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Abstract. In this paper we use a generalized vector product to construct

an exterior form A : (R")k — R(z), where (Z) = (,l,niky),kn k < n. Finally,
for n = k — 1 we introduce the reversing operation to study this generalized
vector product over palindromic and antipalindromic vectors.
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Algunas observaciones sobre un producto vectorial
generalizado

Resumen. En este articulo usamos un producto vectorial generalizado para

construir una forma exterior A : (R”)k — R(z), en donde como es natural,
(2) = (nfnik')'k' k < n. Finalmente, para n = k — 1 introducimos la operaciéon
reversar para estudiar este producto vectorial generalizado sobre vectores
palindrémicos y antipalindrémicos.

Palabras claves: funcion multilineal alternante, producto exterior, producto
vectorial, reversar, vector palindréomico, vector antipalindrémico.

Introduction

It is well known that the vector product over R? is an alternating 2-linear function from
R? x R3 onto R3. Although this vector product is a natural topic to be studied in any
course of basic linear algebra, there is a plenty of textbooks on this subject in where it is
not considered over R™. The following definition, with interesting remarks, can be found
also in (3, 7, 8]. Let

Ay = (a11,012, .., 010) 5o ooy Ap1 = (a(n—1)17a(n—1)27 cee 7a(n71)n)
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be n —1 vectors in R™. The vector product over R™ is a function x : (]R")n*1 — R"” such
that

n
x (A1, Ag, oy Apia) = Arx Ap oo x Ay =Y (1) det (Xg) er, (1)
k=1

where ey, is the k—th unity vector of the standard basis of R and X}, is the square matrix
obtained through the deleting of the k—th column of the (aij)(n_1>xn. Notice that in
this case the function is not binary and sends a matrix M of size (n — 1) X n to a vector
of its (nfl) maximal minors.
One aim of this paper is to give an algorithm to construct, using elementary techniques,
a function with domain in (Rn)k and codomain R(V) which will be an alternating k-linear
function that obviously generalizes the previous vector product defined over R™.

Using techniques and methods of algebraic geometry we can see that the vector product
obtained here, without signs, corresponds to the Pliicker coordinates of the matrix M
(see [4, 5]). Although this vector product is known and useful to define the concept of
Grassmanian variety (see [4]), we present an alternative construction, avoiding algebraic
geometry, which lead us to known results that can be found as for example in [6].

Another aim of this work, following [1, 2], is the presentation of some original results
concerning the vector product for n = k — 1 in palindromic and antipalindromic vectors
by means of reversing operation.

The way this paper is presented can allow students and teachers of basic linear algebra
the implementation of these results on their courses. This is our final aim.

1. A generalized vector product

In this section we set some preliminaries, properties and the Cramer’s rule as application
of the generalized vector product.

1.1. Preliminaries
Following [3, 7] we define the generalized vector product over R™ as the function
x: (R =5 R”
such that for Ay = (ai1,a12,...,010) -, Ap_1 = (a(n—l)h A(n—1)2;- - - a(n,l)n), n—1
vectors of R™, their vector product is given by

X(Ay, Ao, oo, Ap) = A x Ag X X Ay = Z(—1)1+k det (Xi)er, (2)
=1

where ey, is the k—th element of the canonical basis for R” and X}, is the square matrix
obtained after the elimination of the £—th column of the matrix (aij)(nfl)xn' The
definition presented in expression (2) corresponds to a natural generalization of the vector
product of two vectors belonging to R3.
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1.2. Some properties
Let Ay, Aa, ..., A, be vectors of R™. The following statements hold.

1) x (A1, As, ..., Ap_1) is an orthogonal vector for the given vectors.

2) Assume o, 8 € R, B; € R"; then

A1><A2><~~~><(aAi+ﬁBi)><~~~><An,1:
Al X Ag X oo XxaA; X -+ X Ap_1+A1 X Ay X - X BB; X ++- X Ap_1.

3) Let A be the matrix given by A = (Ay, Aa,..., Ay). Then
det A=Ay (Agx - xAy) = (=17 A; - (A1 x - X Aj_1 X Aji1 X Ay).

