(ad(F))"G for the symmetries I' and G.
n

n=0

In Table 2, we display the adjoint representation for each I';, with each entry in this table
calculated using the operator mentioned above.

LA 0w [ T | Ts [ Tu | Ts |
Fl Fl 672>\F2 F3 F4 672/\1—‘5
Ty Ty +2X9 Iy I's Ty +2M5 Iy
I's I'y Iy I's 6_2/\F4 6_2>‘F5
T, T, T, — 2\ | Ts 1 2\, T, Ts
T's 'y + 2T Iy I's +2\5 Ty I's

Table 2. Adjoint representation for 5.

Proposition 3.1. The vector fields that represent the optimal algebra associated with the
equation (1) are as follows:

[y, 0131,
a1’y + a3l's, a1T'1 + aqaly, a2l's + a3l's, 'y + s,
asl’y + 0141y, a3l + b1504, a1’y + 0505, Ty + 081,
[y + bel'y + 0715, a2l'y + Ty + b1o1'5, I3 + b170'y + 0181,

b
a1l'y —a1I'3 + 0105, —I'1 + '3 4 b3y, aol's +I's — %H,
2

asl'y + a3l + b14l's + 041’5, a1 'y + 'z + b3y + bul's.

Proof. Considering the generic operator GG, which is a linear combination of the symmetry
group (5). Let

G = a1F1 + CLQFQ + 0,3F3 + a4F4 + CL5F5. (12)

Using the adjoint operator (Ad) in G and the elements from Table 2, we can simplify the
coefficients a; as much as possible, which will be our goal at every step of this proof.
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1) Assuming a5 = 1 in (12) we have that G = a1I'1 + a2’y + asl's + a4’y + T's.

Using the adjoint operator to (I'1,G) and (I's, G) no reductions are available, but
applying the adjoint operator to (I'y, G) we obtain

Gy = Ad (exp (/\1F2)) G=a1I'y +(ag+2a1)\1)F2+a3F3+F4+(1+2a4)\1)F5. (13)

1.1) Case a; # 0. applying A\; = 242 With a1 # 0, in (13), Iy is eliminated,
therefore G1 = a1I'1 4+ asl's + a4y + 0115, where by = 1 — % Now, using the
adjoint operator to (I'y, G1), we obtain Gy = Ad (exp (A2I'4)) G1 = a1’y + asl's +
(ag +2a3A2)Ty + b1T's.

1.1.A) Case a3z # 0. Using Ay = 5;;, with az # 0, is eliminated T'4, then

Gy = a1y + a3l's + b1T'5. Using the adjoint operator to (I's, G2), we obtain

G3 = Ad (exp (A3F5)) GQ = a1F1 + CL3F3 + (b1 + 2)\3(@1 + (Z3))F5. (14)

11AA1) Case a; + as }é 0. Using A3 = —m, with a) + as # 0, in (14), F5
is eliminated, therefore G3 = a1I'y + a3l'3. This is how the first optimal element

appears
Gg = a1F1 + agrg, with ai,as 7é 0. (15)

Then, we obtain the first reduction of the generic element (12).

1.1.A.A5) Case a; +a3 = 0. We get in (14), G3 = a1’y —a1T'3 + b1T'5. This is how
the other optimal element appears

G3 = a1F1 - alfg + b1F5, with al # 0. (16)

Then, we obtain one more reduction of the generic element (12).

1.1.B) Case a3 = 0. We get, G2 = a1I'1 + a4’y + b1I's. Now, applying the adjoint
operator to (I's, G2), we have G15 = Ad (exp (A15'5)) G2 = a1T'1 + a4y + (b1 +
2a1A15)T's. Then, as a; # 0, we can substitute A\j5 = ;Tbll, then I's is removed, then
an another item of the optimal algebra is

G15 = CL1F1 + CL4F4, with aiq 7é 0. (17)
12) Case ap = 0. NOW, we have, G1 = a2F2 + CLgFg + F4 + (1 + 2&4)\1)F5.
1.2.A) Case a4 # 0. Using A\; = i with ay # 0, I's is removed, therefore

G1 = aol's + a3l's + I's. Now, applying the adjoint operator to (I'y, G1), we get
G = Ad (eXp ()\161—‘4)) G1 = aol's +azl's + (1 + 2@3)\16)F4 — 2a9A161'5. (18)

1.2.A.A,) Case a3 # 0. Using \ig = ﬁ with asz # 0, 'y is eliminated, therefore

a
G16 = asl's 4+ azl's + bgl's, where by = Z—i Now, using the adjoint operator to

(T's,G1g), we obtain

G17 = Ad (exp ()\17F5)) G16 = (ZQFQ —+ agrg —+ (bg —+ 20,3)\17)F5.

