Revista Integracion
Escuela de Matematicas

Universidad Industrial de Santander ®
Vol. 42, N° 2, 2024, pag. 31-43 @ —

g-Relativistic wave equation of the form
107 - ’(,bq + mw() = E'QD

JuLi0 CESAR JARAMILLO-QUICENO X,

Universidad Nacional de Colombia, Departamento de Fisica y Facultad de
Matematicas, Edificio Yu-Takeuchi, Bogotd, Colombia.

Abstract. In this paper we introduce a g¢-relativistic wave equation of the
form 97 - P, +mipo = Ep. We present the g-spinorial solutions using the
method of separated variables in the g¢-relativistic wave equation. Some
comments are mentioned at the end of the paper.
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Resumen. En este articulo introducimos una g-ecuacién de onda relativista
de la forma i9? - ¢, + my)g = Ev . Presentamos las g-soluciones espi-
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1. Introduction

In the years of 1926 and 1927 Klein and Gordon proposed a relativistic wave equation for
particles with spin 0, which originally is Schrodinger Relativistic Equation [1, 2]. Duffin -
Kemmer - Petiau developed a relativistic theory that described the dynamics of a system
of particles of spin 0 and 1 [3, 4, 5, 6]. Proca stated a relativistic wave equation for
massive particles with spin 1 [7]. Dirac in 1938 proposed a wave equation that unifies the
special relativity with the spin of particles, particulary the electron [8]. Fierz - Pauli pro-
posed a relativistic wave equation for the arbitrary spin particles [9]. Rarita - Schwinger
stated a relativistic wave equation which describes the dynamics of the particles with
spin 3/2 [10]. Bhabha described at the beginning of his theory the dynamics of protons
through a relativistic wave equation as an exact copy of Dirac equation [11]. Niederle
defines a wave equation for the massive particles with an arbitrary rational spin number
[12]. Silenko verifies the accuracy of the wave equations for particles with spin 1 [13]. Tu-
tik and Kulikov describe the dynamics of fermions with massive bosons with integer spin
through a relativistic wave equation [14]. In the g-deformed case, The ¢-deformed wave
equations then have the same properties as the undeformed ones. Pillin describe the
g-deformed relativistic wave equations based on the representation theory of the
g-deformed Lorentz and Poincaré symmetries [15]. On other hand, the Pauli matrices of
g-deformed Minkowski space (e.g. [18] for more details), are defined as

o_ |0 0 o 0 ¢
(U+)B = |:O kql/Q)\i_/Q} ) (03)5 =k |:1 0:| 5

” 232 0 w_ [0 —q!
(U—)B:k|:q 0+ 0:|7 (00):k|:1 ((]) :|7

and their conjugated counterparts

— e |0 0 e 7] 0 1
(O-+)B = |:0 kql/QAi/2:| ’ (03)6 =k |:q—l 0:| ) ( )
2

_Tg=1/2)\1/2 ¢ o 1
— ya _ 7. |4 + T0)% =
(U_)B k |: 0 0:| ) (UO)Ig k |:_q O] ;
where k, k are characteristic parameters associated to bosons (¢ = +1) and fermions

(¢ = —1), and A\ = ¢+ ¢~ . The aim of this work is to show that g-relativistic wave
equations of the form 797 - P, +mio = E7 can be constructed with the help of Pauli
matrices of ¢-Minkowski space following [16]. The paper is organized as follows: in
Section 2 the g-relativistic wave equation of the form 87 - 1) ¢ T Mo = Ev is presented.
In Section 3 we present the g-relativistic wave equation with separated variables. In
Section 4 we find the fermionic and bosonic solutions. Motivated by the Schmidke [17]
work, we introduce the Lorentz coordinates, and the final section with comments and
suggestion for further work.

2. g-Relativistic wave equation of the form i9? - v, + myy = £

In this article, we investigate the g-relativistic wave equation of the form i9? 4, +mapg =
Ev, and, at the same time, it is easier to study, as it contains only first-order derivatives.
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g-Relativistic wave equation of the form i9? - 1, + mio = Ev 33

Definition 2.1. According to above and following [16], we introduce the g¢-differential
spinorial equation of the form

W(OFYg + Oy + 9297) + myp = Epo, (3)

being m and E constants, and 97, ¥4, 97, 1o g-deformed spinors in the minkowskian
space which are defined by

. 0 k 1/2)\ « . k . —k -1,,.
T/Jq = |:kq1/2)\+§05:| 71/133' = |: q 0+1/] :| 71/Jq = [k(izof} ,7/}0 - |: §¢a¢6:| 5 (4)

subject to Pauli matrices in the Minkowskian space (1) (see, for instance [17, 18]), and

«
the expression ¢ = [:ﬁ ] is called the Dirac spinor, mentioned in the work of Beretetskii
B

et al [19].