4) The vectors Ay, Aa, ..., Ap—1 are n — 1 linearly dependent vectors for R™ if and
onlyifA1 ><A2 X ~~-><An_1 = 0.

It is well known that these properties can be proven using the properties of the determi-
nant (see, for example, [3, 7]).

1.3. Cramer’s rule

Consider the following system of linear equations

anr1 +aper + -+ ar, = by
a2171 + a2x2 + -+ + A2nTy = bo
Ap121 + Ap2T2 + -+ GppTy = bn

that can be expressed in vectorial way as
1'1A1 +x2A2+"’+ann :Bv (3)

being A; = (aii,a2iy-..,an;) with ¢ = 1,2,...,n and B = (by,bs,...,b,). Suppose
that det (A1, Az,...,An) # 0. Therefore the system has a unique solution that can be
obtained applying the scalar product between the equation (3) and Az x Az X --- x Ap;
S0 we obtain

(x1A1+$2A2+"‘+ann)'A2XASX"‘XA'/L = B'AZXABX“'XA’IH
$1A1-A2><A3><'-'><An B-AQXAA{;><-'-><./4,,17

since Aj - Ay x Ag x --- x A, =0 for j =2,3,...,n. Therefore,

B'AQXA?,X"'XAn_det(B,A2,A37"‘7An) (4)
A1~A2><A3><~-~><An - det(Al,Ag,A3,~-~ ,An)

Tr =
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In a general way, we can obtain
v B-A; XAy X -+ X Aj_qg X Ajp1 X - X Ay
! Aj - Ay X Ag X - Ay x Ay X -+ X Ay
(1) det (A1, Ag, ..., Ai 1, B, Aiya, -, Ay)
(—1)"" ! det(Ay, Aa, Az, -+, Ay)
det (A1, Aa, ..., Ai—1,B, Ait1, -+, Ayn)
det(Ay, Ag, As, -+ | Ay) ’

that is, the well-known Cramer’s rule.

2. Didactic way to define N: algorithm and properties

In this section we propose a didactic way to define the exterior product A. To do this, we
set an algorithm to the construction of A and as consequence of this construction arise
some properties.

2.4. Algorithm to the construction of N\

Here we present an algorithm and some simple examples to illustrate it.

Step 1
Consider n € N and 1 < k < n, being k an integer. We define
I:{leglk1§11<22<<Lk§n},

this means that the elements belonging to I are chains of numbers conformed in agreement
with the lexicographic order.
Example 2.1. For n =5 and k = 3 we have
I ={123, 124, 125, 134, 135,145,234, 235,245, 345} .
As we can see, #I = (Z) = (i) = 10.

Example 2.2. For n =5 and k = 2, we obtain (g) = 10. For instance, I is given by

I ={12,13,14,15,23,24, 25,34, 35,45} .

Step 2
We set that I should be ordered lexicographically:
I(l) < ](2) <0< [(( ))

k
In this way, if I, € I, then there exists p (only one) such that I, = I(,). Thus, we can
define p as the rank of Iy and will be denoted by r (I;) = p. That is, p is the place of I
in I as set of ordered elements lexicographically.
In Example 2.1 we can see that r(234) = 7, r(345) = 10. In Example 2.2 we have
r(25)="7,r(35) =09.
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Step 3

Let ug = (w11, U12, -+, Utn) s .- -, Uk = (U1, Uk2, - - - , Ukn ), De k vectors of R™, with k < n.
Consider the matrix U = (u;;) of order k X n conformed by these vectors. Assume
i182 -+ -4 € I and let Uj4,..;,, be the matrix of order k, conformed by the k£ columns
1,42, - ,ir of U. From now on, U always will be a matrix of this kind.

