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1. Introduction

The classical Riemann boundary value problem for analytic functions and solutions of
more general elliptic systems in the plane modeled many problems of Mathematical
Physics, but closed form solutions of such problems are known only in a few cases
(see Gakhov [4]; Vekua [9]; and Begehr-Gilbert [2]).

Using a successive reduction method, generalized Riemann boundary value problems
and its conjugates are solved in closed form in {1, 3, 6, 8].

We are investigating classes of generalized Riemann boundary value problems for
generalized analytic function w, which means, in this context, that w satisfies the
equation

@_+Aw+ Bw =0,
oz

where coefficients are in L, 2(C) (2 < p) and also have compact support.

*Department of Mathematic. University of Oriente. Santiago de Cuba , 90500, CUBA.
(jbory@cnm.uo.edu.cu)

107



108

RICARDO ABREU BLAYA & JUAN BORY REYES

2. Smootheness of generalized integral of Cauchy
type

First, we describe some notation. Let L be a closed rectifiable Jordan curve in the
complex plane C bounding a domain D*, 0 D* and satisfying the condition 6(6) =
0(6), 6 — 0+ , which is defined using a metrical characteristic of a curve: () =
sup,c; mes{r € L:|t— 7|< 6}, 6> 0.

Let D~ = C /D%, p € H,(L) (i.e., ¢ is a uniformly Holder continuous functions on
L with characteristic nonnegative, nondecreasing function w defined on (0,d}, d =
diameter L, and such that §~*w(6) is noncreasing, w(§) — 0, § — 0+, moreover,

] d
/w('r)/Td'r+66/ %(_—Qd'r = O({w(9)).
0

On the other hand, let Dy be a regular domain, A and B complex functions in
Ly2(C) (2 < p) which vanish identically out side Dy ; and let Q1(z,t) and Q(z2,1)
be the fundamental Kernels of the class U, 2(4, B,C/t) (see [9]).

Throughout the paper, L, w , Dy , A and B will be as before, with the following
—2
additional condition: 6% w=1(8) —» 0, & — 0+

Lemma 1 Let ¢ € H,(L) , K(p,z) be the generalized integral of Cauchy type of ¢
in L; namely,

K(,9) = 557 [{@u(am)olr)dr — 9ae,m)p (1) T} 1)
L

Then K(yp,z) is a sectionally generalized analytic function in C\ L and

P(A,B)[‘P](t) = limz—»t,:éD*’ K((,O,Z) = .
a2 [ (@) o) — 29 ~ ot Ne(n)dr + (t),

QUA, B)lgl(t) = ~lim, .,y - K(p,2) = @
5 { [Q1 ¢, ) e(r) ~ 2D ] — Qu(t, 7)p(7)dr,

are continuous projectors on H ,(L). The first integrals have to be understood in the
Cauchy principal value sence. .

The proof of the last lemma and the following assertions involve only simple calcula-
tions and are omitted. We define formally an operator S(A,B), acting on H,(L) by
the formula:

S(A,B) = P(A,B) - Q(A, B), (3)
and we note that if A = B = 0, then Q0 (2,t) = 0, Q(z,t) = X and S(4,B)

t—z

reduces to the singular integral operator S (see [5]). Hence, formula (2) are the
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classical Plemelj-Sokholski formula related with the limiting values ®*(,t) on L of
the integral of Cauchy type

B(p,2) = 211 /—‘—egi dr. (4)

T2
L

Remark 1 If one introduces the spaces HX(L) of complex Hélder continuous in L
functions, with characterist w , and generalized analytic in D*, vanishing at infinity,
using the the fact that S(A, B) maps the space H, (L) boundedly into itself, we are
able to set the equality H,(L) = H}(L) & H;(L).

Lemma 2 If M(t) € H,(L) and the operator M is defined by means of the equality
Mlg)(t) = M(D)e(t),

then the commutator operator S(A, B)M — MS(A, B) is compact on H,(L).