Remark 2.2. Respect to solution, is important rewrite (3) as a system of differential
equations

ikq" /2N 2000 + ikqdlp s +my® = —kq ' By, (5)
ikq"/2\ 2080 + ik + mpy = Eky©. (6)

In following section we will consider the method of separation of variables to obtain the
solutions of (5) and (6).

3. A g-relativistic wave equation with separated variables

Theorem 3.1. Using the separation of variables, the solutions of equations (5) and (6)
are given by:

0
Vg = ;. 12 ibrkg ' E):  i(m=b)z | | (7)
q kq / /\+dﬁ exp, Zq - kql/QAir/z
1/2 a i(a—E)z _ i(m—a)y
wé/ _ kq >\+c equ |: % k?ql/Q)\i/Q} ’ (8)
0
i(b+kq 1 E)z i(m—>b)x
= kqu €Xpy [ Zq - kql/g)\:—/z]
P =

] ; (9)

o i(a—E)z  i(m—a)y
kc equ{ T PEYESLE

Vol. 42, No. 2, 2024]



34 J.C. JARAMILLO-QUICENO

1. i(b+kq 'E)z i(m—b)x
—kq™"d; exp, { kq N kq1/2)\ir/2:|

o = , (10)

ke exp i(a—E)z i(mfal)y2
q k kql/z)\+/
and
o i(a—F)z i(m—a)1
¢ P [ B kql“*i}%] (11)
’(/) N d. ex i(b+kq ' E)z _ i(m=b)z ’

B Pq kq kq1/2>\§r/2

where c* and dﬁ- are spinors respectively.

Proof. First, let us consider that %® can be expressed as f*(y)h*(z) and pp as
Fg(x)H(z). Therefore (6) and (5) can be written in the form

q fo d?H
ikq' /22 Qha(z)dgqy(y) +mfe(y)h(z) = —iquB(x)Tﬁz(z) — kq 'EF;(x)Hy(2),
(12)
and
qu‘ o
ikq"/2\ 2 H y(2) dfim) +mPFy(x)Hy(2) = —ikf(y) dngz(z) + Bkf(y)h (). (13)

Equaling both equations to af*(y)h*(z) +bF(z)Hg(2) and considering the cases a = 0,
b =0, we have

d?f*(y)

ik AL ()= E A mf @R () = af "), (b=0), (1)
diH (2
fiquB(z)Tﬁz() - kqilEFB(z)HB(z) =bFy(x)Hy(2), (a=0), (15)
d?Fs(x
ikql/Q)\i_/zHB(z) d‘IBx( ) + mFB(a:)HB(z) = bFB(x)HB(z), (a=0), (16)
and
ik ) T ket () = af k) (0=0), ()

thus we express the general solutions in the form
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+
(b+kq 1E)z
Hy(z) = vjexp, {z T , (a=0), (19)
B i(m — b)
Fg(x) = W exp, [ kq1/2)\1+/2 1 (a=0), (20)
- F
h®(z) = t* exp, {Z(“ - )'1 . (b=0) (21)
These latter formulas imply that (4) can be written as
0
vy = 2 i(btkg *E)z  i(m—b)z ||
q kq'/ Aydgexp, gq T kgt /Al
i(a—E)z i(m—a
1%1 — kql/z)\_,_c"‘ €XPy [ ( k = - k§1/2)\£/y2:| ,
0
) -1 i(m—
. kqdﬁ exp, [Z(b—i—kgq E)z 251;2;’?2]
wq - o i(a—FE)z i(m—a)y ’
kc €XPy A - kql/z)\ir/z
. —1 . _
w —kq_ldﬂ equ |:Z(b+klzq 2z _ ;é:?z;i)rf?}
0 — ’
ke exp i(a—E)z  i(m—a)y
q k kql/z)\i/z
and
c” expy i(a—kE)z - ;(:n/;al)/yz
0= T
) i(b+kg 'E)z  i(m—b)z
dﬁ equ [ kq kq1/2A1/2:|
which corresponds to (7), (8), (9), (10) and (11). 4
In the following section shows the solutions for ¢ = —1 (which correspond to fermionic

case) and ¢ = +1 (Bosonic case) (see footnothe of the Section 7.1 of reference [20]).