Example 2.3. Consider

ay a2 asz a4 as
U=/ b1 by b3 by bs |;
C1 C2 €3 C4 Cj

ay a2 as az G4 Qs
in this case, U123 = bl bQ b3 and U245 = b2 b4 b5
1 C2 C3 C2 €4 Cs

Notice that when we choose a particular number of columns of such matrix U, which
exactly corresponds to delete in U the non-selected columns.
Step 4

Consider
(R™)* :=R" x R" x --- x R™.

k—times

Now we define the function ezterior product A : (R™)* — R() as follows:

AO) =3 (DT det (U e oy
iel
where e(m)—r(i)+1 corresponds to the ((}) — (i) + 1) —th unity vector of the standard
basis of R(%).
For convenience, we can write
ANU) = A (ur,uz,y ... up) =ug Aug A ... Aug.
Example 2.4. Consider the vectors (2,3, —1,5),(4,7,2,0) € RY. The vector (2,3, —1,5)A

(4,7,2,0) belongs to RG) = RS, In this case

I = {12,13,14,23,24,34},
2 3 -1 5
vo= (4 72 0)’
so that
2 3 2 -1 2 5 3 -1 3 5
rNO) = _’4 7 66+’4 2 65_’4 0 €4+‘7 2 | ‘7 0]
B
2 0|9

= —2eg + 8es + 20e4 + 13e3 + 35e5 — 10eq
= (-10,35,13,20,8,-2).
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Example 2.5. Consider the canonical basis for R*, that is, e1 = (1,0,0,0), ex =
(0,1,0,0), es = (0,0,1,0) and e; = (0,0,0,1). Thus, the exterior product e; A e; for
i < j is given by

e1hes = —1(0,0,0,0,0,1) = —eg € RS,
et Aes = (0,0,0,0,1,0) =e5 € R,
e1rhes = —(0,0,0,1,0,0) = —e4 € R,
eaNes = (0,0,1,0,0,0)=e3 € RS,
eahes = —(0,1,0,0,0,0) = —ep € R,
eshes = (1,0,0,0,0,0) =¢; € RC.

As we can see, the set B = {e1 Nea,e1 Nesg,e1 Aeg,ea Nes,ea Aeg ez Aegt C RS is a
basis for RS.

Notice that in a given basis B for R", the exterior product of them taken in sets of
k-elements without repetition constitutes a basis B’ for R(G).
2.5. Some properties of N\

The following properties are satisfied by A:

1) If k =n, then A (U) = det (U).

w

)

2) If k =n — 1, then A is the generalized vector product.
) If nis even and k = 1, then U is orthogonal to A (U).
)

4) A is k—linear:
Aty o 0y uk) = A(ur, e Uy ey ug) H A (ug, by ug)

5) If M, is a permutation of two rows (being fixed the other ones) of M, then A (M,,) =
- A (M).

6) If uy,...,uy are k (< n) linear dependent vectors of R™, then A (uq,...,ux) =0 €
R,

Proof. We proceed according to each item.

1) Assuming k = n we have (Z) = (Z) =1 and (i) = 1 (due to I has only one

element). So,

Ay = 3 (=)D der (1) e(r)=r(iy1
el
= det(UZ)

Trivially we can see that for R, e; = 1.
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n

2) Assuming k =n — 1, we have <Z> = ( ) = n; in this way, I has n elements.

n—1
n
k
corresponds to the elimination of one column of U (precisely the avoided column
in the election). In other words, we can see that

Owing to the symmetry of ( >, the election of n — 1 columns of the matrix U

Ui = Xn—'r‘(i)+la

where X,,_,(;)41 corresponds to the matrix that has been obtained throughout U
deleting the (n — 7(i) + 1)-th column, so that

ANO) = 3T (=)D det (U) enriyan
el
= Z (—1) T OFIH det (U;) En—r(i)+1
i€l
= Z(fl)jﬂdct(Xj)ej
j=1

= Uy X ... X Ug.

