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1. Introduction

In the years of 1926 and 1927 Klein and Gordon proposed a relativistic wave equation for
particles with spin 0, which originally is Schrödinger Relativistic Equation [1, 2]. Duffin -
Kemmer - Petiau developed a relativistic theory that described the dynamics of a system
of particles of spin 0 and 1 [3, 4, 5, 6]. Proca stated a relativistic wave equation for
massive particles with spin 1 [7]. Dirac in 1938 proposed a wave equation that unifies the
special relativity with the spin of particles, particulary the electron [8]. Fierz - Pauli pro-
posed a relativistic wave equation for the arbitrary spin particles [9]. Rarita - Schwinger
stated a relativistic wave equation which describes the dynamics of the particles with
spin 3/2 [10]. Bhabha described at the beginning of his theory the dynamics of protons
through a relativistic wave equation as an exact copy of Dirac equation [11]. Niederle
defines a wave equation for the massive particles with an arbitrary rational spin number
[12]. Silenko verifies the accuracy of the wave equations for particles with spin 1 [13]. Tu-
tik and Kulikov describe the dynamics of fermions with massive bosons with integer spin
through a relativistic wave equation [14]. In the q-deformed case, The q-deformed wave
equations then have the same properties as the undeformed ones. Pillin describe the
q-deformed relativistic wave equations based on the representation theory of the
q-deformed Lorentz and Poincaré symmetries [15]. On other hand, the Pauli matrices of
q-deformed Minkowski space (e.g. [18] for more details), are defined as

(σ+)
α
β̇
=

[
0 0

0 kq1/2λ
1/2
+

]
, (σ3)

α
β̇
= k

[
0 q
1 0

]
,

(σ−)
α
β̇
= k

[
q1/2λ

1/2
+ 0

0 0

]
, (σ0)

α
β̇
= k

[
0 −q−1

1 0

]
,

(1)

and their conjugated counterparts

(σ+)
α
β̇
=

[
0 0

0 kq−1/2λ
1/2
+

]
, (σ3)

α
β̇
= k

[
0 1
q−1 0

]
,

(σ−)
α
β̇
= k

[
q−1/2λ

1/2
+ 0

0 0

]
, (σ0)

α
β̇
= k

[
0 1
−q 0

]
,

(2)

where k, k are characteristic parameters associated to bosons (q = +1) and fermions
(q = −1), and λ+ = q + q−1. The aim of this work is to show that q-relativistic wave
equations of the form i∂q · ψq +mψ0 = Eψ can be constructed with the help of Pauli
matrices of q-Minkowski space following [16]. The paper is organized as follows: in
Section 2 the q-relativistic wave equation of the form i∂q ·ψq +mψ0 = Eψ is presented.
In Section 3 we present the q-relativistic wave equation with separated variables. In
Section 4 we find the fermionic and bosonic solutions. Motivated by the Schmidke [17]
work, we introduce the Lorentz coordinates, and the final section with comments and
suggestion for further work.

2. q-Relativistic wave equation of the form i∂q ·ψq +mψ0 = Eψ

In this article, we investigate the q-relativistic wave equation of the form i∂q ·ψq+mψ0 =
Eψ, and, at the same time, it is easier to study, as it contains only first-order derivatives.
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Definition 2.1. According to above and following [16], we introduce the q-differential
spinorial equation of the form

i(∂qxψ
x
q + ∂qyψ

y
q + ∂qzψ

z
q ) +mψ = Eψ0, (3)

being m and E constants, and ψxq , ψ
y
q , ψ

z
q , ψ0 q-deformed spinors in the minkowskian

space which are defined by

ψxq =

[
0

kq1/2λ+ϕβ̇

]
, ψyq =

[
kq1/2λ+ψ

α

0

]
, ψzq =

[
kqϕβ̇
kψα

]
, ψ0 =

[
−kq−1ϕβ̇
kψα

]
, (4)

subject to Pauli matrices in the Minkowskian space (1) (see, for instance [17, 18]), and

the expression ψ =

[
ψα

ϕβ̇

]
is called the Dirac spinor, mentioned in the work of Beretetskii

et al [19].

Remark 2.2. Respect to solution, is important rewrite (3) as a system of differential
equations

ikq1/2λ
1/2
+ ∂qyψ

α + ikq∂qzϕβ̇ +mψα = −kq−1Eϕβ̇ , (5)

ikq1/2λ
1/2
+ ∂qxϕβ̇ + ik∂qzψ

α +mϕβ̇ = Ekψα. (6)

In following section we will consider the method of separation of variables to obtain the
solutions of (5) and (6).