Then, as az # 0, we can substitute \;7 = ;Tb;’, then I's is removed, after we get
other item
G17 = asl's + a3l's, with ag # 0. (19)
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1.2.A.A5) Case a3 = 0. We get in (18), G16 = a2l's + T'y — 2a2A1615.
1.2.A.A45.1) Case ay # 0. Applying A\ig = %120 with as # 0, we get G1g =

a

asl'y + Ty + b1o's. Now, applying the adjoint operator to (I's,Gi6), it is not
possible to further reduce, this is how the other optimal element appears:

G16 = GQFQ =+ F4 + b10F5. (20)

1.2.A.A5.2) Case as = 0. We have G156 = I'y. Now, using the adjoint operator to
(T's, G16), Therefore, there are no reductions, this is how the other optimal element

appears:
Gis =T4. (21)

1.2.B) Case a4 = 0. We get, G; = asl's + a3l's + 'y + I's. Now, applying the
adjoint operator to (I'y, G1), we have

G19 = Ad (exp (M19l's)) G1 = azl'2 +asl's + (1 4+ 2a3A19) s + (1 = 2a2A19)T5. (22)
1.2.B.1) Case ag # 0. Using A1p = 2_7137 with ag # 0, I'4 is eliminated, therefore
Gig = asl's + asl's + b1 l's, with 11 = 1+ 22. Now, using the adjoint operator to
(I's, G19), we obtain

G20 = Ad (exp (A20l'5)) Gr9 = azl'y + asl's + (b1 + 2a3A20)T's. (23)

Then, as az # 0, we can substitute Aoy = _22131, then I's is removed, after we get
other item of the optimal algebra

Gog = asl's + a3l's, with ag # 0. (24)

Then, we obtain one more reduction of the generic element (12).

1.2.B.2) Case a3z = 0. We have in (22), G1g = aol's + 'y + (1 — 2a2A19)T'5.
1.2.B.2.4;) Case ay # 0. Using A9 = i, with as # 0, I'; is eliminated, therefore
G19 = as's+T'4. Now, applying the adjoint operator to (I's, G19), it is not possible
to further reduce, this is how the other optimal element appears

G19 = QQFQ + F4. (25)

1.2.B.2.A5) Case ay = 0. We get Gig = I'y + I's. Now, applying the adjoint
operator to (I's,G1g), it is not possible to further reduce, this is how the other

optimal element appears:
Gig=T4+7T5. (26)

2) Assuming a5 = 0 and a4 = 1 in (12), we have that G = a1T'; + a2 + a3l's + T'y.
Using the adjoint operator to (I'1,G) and (I's,G) and there is no reduction, but
applying the adjoint operator to (I's, G) we obtain

G4 = Ad (exp (>\4F2)) G=aua1I'1 + (ag + 20,1)\4)F2 + a3l3 + Ty + 2XM45. (27)

2.1) Case a; # 0. Using \y = 54> with a; # 0, in (27), 'y is eliminated, therefore

G4 = a1’y + a3l's + Ty + bol's, where by = Ay = 5;12 Now, using the adjoint
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operator to (I'y, G4), we obtain G5 = Ad(exp (As'4)) G4 = a1’ + asl's + (1 +
2&3)\5)F4 + bol's.

2.1.A) Case a3 # 0. Using A5 = i with az # 0, I'y is eliminated, therefore
Gs = a1T'1 + a3T'3 4+ boI's. Now, using the adjoint operator to (I's, G5), we obtain
Ge = Ad (exp (/\6F5)) Gy = a1 + a3l + (b2 + 2/\6(a1 + ag))F5.