2
3) For n =2p and k = 1, we have ( 1])) = 2p; thus, the cardinality of I is even and
I:{1727""p’p+17""2p}'

Furthermore, r (i) = 1. In this way, A (U) € R?. On the other hand, considering
U = (u1,ug,...,ug) and A (U) = (v1,v2,...,v2), We obtain

ANU) = D (=17 det (Ui) eapita

icl
2p )
= Y (-1 uiegpit1
i=1
= (’LLQP, —U2p—15. .-, U2, —u1) )
where it follows that v; = (—l)j+1 Ugp—j41 for j =1,2,...,2p. Therefore,

U-AU)

(w1, uz,. ..\ Uzp_1,Uzp) - (Uzp, —U2p_1,. .., U2, —U1)
ULULp — UU2p—1 + - -+ U2p—1U2 — U2pUL

(urugy — ugpur) + ... + (*1)p+1 (UpUp+1 — Up1p)
0.

Ttems 4), 5) and 6) can be proven using the properties of the determinant in similar way
as the previous ones. v
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3. Reversing operation over N\

The reversing operation has been applied successfully over rings and vector spaces (see
[1, 2]). In this section we apply the reversing operation to obtain some results that
involve the exterior product with the palindromic and antipalindromic vectors. The
following results correspond to a generalization of some results presented in [2]. Consider
the matrix M = (m; ;) of size m x n. The reversing of M, denoted by M, is given by

ﬁ = (?ﬁ”), Where . J = Min—j+1. We can see that the size of ﬂ is m X n too. We

denote by J,, = I » the reversing of the identity matrix I,, of size n. Thus, the following
properties can be proven (see [2]).

1. The double reversing:

ﬁ- = = mzn ]+1) = (nLi,n—(n—j+1)+1) = (mz,]) = M7
2. M = MJ,,
3. Jndn = I,
The following definitions were introduced in [2]. A matrix M is called palindromic
whether it satisfies = M. In the same way, a matrix M is called antipalindromic
whether it satisfies M = —M. In particular, for m = 1 we get palindromic and antipalin-

dromic vectors, respectively.

As we can see, the palindromic matrix M satisfies m; ; = m; n—;+1, and therefore M has
at least — pair of equal columus if n is even (as well 5 1 when n is odd). This fact
lead us to the following result.

(=12, n=2k, ke Zt

n+3

Proposition 3.1. det(J,,) = ,

P (Jn) { (-1, n=2k-1, keZ*.

Proof. We proceed by induction over n. Assuming n = 1, we have that [,, = 1 and
1+3

Jn = 1, thus det (J,) = 1 = (=1)"2 . Let the proposition be true for n; thus we will

prove that it is also true for n + 1. We start considering that n is even, so we get

det (Juy1) = 1(=D" T det (1,)
(-2 (-1

n (ntD+3
S L Y

Now, considering n as an positive odd integer, we have

(=)D et (1,,)
)" (-1
1)(-1)"%

n+5 n41

)5 = (-1, @

det (Jp+1)

1
=
(
(
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Now, we study the relationship between the exterior product A and the reversing opera-
tion. We start considering k = n—1, that is, the generalized vector product over R™. Con-
sider My = (mlh mi2, ..., mln) ooy My = (m(n—l),h A(n—1),25 - - 7m(n—1),n) ,n—1
vectors in R™. The generalized vector product is given by the equation (1), therefore we
obtain

x (My, My, .y Mya) =3 (—1)" " det (M““))ek; (5)
k=1
here ey, is the k-th element of the canonical basis for R" and M) is the square matrix
obtained after the deleting of the k-th column of the matrix M = (m;;) . The
matrix M®*) is a square matrix of size (n — 1) x (n — 1) and is given by

k) _ ®\ _ | mag,if i<k
M B (mi’j> n { mi j+1, lfj > k. (6)

(n—1)xn

Proposition 3.2. If we consider M = (mij)(nil)x,n, then ﬁ(’“) = MOk 7., for
1<k<n.