3. A q-relativistic wave equation with separated variables

Theorem 3.1. Using the separation of variables, the solutions of equations (5) and (6)
are given by:

ψxq =

 0

kq1/2λ+dβ̇ expq

[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

] , (7)

ψyq =

kq1/2λ+cα expq [ i(a−E)z
k − i(m−a)y

kq1/2λ
1/2
+

]
0

 , (8)

ψzq =

kqdβ̇ expq
[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

]
kcα expq

[
i(a−E)z

k − i(m−a)y
kq1/2λ

1/2
+

]
 , (9)
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ψ0 =

−kq
−1dβ̇ expq

[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

]
kcα expq

[
i(a−E)z

k − i(m−a)y
kq1/2λ

1/2
+

]
 , (10)

and

ψ =

 cα expq

[
i(a−E)z

k − i(m−a)y
kq1/2λ

1/2
+

]
dβ̇ expq

[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

]
 , (11)

where cα and dβ̇ are spinors respectively.

Proof. First, let us consider that ψα can be expressed as fα(y)hα(z) and ϕβ̇ as
Fβ̇(x)Hβ̇(z). Therefore (6) and (5) can be written in the form

ikq1/2λ
1/2
+ hα(z)

dqfα(y)

dqy
+mfα(y)hα(z) = −ikqFβ̇(x)

dqHβ̇(z)

dqz
− kq−1EFβ̇(x)Hβ̇(z),

(12)

and

ikq1/2λ
1/2
+ Hβ̇(z)

dqFβ̇(x)

dqx
+mFβ̇(x)Hβ̇(z) = −ikfα(y)d

qhα(z)

dqz
+ Ekfα(y)hα(z). (13)

Equaling both equations to afα(y)hα(z)+ bFβ̇(x)Hβ̇(z) and considering the cases a = 0,
b = 0, we have

ikq1/2λ
1/2
+ hα(z)

dqfα(y)

dqy
+mfα(y)hα(z) = afα(y)hα(z), (b = 0), (14)

−ikqFβ̇(x)
dqHβ̇(z)

dqz
− kq−1EFβ̇(x)Hβ̇(z) = bFβ̇(x)Hβ̇(z), (a = 0), (15)

ikq1/2λ
1/2
+ Hβ̇(z)

dqFβ̇(x)

dqx
+mFβ̇(x)Hβ̇(z) = bFβ̇(x)Hβ̇(z), (a = 0), (16)

and

−ikfα(y)d
qhα(z)

dqz
+ Ekfα(y)hα(z) = afα(y)hα(z) (b = 0), (17)

thus we express the general solutions in the form
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fα(y) = uα expq

[
− i(m− a)

kq1/2λ+
y

]
, (b = 0), (18)

Hβ̇(z) = vβ̇ expq

[
i
(b+ kq−1E)z

kq

]
, (a = 0), (19)

Fβ(x) = wβ̇ expq

[
− i(m− b)

kq1/2λ
1/2
+

x

]
, (a = 0), (20)

hα(z) = tα expq

[
i(a− E)z

k

]
, (b = 0). (21)

These latter formulas imply that (4) can be written as

ψxq =

 0

kq1/2λ+dβ̇ expq

[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

] ,

ψyq =

kq1/2λ+cα expq [ i(a−E)z
k − i(m−a)y

kq1/2λ
1/2
+

]
0

 ,

ψzq =

kqdβ̇ expq
[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

]
kcα expq

[
i(a−E)z

k − i(m−a)y
kq1/2λ

1/2
+

]
 ,

ψ0 =

−kq
−1dβ̇ expq

[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

]
kcα expq

[
i(a−E)z

k − i(m−a)y
kq1/2λ

1/2
+

]
 ,

and

ψ =

 cα expq

[
i(a−E)z

k − i(m−a)y
kq1/2λ

1/2
+

]
dβ̇ expq

[
i(b+kq−1E)z

kq − i(m−b)x
kq1/2λ

1/2
+

]
 .

which corresponds to (7), (8), (9), (10) and (11). �XXX

In the following section shows the solutions for q = −1 (which correspond to fermionic
case) and q = +1 (Bosonic case) (see footnothe of the Section 7.1 of reference [20]).