The conjugate operator to the operator S*(A, B) that is defined on the total space of
all functional Z of the form

=(¢) = Re (% [etme dr) . fe HL)

L

(this space is identified with the space H, (L)), is given by —S(—A, —B) (see [7]).
Hence,

P*(AIB) = Q('—A’ _'B)

and

Q' (A,B) = P(—A,-B).
Riemann Boundary value problem
Let a, b and f be Holder continuous functions on L and ¢ and b nonvanishing on L.
We consider the Riemann boundary value problem for generalized analytic functions
in the following operational interpretation:
“To find a function ¢ € H, (L) such that (5)
aP(A, B)|p] + bQ(A,B)[¢] = f on L.

Expressing b(t) /a(t), as a ratio of boundary values of the canonical function X(z) =

exp @(ln[T"Xﬁ;%], z) (see {4]), we have —Z{% = %_—255, where
X*(t) = exp ®@t(ln[r* b(T;] t) and x = L [a.r 2?3]

Now, introducing the notation

A,
Bexp (2iIm[ln X(2)]), ze Dt
2XZ"XBexp(2iIm[ln X(2)]), z2e D™,

b
Il

B
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the following theorem holds:
Theorem 1 For x > 0, the problem (5) is solvable for every function f <

H,(L). The solution for t € L is representable in the form p(t) = P(A, B)[)(t) +
Q(A, B)[#|(¢), where

P(A, B)lg](t) = X+(t){ (4, B0 + Rx_la)} (6)

QUA, B)lel(t) = 17X X~ (1 { B - I(t)}

and Rx-l(t) is an arbitrary generalized polynomial, of degree not bigger than x — 1
(for x = 0, Ry_1 = 0 ), of the class U, 3(A, B, C).
For x < 0, the inhomogeneous problem is solvable only under the assumptions

_fn _
( /Klz T) )X+ (T) ) 0,
( /Kl(zz ,T) )f(T)( j ) =0, ‘ (M

k=0,1,...,x—7

where K’ is the generalized Cauchy type integal on the circle |2 = p ( p has to be
chosen in such a way that Dy U Dt is contained on it) associated to the adjoint
equation

Sw

E—Aw—éw=o.

Remark 2 The corresponding adjoint problem, equations, operator, system, coeffi-

cient and so on, is denoted briefly by adding the suscript’ (for example, < problem
8) > .
The additional conditions (7) as well as the analytic case, can be obtained for the

representation of generalized analytic integral of Cauchy type as power series in a
neighourhood of infinity (see [4]).

3. The generalized boundary value problem for ge-
neralized analytic functions

In the space H, (L) we consider the problem

Onle] = a1P(A, B)agP(4, B)....an, P(A, B)[o]+
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+b1Q(4, B)b2Q(A, B).....5,Q(A, B)lyp| = f, on L. (8)
The functions a3, ag, ...an , b1 ,b2,....b, are asumed to be in H,,(L) and nonvanishing;
furthermore, the function f is also asumed to be in H (L) .

For analytic functions (i.e., A = B = 0 ), the problem (8) is discused in the papers
[1,6] under certain conditions for the contour, coefficients and free term.

For the sake of simplicity, we present the solution of (8) for n = 2. The reasoning is
similar in the general case. The basic scheme of the solution considered here is the
same as in the latter references.

Problem (8) can be written as a Riemann boundary value problem:
a1P(4, B)[u] + b1Q(4, B)[v] = /, (9)
where the functions u and v belong to H, (L) and are given by the equalities
wt) = P4, B)l¢lt);  v(t) = BQ(A, B)lgl(t).

The index of this problem is a = —21; (arg %) . and its general solution is following
according to

P, B0 = X0 { PUABIT10) + Rora(t}

Q4B = = x~0) { QA B =10 - Raa)]

where R, isa generalized polynomial of degree not higher tha;n a~1 with arbitrary
coefficients and R,_; = 0, for @ < 0. Problem (9) has a solution for a < 0 if and
only if the corresponding condition (7) holds.