2.1.A.A;) Case a; + ag # 0. Using \g = ——b2 __ with ay + a3 # 0, T's is

2(a1+asz)?
eliminated, therefore Gg = a1I'; + a3l's. This is how the other optimal element

appears:
Ge = a1l'1 + a3l's, with aq,a3 # 0. (28)

2.1.A.A5) Case a; +asz = 0. we get G = a1I'1 — a1l's + boI's. This is how the
other optimal element appears:

Ge = a1’y — a1's + boI's, with a; # 0. (29)

2.1.B) Case ag = 0. We have G5 = a1I'1 + 'y + b2I'5. Now, applying the adjoint
operator to (I's,G5), we have Ga1 = Ad(exp (A21T5)) G5 = a1 + Tq + (be +
2a1A21)T'5. Then, as a; # 0, we can substitute Ay = gbe, then I's is removed,
after we get another item of the optimal algebra

Ggl = CL1F1 + F4, with aq 7& 0. (30)

2.2) Case a; = 0. We have in (27), G4 = as's +a3l's + T4 +2M4T'5, using Ay = %
get Gy = asla + asl's + T'y + b13's. Now, using the adjoint operator to (I'y, G4),
we obtain Ggl = Ad (exp ()\21F4)) G4 = CLQFQ +a3F3 +2a3)\21F4 + (613 — 2a2>\21)I‘5.
2.2.A) Case ay # 0. Using Ay = ;’}Tz, with ay # 0, I's is eliminated, therefore
Go1 = asl'y + azl's + bi4, where by = %. Now, using the adjoint operator to
(T's, G21), we obtain

Gao = Ad (exp ()\22F5)) Go1 = asl's + agl's 4+ b14l'y + 2a3X220 5.

2.2.A.1) Case as # 0. It is clear that is not possible to further reduce, then using
Aog = S}TZ, with ag # 0, this is how the other optimal element appears:

Gog = asl's + agl's + 14"y 4+ b1505, with ag # 0. (31)

Then, we obtain one more reduction of the generic element (12).

2.2.A.2) Case az = 0. We obtain Ga2 = asl's + b14T'y. This is how the other
optimal element appears:

G22 = a2F2 + b14F4, With an 75 O (32)

2.2.3) Case as = 0. We have Go; = asl's + 2azAo1 'y + by3Ts5.
2.2.B.1) Case a3 # 0. Using Ay = s we get Gar = asl's + bisTy + b1s's. Now,

2(13 ?

applying the adjoint operator to (I's, G21), we have

Ga3 = Ad (exp (A23T's5)) Go1 = asl's + bisT's + (b13 + 2a3A23)Ts.
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Then, as az # 0, we can substitute \o3 = 52133

another item of the optimal algebra

, then I's is removed, after we get

G23 = a3F3 + b15F4, with as 7é 0. (33)

2.2.B.2) Case a3 = 0. We have Go; = b13's. Now, using the adjoint operator
to (I's, Ga1), therefore, there are not any more reductions. This is how the other
optimal element appears:

3) Assuming a4 = a5 = 0 and az = 1in (12), we have that G = a1T'1 +asl's+I'3. Using
the adjoint operator to (I'1, G) and (I's, G) there is no reduction, but applying the

adjoint operator to (I'z, G) we obtain

Gr = Ad (exp ()\7F2)) G=aI'1 + (CLQ + 2&1)\7)F2 +I'3. (35)

3.1) Case a; # 0. Using \; = g;‘f with a; # 0, in (35), I'y is eliminated,
therefore G7 = a1’ + I's. Now, using the adjoint operator to (I'y, G7), we obtain
Gg = Ad (exp (AsT'4)) G7 = a1y + T3 + 2AsTy. Tt is clear that is not possible to
further reduce, then substituting Ag = %3 then Gg = a1’y + I's + b3l'y. Using the

adjoint operator to (I's, Gs), we obtain

Gg = Ad (exp (/\9F5)) Gg=a1I'1 + T3 + b3y + 2)\9(1 + al)F5.

3.1.A) Case 1+ a; # 0. It is clear that it is not possible to further reduce. Then

substituting \g = ﬁ, this is how the other optimal element appears:

Gg = a1 + T3 + b3’y + bal's. (36)

3.1.B) Case 1+ a; = 0. We have Gg = —I'y + I's + b3l'y, then we have other
element of the optimal algebra

Go = —T1 + T3 + bsTy. (37)

3.2) Case a; = 0. We have G7 = asI's + I's. Now, using the adjoint operator to
(F4, G7), we get G24 = Ad (exp (A24F4)) G7 = CLQFQ + Fg + 2)\24F4 — 2a2)\24F5.