Theorem 3.2. The conjugated form of the equation (3) is given by

−i(∂qxψ
x

q + ∂qyψ
y

q + ∂qzψ
z

q) +mψ = Eψ0, (22)
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and the q-conjugated spinors ψxq , ψ
y

q , ψ
z

q , ψ and ψ0

ψ
x

q =
[
0 kq−1/2λ

1/2
+ ϕα

]
, ψ

y

q =
[
kq−1/2λ

1/2
+ ψβ̇ 0

]
, ψ

z

q =
[
kϕα q−1kψβ̇

]
, (23)

ψ =
[
ψβ̇ ϕα

]
, ψ0 =

[
kϕα −qkψβ̇

]
. (24)

Proof. The same reasoning applies to the expressions (5) and (6), therefore we can sta-
blish the following system of differential equations

−ikq−1/2λ
1/2
+ ∂qyψβ̇ − ik∂qzϕ

α +mψβ̇ = kEϕα, (25)

and

−ikq−1/2λ
1/2
+ ∂qxϕ

α − iq−1k∂qzψβ̇ +mϕα = −qEkψβ̇ . (26)

Now, equaling (25) and (26) to afβ̇(y)hβ̇(z)+ bFα(z)Hα(x), considering the cases a = 0,
b = 0, and performing same calculations to obtain (7), (8), (9), (10) and (11), we obtain
the following conjugated spinors

ψ
x

q =

[
0 kq−1/2aα expq

[
i(b+Ek)z

k
+ i(b−m)x

kq−1/2λ
1/2
+

]]
, (27)

ψ
y

q =

[
kq−1/2λ

1/2
+ bβ̇ expq

[
i(a−m)y

kq−1/2λ
1/2
+

+ i(a−qEk)z
kq−1

]
0

]
, (28)

ψ
z

q =

[
kaα expq

[
i(b+Ek)z

k
+ i(b−m)x

kq−1/2λ
1/2
+

]
q−1kbβ̇ expq

[
i(a−m)y

kq−1/2λ
1/2
+

+ i(a−qEk)z
kq−1

]]
, (29)

ψ =

[
bβ̇ expq

[
i(ȧ−m)y

kq−1/2λ
1/2
+

+ i(a−qEk)z
kq−1

]
aα expq

[
i(b+Ek)z

k
+ i(b−m)x

kq−1/2λ
1/2
+

]]
, (30)

and

ψ0 =

[
kaα expq

[
i(b+Ek)z

k
+ i(b−m)x

kq−1/2λ
1/2
+

]
−qkbβ̇ expq

[
i(ȧ−m)y

kq−1/2λ
1/2
+

+ i(a−qEk)z
kq−1

]]
. (31)

The q-conjugated spinors (23) and (24) has been obtained from the relations

ψ
x

q = (σ+)
α
β̇
ψ, ψ

y

q = (σ−)
α
β̇
ψ, ψ

z

q = (σ3)
α
β̇
ψ, ψ0 = (σ0)

α
β̇
ψ,

where (σ+)
α
β̇
, (σ−)

α
β̇
, (σ3)

α
β̇

and (σ0)
α
β̇

are the conjugated Pauli matrices on the
q-minkowskian space (2). �XXX

On other hand, according to mentioned in [20, p. 229], we can formulate the solutions
for the cases q = −1 and q = +1 that corresponds to fermionic and bosonic cases, which
we will show in the following section.
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4. Fermionic and bosonic solutions

Remark 4.1. For the fermionic case (q = −1), the Eq. (3) can be expressed in the form

i(∂−1
x ψx−1 + ∂−1

y ψy−1 + ∂−1
z ψz−1) +mψ = Eψ0. (32)

Thus for q = −1, the Eqs. (7), (8), (9), (10) and (11) can be written as

ψx−1 =

[
0

−2kidβ̇ exp−1

[
−i(b−kE)z

k + i(m−b)x
k
√
2

]]
, (33)

ψy−1 =

[
−k

√
2cα exp−1

[
i(a−E)z

k + i(m−a)y
k
√
2

]
0

]
, (34)

ψz−1 =

−kdβ̇ exp−1

[
−i(b+kq−1E)z

k + i(m−b)x
k
√
2

]
kcα exp−1

[
i(a−E)z

k + i(m−a)y
k
√
2

]  , (35)

ψ0 =

kdβ̇ exp−1

[
−i(b−kE)z

k + i(m−b)x
k
√
2

]
kcα exp−1

[
i(a−E)z

k + i(m−a)y
k
√
2

]  , (36)

and

ψ =

 cα exp−1

[
i(a−E)z

k + i(m−a)y
k
√
2

]
dβ̇ exp−1

[
−i(b−kE)z

k + i(m−b)x
k
√
2

] . (37)