Theorem 3.2. The conjugated form of the equation (3) is given by
~i(08y + Oy + 0%D,) + mip = Eig, (22)
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and the q-conjugated spinors @Z,E;@;,E and 1,
u= o Rl T = Ry o] W= (R o Re)L @)
G=[vy )%= [Re" —akuy].  (24)

Proof. The same reasoning applies to the expressions (5) and (6), therefore we can sta-
blish the following system of differential equations

—ikg V22000, — K0T + muy = kB, (25)
and
—iEq_l/Q)\i/Qaggoa - iq‘%@ﬁ% +me® = —qEkyy. (26)

Now, equaling (25) and (26) to af(y)hg(2) +bF(2)H(z), considering the cases @ = 0,
b = 0, and performing same calculations to obtain (7), (8), (9), (10) and (11), we obtain
the following conjugated spinors

o T..,—1/2 o i(b+Ek)z i(b—m)x

wq = |:0 kq / a equ |: % + kq1/2A1/2:|:| ) (27)
—y T 1/2 i(@a—m i(@a—qFEk)z
Y, = {kq 1/2/\+/ by exp, |:kq(1/2)‘)1+y/2 + X qu_l ) } 0} , (28)

@; _ |:k.ao¢ exp, [i(b+Ek’)Z + i(b—m)=x } q_lﬁbB exp, [ki(a_m Ys + i(a_qu)ZH , (29)

k qul/z)\ir/Q q71/2>\<1‘>/2 kg1
- _ . i(a—m)y i(@a—qFEk)z a i(b+Ek)z i(b—m)x
) = {bﬁ exp, [kql/b\ir/? + T a®exp, =+ peavalE (30)

and

R i(b+Ek)z i(b—m)z T . i(a—m)y i(@—qEk)z
Yo = {ka equ{ % Jrk:ql/z,\ir/z] —qkbg exp, |:lcq1/2)\j_/2 T ” (31)

The g-conjugated spinors (23) and (24) has been obtained from the relations
Vg = @130, Gy =(@-)30, ¥, =@)30, ¥y = (@0)3,

where (EJF)?;‘,(E,)E,(E;;)% and (Eo)g are the conjugated Pauli matrices on the

g-minkowskian space (2). %]
On other hand, according to mentioned in [20, p. 229], we can formulate the solutions

for the cases ¢ = —1 and ¢ = +1 that corresponds to fermionic and bosonic cases, which
we will show in the following section.
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4. Fermionic and bosonic solutions

Remark 4.1. For the fermionic case (¢ = —1), the Eq. (3) can be expressed in the form

(05 Ty + 0 Y + 07 W) + myp = Ex. (32)

Thus for ¢ = —1, the Egs. (7), (8), (9), (10) and (11) can be written as

0
1= j —i(b— itm=b)z] | 33
Yo [—kadg exp_, [ b kkE)Z + LUZ\/S)“ﬂ (33)
_ e i(a—F)z i(m—a)y
A bl (34)
0
—kdexp_, [—i(b+k]g”E>z n i(y}v;g)x}
P, = Lo HaE)r | i(m—a)y , (35)
c exp_l[ B dmes ]
k‘dﬁ exp_, [—i(b;kE)z + Z(TZ\;;):C}
o = . itaeB)e | itmey] | (36)
kcexp_l[ = + kﬁ}
and
c®exp_ [i(“—E)Z + i(m—a)y}
b= W bkkE 'kﬂb (37)
d;exp_ [ﬂ( —kE)z + i(m— )1]
B 1 k k2
Respect to bosonic case, the Eq. (3) is given by
IO %) + O Y, + 0T 93,) + mip = Edbo. (38)

Therefore, the solutions corresponding to ¢ = +1 in Eqs. (7), (8), (9), (10) and (11) are
given by

0
ﬂjm = 1(b+kE)z i(m—b)x ) (39)
+1 2kd5 exp, 4 [ ( - )z _ (k\/i) }
a i(a—E)z  i(m—a)y
VY = [’“C equ[ A 2 ” : (40)
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i(b+kE)z  i(m—b)x

Vi, = kdﬂ €XP41 k kv2 (41)
+1 ke i(a—E)z  i(m—a)y ’
cexp,, . Ve
) i(b+kE)z  i(m—b)x
o = —hdgexpiy |77 PV } (42)
0 ke i(a—E)z  i(m—a)y ’
c*expy, . 3
and
- ¢ exp,, i(a—kE)z _ i(T:\—/;)y i3
w - d- i(b+kE)z i(m—b)x ' ( )
5 €XD 44 k — s

According to above, physically we can say that the Eqs (32) and (38) are called the
relativistic wave equations for q-boson and q-fermion, being E and m the energy and
mass respectively. On other hand, the conjugated solutions are obtained substituying
g = —1 into Egs. (27), (28), (29), (30) and (31) resulting

A {0 kia®exp_, [“MEE%)Z - i(%/”%)xﬂ , (44)
Gy = [ RVabgexp , | <Hmy - MEERE] |, (45)