3.2.A;) Case as # 0. It is clear that is not possible to further reduce, then
substituting Aoy = —b157 we get Gog = aol'o +T'3 — %F;l + b16's. Now, using the

2as
adjoint operator to (I's, Ga4), we obtain

b
Gos = Ad (exp (A250'5)) Gag = apl's +T'3 — %U + (b1s + 2X25)L's.
2
Using Ag5 = _g“", I's is removed, this is how the other optimal element appears:
b
G25 = CLQFQ + F3 — $F4 (38)
2
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3.2.A;) Case ay = 0. We have Gog = I's + 2X94T'y. Using Aoy = 1’177, we obtain

G4 = T'3 4+ b17T'y. Now, using the adjoint operator to (I's, Ga4), we obtain
G = Ad (exp (A26I'5)) G2a = T's + b17ly 4 2A961s.

Thus, we do not get any more reduction, then using Aog = b% this is how the other
optimal element appears:

Gas =T's + b17I'y + b1sls. (39)

Using a3 = a4 = a5 = 0 and ay = 1 in (12), we obtain that G = a1’y + I's. Using
the adjoint operator to (I';, G) and (I's, G) we conclude that there is no reduction,
but using the adjoint operator to (I'z, G) we obtain

Gio = Ad (exp ()\101—‘2)) G=a1I't + (1 + 2&1)\10)P2. (40)
4.1) Case a; # 0. Using A\jp = 2_711 with a; # 0, in (40), Ty is eliminated,

therefore G19 = a1I'1. Now, applying the operator (I'y, G1p), it is clear that is not
possible to further reduce, but using the adjoint operator to (I's, G1g), we obtain
G11 = Ad(exp (M105)) Gio = a1T'1 + 2a1A11T5. Thus, we do not get any more
reduction, then using A\;; = 21’751, this is how the other optimal element appears:

G11 = a1 +b515. (41)

4.2) Case a; = 0. We have G1p = I's. Now, using the operator (I's, G1¢), it is not
possible to further reduce; however, by applying the adjoint operator to (I'y, G10),
we get

G14 = Ad (eXp ()\14F4)) GlO = Fg — 2)\14F5

Thus, it is not possible to further reduce it, then using A4 = _Tbs, this is how the
other optimal element appears:

G11 = FQ + b8F5. (42)

Using ay = a3 = a4 = a5 = 0 and a; = 1 in (12), we obtain that G = T';. Applying
the adjoint (Adj) to (T'1,G) , (I's, G) and (T'y, G) it is not possible to further reduce,
but applying the adjoint operator to (I'y, G) we obtain

G12 = Ad (exp (Alorg)) G = Fl + 2)\12F2, (43)

it is not possible to further reduce, then substituting Ao = %6 we have that G2 =

Iy + bgT'2. Using the adjoint operator to (T's, G12), we obtain
G13 = Ad (exp ()\13F5)> Glg =11 +bgl's + 2)\13F5.

It is not possible to further reduce, then substituting A3 = %7, this is how the
other optimal element appears:

G13 = Fl + b6F2 + b7F5. (44)

v
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4. About invariant solutions

We will characterize the invariant solutions using the operators from Proposition 3.1. To
achieve this objective, we will apply the technique of the invariant curve condition ([17],
Section 4.3; see also [22]), which is as follows:

0=7n—v§= Q(2,y,Yz). (45)

An example will be presented below: by taking the element I'y from Proposition 3.1 in
(45), we get Q = Ny — y.€4 = 0, then (y®) — y,(0) = 0, thus y(x) = 0, which is the trivial
solution for (1).

Table 3 presents both implicit and explicit solutions obtained following the procedure
described in the previous paragraph for each element of Proposition (3.1).

‘ ‘ Elements ‘ Q(z,y,y:) =0 ‘ Solutions | Type Solution |
1 Iy %) —y.(0) =0 y(x) =0 Trivial
2 T's (2%y%) — y2(0) =0 y(z) =0 Trivial
3 I'i+T3 (y) —yz(z) =0 y(x) =0 Trivial