Respect to bosonic case, the Eq. (3) is given by

i(∂+1
x ψx+1 + ∂+1

y ψy+1 + ∂+1
z ψz+1) +mψ = Eψ0. (38)

Therefore, the solutions corresponding to q = +1 in Eqs. (7), (8), (9), (10) and (11) are
given by

ψx+1 =

[
0

2kdβ̇ exp+1

[
i(b+kE)z

k − i(m−b)x
k
√
2

]]
, (39)

ψy+1 =

[
kcα expq

[
i(a−E)z

k − i(m−a)y
k
√
2

]
0

]
, (40)
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ψz+1 =

kdβ̇ exp+1

[
i(b+kE)z

k − i(m−b)x
k
√
2

]
kcα exp+1

[
i(a−E)z

k − i(m−a)y
k
√
2

]  , (41)

ψ0 =

−kdβ̇ exp+1

[
i(b+kE)z

k − i(m−b)x
k
√
2

]
kcα exp+1

[
i(a−E)z

k − i(m−a)y
k
√
2

]  , (42)

and

ψ =

 cα exp+1

[
i(a−E)z

k − i(m−a)y
k
√
2

]
dβ̇ exp+1

[
i(b+kE)z

k − i(m−b)x
k
√
2

] . (43)

According to above, physically we can say that the Eqs (32) and (38) are called the
relativistic wave equations for q-boson and q-fermion, being E and m the energy and
mass respectively. On other hand, the conjugated solutions are obtained substituying
q = −1 into Eqs. (27), (28), (29), (30) and (31) resulting

ψ
x

−1 =
[
0 kiaα exp−1

[
i(b+Ek)z

k
− i(b−m)x

k
√
2

]]
, (44)

ψ
y

−1 =
[
−k

√
2bβ̇ exp−1

[
−i(a−m)y

k
√
2

− i(a+Ek)z

k

]
0
]
, (45)

ψ
z

−1 =
[
kaα exp−1

[
i(b+Ek)z

k
− i(b−m)x

k
√
2

]
−kbβ̇ exp−1

[
−i(a−m)y

k
√
2

− i(a+Ek)z

k

]]
, (46)

ψ =
[
bβ̇ exp−1

[
−i(ȧ−m)y

k
√
2

− i(a+Ek)z

k

]
aα exp−1

[
i(b+Ek)z

k
+ −i(b−m)x

k
√
2

]]
, (47)

and

ψ0 =
[
kaα exp−1

[
i(b+Ek)z

k
− i(b−m)x

k
√
2

]
−qkbβ̇ exp−1

[
−i(ȧ−m)y

k
√
2

− i(a+Ek)z

k

]]
. (48)

For the bosonic case

ψ
x

+1 =
[
0 kaα exp+1

[
i(b+Ek)z

k
+ i(b−m)x

k
√
2

]]
, (49)

ψ
y

+1 =
[
k
√
2bβ̇ expq

[
i(a−m)y

k
√
2

+ i(a−Ek)z
k

]
0
]
, (50)

ψ
z

+1 =
[
kaα exp+1

[
i(b+Ek)z

k
+ i(b−m)x

k
√
2

]
kbβ̇ exp+1

[
i(a−m)y

k
√
2

+ i(a−Ek)z
k

]]
, (51)
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ψ =
[
bβ̇ exp+1

[
i(ȧ−m)y

k
√
2

+ i(a−qEk)z
kq−1

]
aα exp+1

[
i(b+Ek)z

k
+ i(b−m)x

k
√
2

]]
, (52)

and

ψ0 =
[
kaα exp+1

[
i(b+Ek)z

k
+ i(b−m)x

k
√
2

]
−kbβ̇ exp+1

[
i(ȧ−m)y

k
√
2

+ i(a−Ek)z
k

]]
. (53)

Remark 4.2. It is important to mention that ∂+1
µ and ∂−1

µ for all µ = x, y, z, not corre-
spond to derivatives of order +1 and -1.

5. Lorentz coordinates

Based on [17], our aim now is to construct quantum Lorentz coordinates (q-four vectors)
with the spinors (7), (8), (27), and (28). Let us consider the bilinear combinations

A = ψ
x

qψ
y
q , B = ψ

y

qψ
x
q ,

C = ψ
x

qψ
x
q , D = ψ

y

qψ
y
q .