Proof. We know that M= MJ,,, that is, (1 ;) = (min_ji1), 1 < j < n. Therefore
S — (ﬁ(k}) _ ‘ﬁi,j, ifj <k
- ij+1, 1 j >k
_ { Min—j+1, if j <k
My m—(j+1)+1s if J 2> k.
On the other hand,

(n—k+1) _ (n— k+1)) _ my j, lfj <n-— k+1
M < 2% { mi7]'+1,ifj2n*k+1. (7)

Now, we obtain

MO = (w5 ) = ()

B My (n—j), fn—j3j<n—-k+1
My (n—j)+1, In—3>n—k+1

My (n—jy, if >k —1
My (n— J)+1,lfj<k71

_ Min—jy 72k 7). @
My n—j+1, lfj <k

The following proposition is a generalization of a result presented in [2], where it was

analyzed the reversing of the vector product in R3.

From now on, for suitability we denote M = (M3, Ma, ..., M,_1), i.e., M is the matrix
that has as rows the vectors My, My, ..., M,_1; thus, we obtain

W= (W0, Wy W1,
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In the same way, for suitability we write

= (i, S, ..o, ).

Proposition 3.3. The generalized vector product of ﬁi, 1 <i<n-—1, satisfies

3n

(—1)% <>< (M, M, ... Mn,l)), n =2k,

M = 3n+1
(—1)" (x(]wl, My, ..., Mn_1)>, n=92k—1,

where k € Z7T.

Proof. For suitability we denote M = (My, Ma,...,M,_1), i.e., M is the matrix that
has as rows the vectors My, Mo, ..., M,_1; thus, we obtain

W (W oy W,0).
In the same way, for suitability we write

= (i, S, ..o, ).

Now, applying the generalized vector product we obtain

D

M=

(1) det (ﬂ(’“)> ek

k

1

k+1dt

[
M:

('nfk+l) Jn71> en
k

1

|
M:

k=1

3

(a1
(—1)"* det <M(” D g )
(

_ 1)+ det ( M=+ )det(.]n,l)ek

k':l
n

= det (Joo1) > (~1)"* det <M(k>) en_hi1

k=1
n
> (-1

= (=1)""" det (1)
k=
(=) det (M®)) e >Jn
(1) ()
(

Jn-1 k1 det (]\4<k)> €n—k+1
1

B

= (—1)""det (Ju_s (>< M, My, ..., M,H)),

(Jn—1)
= (=1)""det (Jn_1)
(Jn-1)
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and therefore

o (—1)" (—1) = (X (MY, M, ., M,H)),n:%
R S s <>< (M1, Mz, ..., Mp_y) ) n=2k—1
(1% <>< (My, Ma, ..., Mn_l)), n =2k
) (et <>< (M, Mz, ..., My_y) ) n=2k— 1. o

If M is a palindromic matrix, then the minors M*) have at least g — 1 pair of equal

. . n—1 . S
columns when n is even, and respectively — - 1 when n is odd. This implies that for

n > 4, the minors have at least one pair of equal columns and therefore det (M <k)) =0
for all 1 < k <mn, so that

X (Z\/Il, Mg, ey A[nfl) =0¢ecR". (8)

This means that the generalized vector product of (n — 1) palindromic vectors in R™ is
interesting when 1 < n < 3. The same result is obtained when we assume M as an
antipalindromic matrix.

Final Remarks

When we consider the exterior product for k # n — 1, the previous results cannot be
applied due to the fact that, in general, they are not true. To illustrate it, we present
the following example.

Example 3.4. Consider the vectors (2,3,—1,5) and (4,7,2,0) in R In this case,
2 3 -1 5 5 —1 3 2
M‘<4 7 2 0) and ﬂ_(o 2 7 4)
As we have seen before,
(2,3,~1,5) A (4,7,2,0) = (—10, 35,13, 20,8, —2).
Therefore,

(55 _15372) A (072777 4)

€1

1
2 4
= 10)66 + (35)65 — (20)eq + (=7 — 6)63 -
(=4 —4)ea + (12— 14)eq
— (-2,8,-13, 20,35, —10).

Vol. 29, No. 2, 2011]



162 P. Acosta-HuMANEZ, M. ARANDA & R. NUNEZ

Thus, in general, the exterior product does not satisfies

%
/\Uz(fl)p/\ﬁ, for some p € Z.

Finally, although this paper is presented in a didactic way, there are original results
corresponding to the relations between the reversing operation and the generalized vector
product.
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