B . () — — T —
4 I +Ty (y°) —yz(z) =0 y(z) = :tﬁ =6 Explicit
b « -1 2z~
5 Iy 4T3 (y —2%y) —y.(2®) =0 y(z) = ¢ Explicit
6 T4+T; (3 + 2%9°) —y.(0) =0 y(x) =0 Trivial
7 Iy +Ty (3 — 22y) — yo(z3) =0 y(z) = + fi - Explicit
8 Ts+1Ty (> +y) —y.(0)=0 y(x) =0 Trivial
9 I +7T5 (%Y%) —yu(2) =0 y(r) = + 21 Explicit
10 Iy +T5 (2% — 2%y) — v, (%) =0 y(x) = j:méerl Explicit
11 I +Te+4+Ts (22y3 — 2%y) —y (23 +2) =0 y(z) = im Explicit
12 Ty +T4+T5 (y3 - 22y + 2%9%) —y(23) =0 y(z) = iiﬁzﬁﬁizﬂ Explicit
13| T3+T4+Ts W+ 2% +y) —.(0) =0 v +2% +1=0, y(z) 0 Implicit
14 I —TI3+7T5 (@ —y) —yuo(x) =0 y(z) = im Explicit
1 2
15 Ty +T3+Ty W} +y) —yu(—2) =0 y(z) =+ ((””:;f) - %) Explicit
16 [y+D3—Ty (y—y®—2%y) —ys(2®) =0 y(a) = —F—~L— Explicit
cer? a2 4a’+41
17 [To4+ T34+ T4 +T5 | (%% +9° +y—2%y) —y.(2%) =0 y(z) =+ - Explicit
cex? x2 2721
18 | Iy + T3+ T+ 715 (P + 2% +y) — ya(z) =0 ylo) = +—L2__ Explicit

c—x?(x242)

Table 3. Explicit an implicit solutions for (1), with ¢ being a constant.

Remarks : Note that the solution in numeral 10 coincides with a particular solution
presented in [11]. The solution in numeral 9 coincides with the solution presented in [12]
and [14].

5.  On the calculation of variational symmetries and the presentation
of conserved quantities

We will calculate the variational symmetries of (1), and using Noether’s theorem [2], we
will present the conserved quantities.

According to Nucci [23], our first step will be to use the Jacobi Last Multiplier method
to calculate the inverse of the determinant A with the ultimate goal of obtaining the
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Lagrangian.
A=l5, Ty, T=10 v w |,
Ty, Tuy TV 10 4% 3y

where 'y 5,I'4 4, '3 2, and I's ,, are the components of the symmetries I'; and I'y presented

) as their first prolongations. Then, we have A = 2y3y,,

in Proposition 5, and I‘A(Ll), I‘:(,)l
thus M = + = gy;j According to [23], M = L,,,, S0 Ly, = % After integrating
twice with respect to y,, we obtain the following Lagrangian:

-3 -3

L(w,y,y2) = Lye () = Loy + yafi(.9) + fala,y), (46)

with arbitrary functions f; and fs. In (46), consider f; = fo = 0. (Note: other
Lagrangians can be calculated for (1) using different vector fields in Proposition 5).
Thus, we obtain the following:

Applying (46) and (9), we have the following:

-3 -3 -3 —4 3 —4
e (yny In(y,) — y29x> +n < g Yo In(yz) + y2y3~>

-3

+ (le + (ny - gz)yx - gyyi) (112 111(%)) - yzfy — fa=0.

In the last equation, associating terms in regard to 1,y,,y2 and y2, and simplifying some
terms we obtain the following determinant equations:

gy =Nz = fx :07 (473)
—3n +yn, =0, (47Db)
—y&, + 30— 2y f,, =0. (47¢c)

If we solve the system (47a), (47b) and (47c) for £, and f, we obtain the generators of
the variational Noether’s symmetries, these solutions are
azy™2  3ayln(y)

n= a’lySa f = a27 + as, and f(y) = 4 + 9 +ay (48)

where a1, as, a3 and a4 are constants. Thus, the Noether symmetry group or variational
symmetries are

0 0
3
=y 4, Vo=ao—, and V= —.
Y oy 2 Ox 57 Ox
Remarks : Note that V; =T’y and V5 = I'1, this implies that, two of the symmetries of
equation (1), are variational symmetries. If we follow what is proposed in [24], the way
to calculate the conserved quantities is to solve the expression

(49)

I=(Xy,-Y)L,, — XL+ f,
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so, using (46), (48) and (49). Therefore, the conserved quantities are given by

—In(ys)  ay™?  3ailn(y)

I =
1 9 + 4 + 9 + aq,
-3 -3 —2
Y- Dy In(yy |y asy 3a1 In(y)
I, = 5 t St (50)
-3 -2
Y yr | a2y 3a; In(y)
I3 = .
3 5 + 1 + 5 + ay

6. About Nonlinear Self-Adjointness

In this section, we present the main definitions in N. Ibragimov’s approach to nonlinear
self—adjointness of differential equations adopted to our specific case. For further details
the interested reader is directed to [25, 26, 27].