(54)

Following [17], we can define the Lorentz coordinates of the following manner

Ψ0 =
1√
2
(C +D)

=
1√
2

{
kkaαdβ̇ expq

[
i(b+ Ek)z

k
+

i(b−m)x

kq−1/2λ
1/2
+

+
i(b+ kq−1E)z

kq
− i(m− b)x

kq1/2λ
1/2
+

]}

+
1√
2

{
kkλ

3/2
+ bβ̇c

α expq

[
i(a−m)y

kq−1/2λ
1/2
+

+
i(a− qEk)z

kq−1
+
i(a− E)z

k
− i(m− a)

kq1/2λ
1/2
+

]}

Ψ1 =
1√
2
(A+B) = 0,

Ψ2 =
1√
2
(C −D)

=
1√
2

{
kkaαdβ̇ expq

[
i(b+ Ek)z

k
+

i(b−m)x

kq−1/2λ
1/2
+

+
i(b+ kq−1E)z

kq
− i(m− b)x

kq1/2λ
1/2
+

]}

− 1√
2

{
kkλ

3/2
+ bβ̇c

α expq

[
i(a−m)y

kq−1/2λ
1/2
+

+
i(a− qEk)z

kq−1
+
i(a− E)z

k
− i(m− a)y

kq1/2λ
1/2
+

]}
,

Ψ4 =
i√
2
(A−B) = 0.

(55)

However, these coordinates are not real. Therefore, to obtain the real coordinates we
will make need the following assumptions:

Vol. 42, No. 2, 2024]
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b+ kq−1E = 0, m = b, a = E, m = a,

b+ Ek = 0, b = m, a− qEk = 0,

a−m = 0,

and substituying into (55), we get

Ψ0 =
1√
2
(C +D) =

1√
2

{
kkaαdβ̇ + kkλ

3/2
+ bβ̇c

α
}

Ψ1 =
1√
2
(A+B) = 0,

Ψ2 =
1√
2
(C −D) =

1√
2

{
kkaαdβ̇ − kkλ

3/2
+ bβ̇c

α
}
,

Ψ4 =
i√
2
(A−B) = 0,

(56)

and consequently we can obtain an invariant Minkowski length (see [17])

L = q−2k2k
2
λ
3/2
+ aαdβ̇bβ̇c

α. (57)

We shall now prove the following theorem.

Theorem 5.1. The following conditions are equivalent

aαdβ̇bβ̇c
α = bβ̇c

αaαdβ̇ , (58)

aαdβ̇ = q2λ
3/2
+ bβ̇c

α. (59)

Proof. Following [17], we introduce the q-four vectors by

AB = BA− q−1λ+CD + qD2, (60)
BC = CB − q−1λ+BD, (61)
AC = CA+ q2AD, (62)
BD = q2DB, (63)
AD = q−2DA, (64)
CD = DC. (65)

Substituting (54) into (60), (61), (62), (63), (64) and (65) yields
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0 = −q−1λ+kka
αdβ̇ + q2kkλ

3/2
+ bβ̇c

α, (66)
BC = 0, (67)
AC = 0, (68)
BD = 0, (69)
AD = 0, (70)

kkaαdβ̇kkλ
3/2
+ bβ̇c

αλ+ = kkλ
3/2
+ bβ̇c

αkkaαdβ̇ , (71)

an easy computation shows that yields (58) and (59). �XXX

6. Comments and suggestion for further work

There are further topics arising from this paper which are worth investigation. There is
the problem of describing the differential equation

iDq ·ψq +mψ0 = Eψ, (72)

where Dq = ∂q − iefq and fq is a arbitrary function and e parameter. The differential
operator Dq is called the q-covariant derivative. Other suggestion for further work, is
the problem of describing the q-Dirac differential and integral operators for the spinorial
variable function motivated by [16]

Dq
µψ =

∂qψ

∂quα
β̇

Dq
µu

α
β̇
,

∮
Γq

ψ((qu)α
β̇
(xµ))D

q
µu

α
β̇

(qu)α
β̇
(xµ)− quα

β̇
(x0)

=

∞∑
n=0

[
γµψ(qu

α
β̇
(x0))

]n
,

∮
Γq

ψ(uα
β̇
(xµ))D

q
µu

α
β̇

quα
β̇
(xµ)− (qu)α

β̇
(x0)

=
1

q

∞∑
n=0

[
γµψ((qu)

α
β̇
(x0))

]n
,

and the solution for the differential equation in q-spinorial variables

Dq
µψ(u

α
β̇
)− eγµAqµ(x)ψ(u

α
β̇
)−mϕ(uα

β̇
) = 0, e ∈ R,

where Γq is a q-complex closed contour, and γµ the Dirac matrices, and m a constant.
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