2y = [Ra exp_, [10HER2 — ia] R exp_, [<Hemmiy B2 (46)

k kv2 kV2 k
. [bg exp_y |:—i(g\—/%n)y _ i(E+EEk)z:| a® exp_, {i(b+§k)z n —1%7;;)r:|:| ’ (47)

and

By = [Ea" exp_, [i(b—&-EEk)z B i(%_\g)x} _quB exp_, [—i(g\;%n)y _ iﬁ%“”” . (48)

For the bosonic case

—x T o i(b+Ek)z i(b—

’(/}Jrl = |:0 ka eXp+1 |:’L( % ) + ut E\/n%)xiH ) (49)

Eil = {E\/ibg exp, [i(a{\g)y + i(a_EEk)Z] 0} ) (50)
Ej_l = [an‘ exp, g {i(Hgk)z + i(bg\/“%)z} Ebg eXpyq [i@i\g)y + i(E%Ek)ZH ) (51)
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P = [bé exp g [z(ak\/@y + “quqﬁg)z] a®exp, {“EJFEEE)Z + i(EE_\g)xH ) (52)

and

= [Eaa exp, 4 {i@%ﬁh + i(%g)w} —kbgexp,, [ (ak\/@y + i@ EE)Z” . (53)

Remark 4.2. Tt is important to mention that 8;1 and 8;1 for all u = x,y, z, not corre-
spond to derivatives of order +1 and -1.

5. Lorentz coordinates

Based on [17], our aim now is to construct quantum Lorentz coordinates (g-four vectors)
with the spinors (7), (8), (27), and (28). Let us consider the bilinear combinations

A=Py¥, B=y L,

Bt 7t (54)
C=v 0y, D=1v7.
Following [17], we can define the Lorentz coordinates of the following manner
vo = (C + D)
1 — i(b+Ek)z i(b—m)x i(b+kq 'E)z _i(m
= — < kka dBequ = + — /2 i 1/2
V2 k kq—1/2)Y q kq1/2>\
3/2 i(@a—m)y  i(a—qEk)z i(la—E)z
— 4 kkXY by exp, — ol = 4 - 1/2
f kq—1/2)\Y kq kq1/2>\
U= _—_(A+B)=0,
f
1
¥? = —(C-D
\/5( )
1 — i(b+Ek)z  i(b—m)z i(b+kq 'E)z i(m—b)x
= —= { kka"djexp, — = ? YNV
V2 k kg=1/2) q kq'/2NY
3/2, i(@—m)y i(@a—qEk)z ila—E)z i(m—a)y
7 WX b expy | = T e Y % el | [
kq=1/2X q kql/2X\Y

vt = \%(A—B) =0.
(55)

However, these coordinates are not real. Therefore, to obtain the real coordinates we
will make need the following assumptions:
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a—m=0,
and substituying into (55), we get
0o — i(cq_ D) = € {kan‘d —s—Ek')\g/Qb'c“}
V2 va U TR
1
Ul = —(A+B)=0,
\/ﬁ( )
1 1 , (56)
V2= —(C-D)= — {kEa% RN Qb-ca},
\/5( ) \/§ B + VB
vi= 1 (A-B)=0,
\/5( )
and consequently we can obtain an invariant Minkowski length (see [17])
—2,27213/2 a o
L= q 2Kk N/ 2ad by, (57)
We shall now prove the following theorem.
Theorem 5.1. The following conditions are equivalent
aadﬁ'b[:}ca = bBco‘ao‘dB, (58)
a 3/2 o
a®dy = ¢* N %bycn. (59)
Proof. Following [17], we introduce the g-four vectors by
AB = BA—q '\.CD + ¢D?, (60)
BC = CB—q '\BD, (61)
AC = CA+ ¢*AD, (62)
BD = ¢*DB, (63)
AD = ¢72DA, (64)
CD= DC (65)

Substituting (54) into (60), (61), (62), (63), (64) and (65) yields
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0= —¢ 'Apkka®ds + ¢*kkAY *byc”, (66)

BC = 0, (67)

AC = 0, (68)

BD = 0, (69)

AD = 0, (70)

kka®dskk Ny 2bsc Ny = FkAY2bsckka®d, (71)

an easy computation shows that yields (58) and (59). v

6. Comments and suggestion for further work

There are further topics arising from this paper which are worth investigation. There is
the problem of describing the differential equation

iDy -, +miy = B, (72)

where D, = 8, — ief, and f, is a arbitrary function and e parameter. The differential
operator Dy is called the g-covariant derivative. Other suggestion for further work, is
the problem of describing the g-Dirac differential and integral operators for the spinorial
variable function motivated by [16]

oy g
aqug .D'uuﬂ',

Dy =

R T
r, (qu)g(xu) - qug(xo

and the solution for the differential equation in g-spinorial variables

D (ug) — ery“AZ(x)i/)(ug) — mcp(ug) =0, e€R,

where I'; is a g-complex closed contour, and * the Dirac matrices, and m a constant.
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