Consider second order differential equation

F (2, 9,91, Y2 Ys) =0, (51)

with independent variables x and a dependent variable y, where y(1),y(2), " - - Y(s) denote
the collection of 1,2, --- , s—th order derivatives of y.

Definition 6.1. Let § be a differential function and v = v(z)-the new dependent variable,
known as the adjoint variable or nonlocal variable [27]. The formal Lagrangian for § = 0
is the differential function defined by

£:=r5. (52)

Definition 6.2. Let § be a differential function and for the differential equation (51),
denoted by F[y] = 0, we define the adjoint differential function to § by

0L
= — 53
7= (53)
and the adjoint differential equation by
$*ly,v] =0, (54)
where the Euler operator
) 0 = 0
—=—+ —1)"Dg, -+ Dy, m 55

and D, is the total derivative operator with respect to z; defined by
DIi = aﬂﬁz + ywbav + Yaiz; 81/zj +ee Yoijws w4y, 61/;71 Tig ' Tiy

Definition 6.3. The differential equation (51) is said to be nonlinearly selfadjoint if there
exists a substitution

v=g¢(z,y) #0 (56)
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such that

Tk =\ 57
§ v=¢(z,y) § (57)

for some undetermined coefficient A = A(x,y,---). If v = ¢(y) in (56) and (57), the
equation (51) is called quasi self-adjoint. If v = y, we say that the equation (51) is
strictly self-adjoint.

Now we shall obtain the adjoint equation to the eq. (1). For this purpose we write (1)
in the form (51), where
T = Yor — 395y~ — 2y, = 0. (58)

Then the corresponding formal Lagrangian (52) is given by

2
S::V(ym_?%_yz>:o, (59)
Y x

and the Euler operator (55) transfomed into:

)

E:@_Dmai_kpg 0L .

oy Oy Y W
Now, the explicit form of the operator (60), which was applied to £, have the form (59).
Thus, we get the adjoint equation (54) for (1):

S*:V(—3Zy/”2“—x2+6yy>—|—VI(6yy+m)+yM:O. (61)

(60)

The following proposition presents the most important result of the current section.

Proposition 6.4. The following substitution ¢(x,y) makes equation (1) nonlinearly self-
adjoint
1

o(z,y) = e (kiz™' + ko) (62)

where ki, ko are arbitrary constants.

Proof. Substituting in (61), and then in (58), v = ¢(z,y) and its respective derivatives,
and comparing the corresponding coefficients we get five equations:

—y =, (63a)

6y~ ' ¢+ 2¢, =0, (63b)

6y~ ' ¢y + 20, =0, (63c)

—¢ + 2¢y + 2% Py =0, (63d)
—3y ¢ + 36, + Yoy, =0. (63e)

Now, we studies only Egs. (63b),(63d) and (63e) because the Eq.(63c) is obtaned from
Eq.(63b) by differentiation with respect to .

When solving the system (63a)-(63¢) for ¢ we obtain
kq x ! + kox
Y3
Then the proposition is proved. v

¢(JJ, y) = ) (64)
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7. About conservation laws

In this section, using the conservation theorem of N. Ibragimov in [27], we will establish
some conservation laws for (1). Since the Eq. (1) is of second order, the formal Lagrangian
contains derivatives up to order two. Thus, the general formula in [27] for the component
of the conserved vector is reduced to

T _ J | = _ J
where ‘ ‘ ‘
Wi = 77] - ijac

j=1,---,5 the formal Lagrangian (59)
3 2
2::V<ym—yx—yx>
y x

and 77, &7 are the infinitesimals of a Lie group symmetry admitted by Eq. (1), stated in
(5). From (1), (5) and (62) into (65) we get the following conservation vectors for each
symmetry indicated in (5).

Ci=v (3559719.3 - yz) — Va(TYz),
Cy=v (3x3y_1yf, + 2%y, — xy) + I/m(ach + x?’ym),
C5 = v(=byz) — va(y),
or — 2,2 1,3 3
4 —l/(9y ym+yz(x Yy ))+Vz(y yz)v (66)
C3 = v(ya(=32y%) + a®) — va(2®y?),
where v =y =3 (ki ™! + ko) and v, = y =2 (kya ™" + ko) .