The determination of ¢ , using P(A, B)|u] and Q(A, B)[v] already determined, leads
to the problems

a2P(A, B)l¢] — Q(A, B)[u] = P(A, B)u], (10)
P(A, B)[v] — b2Q(A, B)ly] = Q(4, B)[v]. (11)

We factorize the functions a% and by as follows:
ax()YH(t) =t PY~(t) and Z7(t) = ba(t)t™°Z7 (),

where

1

Y (t) = exp &* (ln[T_ﬁ 2207

],t) and Z*(t) = exp & (In[r~%ba(7)], t);

1 1 1
B = > (a.rg a_'z(ﬁ)z, and §:= -2?(211& ba(t))y -
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If 8 < 0 or 6§ <0 the conditions
1 PABN(T) &k e
Re (3 | SR Kt rydr ) = o
1 [ PABNul(T) £k -
Re (5 {—;E‘Tq'_-ﬁ%sll{l(zz ,T)dT) = 0,

k=01,.,-8-1 (12)

or
A,B 7 m —
Re (% lflgi—Z'T%%lmKl(z ,T)dT) = 0,
A,B o —n
Re (% {%@K!(zzm,ﬂ d’r) = 0,

are necessary and sufficient for the solvability of the problems (10) and (11) respecti-
vely.

For a > 0, and taken into account that K(2*,t) and K(iz*,t) is a complete system
(see [9]) in Up2(A, B, |z| < p) , one gets the expansion

m = 0,1,..,—-6§-1, (13)

a-1

Ro-1(t) = z,\nf{(z",t) + v K (2" 1) ,

n=0

where A, 7, are arbitrary real constants. Then condition (12) can be expressed as
the system

a—1

Z fn,k’\'n + nkTn hg,

i 1 k=01..,-6-1, (14)
E PrkAn + GnikTn = Tk,

‘n,_

of algebraic equations, where

fnk—Re(

Pnk = Re

e

1
gnx = Re (‘2‘,“

2 -
h\

Ay(T)K (2", 1) K12 T)d’l’)

Ag(TVK (2™, 1) K1(iz*, 1) dr

Ao(T)K (52", ) K1(2* T)d'r),

N
—

] -

—

A T)R’(iz",‘r)f{/(izk,r) dT) ,

n\
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hy = — Re (%{ [Ag(T)P(A, A)[E;-(T—)(X—;_(‘—F-S]K, F4 T)dT) ,

e = — Re (% L/ AZ(T)p(A,B)[mfjg_}(T_)m,(izk,T) dT) ,

X*(r)
A =
(1) = v
The analogous algebraic system
-1 . .
E fn,m)‘n + GnmYTn = hm,
n=0 m = 0,1...,—-6 -1, (15)
Z ﬁn,m/\n + ‘in,m’Yn = T,
n=0

where

fn,m = Re (51; /B2(T)K(Zn,7)f(’(‘zm,7—)d'r) ’

L

Bnm = Re (% / B2(T)K(z",T)K’(izm,T)dT) ,
L
Gnm = Re (51; / Ba(n)K(iz", K (z™,7) df) ,
.
dnm _ ke (% / Ba(n)K (62", 1)K iz 7) d‘r) ,
:
fm = Re (51; L/ Ba(7) Q(A, ‘)[mf)fx—JrT—)]K (2", 7) dT) ,
%

a1(r)X*(7)

X (1)
bo(T)T—4Z~ (1)’
can be obtained as a representation of condition (13).

We are going to state our results in form of a theorem that deals with the dimensio-
nality, over the algebra R of the real complex numbers, of the Kernel of the operator

~3:
3
I
W
/"\
p—l
h\

Ba(T)Q(A, B)[——f—(’—r)——]f{’(iz"',r) d'r) ,

By(T) =
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O2. This dimension is determined by «, 3, § and also depends on the rank of a certain
algebaic system.

Theorem 2 Ifa >0, a > 0 and § > 0, then dim Ker O; = 2(a + B + 6) and

the inhomogeneous problem (8) is inconditionally solvable; moreover, its solution is
determined by making use of the above reduction method.