8. Classification of Lie algebra

Using Levi’s theorem, it is possible to classify a finite-dimensional Lie algebra with char-
acteristic 0. Also, this theorem makes it possible to deduce the existence of two important
classes of Lie algebras: The solvable algebra and the semisimple algebra. As it is known,
for the mentioned algebras, there are certain particularities, for example, within the
soluble ones there are the Nilpotent Lie algebras.

If we look at the group of generators present in the Table 1, we get a five dimensional Lie
algebra. A basic and classical way to classify a Lie algebra is by means of the Cartan-
Killing form, which is denote as K{(.,.), this form is expressed in accordance with the
following propositions [28].

Proposition 8.1. (Cartan’s theorem) A Lie algebra is semisimple if and only if its Killing
form is nondegenerate.

Proposition 8.2. A Lie subalgebra g is solvable if and only if K(X,Y) = 0 for all
X €g,9] and Y € g. Other way to write that is K(g,[g,9]) = 0.
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We also need the next statements to make the classification.

Definition 8.3. Let g be a finite-dimensional Lie algebra over an arbitrary field k. Choose
a basis e;, 1 <i < n, in g where n = dim g and set [e;, e;] = C’fjek. Then the coefficients
ij are called structure constants.

Proposition 8.4. Let g1 and gs be two Lie algebras of dimension n. Suppose each has
a basis with respect to which the structure constant are the same. Then g1 and go are
isomorphic.

Let be g the Lie algebra related to the group of infinitesimal generators of the equation (1).
Analyzing the table of the commutators (Table 1), it is enough to consider the next
relations:

[I'1,Pe] =212, [['1,I5] =25, [[2,l4] =205, [['3,I'q] =2y, [['5,I5] = 2.
The matrix form of the Cartan-Killing K representation is:

8 04 0 0
0000 0
K=1|4 0 8 0 0],
0000 0
00000

which the determinant vanishes, and thus by Cartan criterion it is not semisimple, (see
Proposition 8.1). Since a nilpotent Lie algebra has a Cartan-Killing form that is identi-
cally zero, we conclude, using the counter-reciprocal of the last claim, that the Lie algebra
g is not nilpotent. We verify that the Lie algebra is solvable using the Cartan criteria
to solvability, (Proposition 8.2), and then we have a solvable nonnilpotent Lie algebra.
The Nilradical of the Lie algebra g is generated by I's, 'y, I's, that is, we have a Solvable
Lie algebra with three dimensional Nilradical. Let m the dimension of the Nilradical
M of a Solvable Lie algebra. In this case, in fifth dimensional Lie algebra we have that
3 < m < 5. Mubarakzyanov in [29] classified the 5-dimensional solvable nonlilpotent
Lie algebras, in particular the solvable nonnilpotent Lie algebra with three dimensional
Nilradical, this Nilradical is isomorphic to h3 the Heisenberg Lie algebra. Then by the
Proposition 8.4, and consequently we establish a isomorphism of Lie algebras with g and
the Lie algebra g5 34. In summery we have the next proposition.

Proposition 8.5. The 5-dimensional Lie algebra g related to the symmetry group of the
equation (1) is a solvable nonnilpotent Lie algebra with three dimensional Nilridical.
Besides that Lie algebra is isomorphich with gs 34 in the Mubarakzyanov’s classification.

9. Conclusion

Utilizing the Lie symmetry group (see Proposition 2.1), we obtained the optimal algebra
(see Proposition 3.1), applying these operators it was possible to determine all the in-
variant solutions (see Table 3), with the exception of those presented in numerals 9 and
10, the rest of these solutions have not been presented so far in the literature.

We have presented the variational symmetries for (1) as described in (49), along with
their respective conservation laws in (50). Additionally, by leveraging nonlinear self-
adjointness (refer to Proposition 6.4), we have constructed non-trivial conservation laws
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using Ibragimov’s method (66). The Lie algebra associated with the equation (1) is a
solvable non-nilpotent Lie algebra with a three-dimensional nilradical. Furthermore, this
Lie algebra is isomorphic to g5 34 in Mubarakzyanov’s classification.

The objectives initially proposed for the Lie algebra classification of (1) have been ac-
complished.

For future research, it would be valuable to explore the theory of equivalence groups, as
it can facilitate preliminary classifications to structure a comprehensive classification of
equation (1).
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