If at least one of the index o, B or § is negative, the condition (7), (12) or (13),de-
pending on the negative indez, is necessary and sufficient to ensure the solvability of
(8).

Ifa>0,8<0,6 >0, then a necessary and sufficient condition for the solvability
of the problem (8) is the compatibility of the algebraic system (14); if r is the rank of
this system, then dim Ker Oy = 2(a + 8) —r.

Ifa >20,82>0,6 < 0, then a necessary and sufficient condition for the solvability

of the problem (8) is the compatibility of the algebraic system (15); if r is the rank of
this system, then dim Ker O = 2(a+ 3) —r.

Ifa>0,8<0,8 <0, then a necessary and sufficient condition for the solvability
of the problem (8) is the compatibility of the combined algebraic system formed by the
systems (14) and (15); if r is the rank of this system, then dim Ker O = 2 — 1.

4. The adjoint homogeneous problem; Orthogona-
lity relations |

Let us now consider the homogeneous adjoint problem to problem (8). Using the
scheme for the solution in the preceding chapter, we write the general solution of
homogeneous problem (8)' as

o R_ao1(t) + P4, B')[i}&gﬁ%—? soa(B)]—
"/"(t) - al(t)X“'(t) { Q(A/ BI)[ Y— - -—ﬁ l(t)} ’ (16)

A

where A’ = ~A, B =-B

fa>0p8<062>0, then the vector of the real coefficients of the polynomial
Ri_g..1(t) is a solution of system (14)".

fa > 0,82 0,6 <0, then the vector of the real coefficients of the polynomial
R’ _5_1(t) is a solution of system (15)".

Ifa>0 8<0,06 <0, then the vector of the real coefficients of the polynomials
B ..p__l(t) R'_s5_1(t) is a solution of the combined system composed by the systems
(14) and (15)".

The following theorem, concerning the dimensionality over R of the operator O} , is
an analogous to the corresponding result for the operator O .

Theorem 3 The number of linearly independent, over R , solutions of the homoge-
neous adjoint problem O3 = 0 is
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max {0, —2a} + max {0, —28} + max {0, -26} — 7/,

where ' is the rank of the system (14) when o> 0, 8> 0,6 < 0; r' is the rank
of the system (15) when o> 0, 8 > 0, § < 0; it is the rank of the combined system
formed of the systems (14)" and (15)' when a > 0,8 < 0,8 <0 ; finally, r' =0 in
any other cases.

In what follows we shall quote without proof a result of Noether theorem type.

“The problem (8) is solvable if and only if

Re (51- / f(T)w(T)dT) =0, (1)
L

where ¢ is a solution of the homogeneous adjoint problem (8)”.

Under the assumption a > 0, 8 < 0, § > 0, the relation (17) takes the form:

—£:1 1, D + Ri(2",r
kgo Nk Re (% J QA1 B Xr(j"){’(:((f), )] al(‘rf)()?*(”) dT) +
—-B8-1

Kir1(iz%,1
+ & i Re ( [ QU B XD | h O dT) =0,
where (Xo,...,A’_p_1,7'0,-..,7'—p—1) is the general solution of the system (14)’.

According to the identity Q*(A’, B') = P(A, B) , it follows that {(18) can be repre-
sented in the form

-8t + z",T
> M Re (%f X T{,"(T) PAB[r(Tg,?L—m]df) +

(18)

k=0
—B—1

+ Ki(iz% 7 2 A
+ X W Re (% {%#P(A,B)[m;gﬁ%m) = 0.

One can verify that (19) is the necessary and sufficient condition for the compatibility
of the system (14).

We remark also that if a > 0, 3> 0,6 <0 (e >0, 8 <0, § < 0) using the same
technique as before, (17) is the necessary and sufficient condition for the compatibility
of the system (15) (the combined system of (14) and (15) ).

Let us observe finally that (17) can be reduced directly to the conditions (7), (12)
and (13), when a >0, 8> 0, and § > 0.

(19)
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