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Abstract. The aim of this paper is to compute the Jacobson’s radical of skew
PBW extensions over domains. As a consequence of this result we obtain a
direct relation between these extensions and the Jacobson’s conjecture, which
implies that skew PBW extensions over domains satisfy this conjecture.
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Conjetura de Jacobson y extensiones PBW torcidas

Resumen. El proposito de este articulo es calcular el radical de Jacobson de
las extensiones PBW torcidas sobre dominios. Como consecuencia de este re-
sultado obtenemos una relacién directa entre estas extensiones y la conjetura
de Jacobson, lo cual nos permite mostrar que las extensiones PBW torcidas
sobre dominios satisfacen esta conjetura.

Palabras clave: Anillos no conmutativos, radical de Jacobson, extensiones

PBW torcidas.

1. Introduction

The Jacobson’s radical introduced by N. Jacobson is the analog of the Frattini subgroup
in group theory. For a ring B, its Jacobson radical J(B) is defined as the intersection of
maximal left ideals in B. It is a remarkable fact that J(B) coincides with the intersection
of maximal left ideals (see [18] for more details). If J(B) = {0}, then B is called Jacobson
semisimple.

For several commutative and noncommutative rings the Jacobson’s radical has been
computed (see [14, 15, 18]). The main purpose of this paper is to find this radical for a
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140 A. REYES

kind of noncommutative rings known as skew PBW (PBW denotes Poincaré-Birkhoff-
Witt) extensions which were introduced in [3]. Once we have calculated their Jacobson’s
radical, we show immediately the relation between these extensions and the Jacobson’s
conjecture.

Conjecture (Jacobson’s conjecture). The intersection of the powers of the Jacobson
radical in a Noetherian ring A equals zero, i.e., (-, J(A)™ =
Our interest in this conjecture is motivated by its advances in noncommutative algebra,
since it is known that this conjecture is true in a commutative Noetherian ring (this is a
consequence of the Krull Intersection Theorem, see Kaplansky [14], Theorem 79). The
noncommutative question was formulated for one-sided Noetherian rings B, by Jacobson
in [8], p. 200. He had earlier introduced transfinite powers of J(B) (the intersection of
the finite powers being J(B)“) and had shown that some transfinite power of J(B) must
be zero (see [7], Theorem 11). However, counterexamples to the one-sided question were
presented by Herstein [5] and Jategaonkar [9], Example 1. Jategaonkar also constructed
counterexamples by showing that arbitrarily high transfinite powers of J(B) are needed
(cf. [10], Theorem 4.6).

The question in the two-sided Noetherian case has been answered positively for FBN
rings (see [4], Theorem 9.13) by Cauchon (|1], Theorem 5, [2|, Theorem I 2, p. 36), and
Jategaonkar ([11], Theorem 3.7); see also Schelter ([21]). For Noetherian rings of Krull
dimension one by Lenagan ([16], Theorem 4.4), and for Noetherian rings satisfying the
second layer condition (cf. [4], Theorem 14.8) by Jategaonkar ([12], Theorem H; [13],
Theorem 1.8).

With all above results in mind, we consider that this paper contributes to the study of
this conjecture for a considerable number of noncommutative rings which include rings
and algebras of interest for modern mathematical physics such as PBW extensions, well-
known classes of Ore algebras, operator algebras, diffusion algebras, quantum algebras,
quadratic algebras in 3-variables, skew quantum polynomials, among many others (see
Section 4).

The paper is organized as follows. In Section 2 we present the definition and some key
results of skew PBW extensions. In Section 3 we compute the Jacobson’s radical of
these extensions (Theorem 3.2). As a consequence we also establish its prime radical
(Proposition 3.3). From Theorem 3.2 we show that skew PBW extensions over domains
satisfy the Jacobson’s conjecture (Remark 3.5). Section 4 illustrates this result with some
remarkable examples of skew PBW extensions.

2. Definitions and key results

In this section we present some results about skew PBW extensions.

Definition 2.1 ([3], Definition 1). Let R and A be rings. We say that A is a skew PBW
extension of R (also called a o-PBW extension of R) if the following conditions hold:
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Jacobson's conjecture and skew PBW extensions 141

(i) RC A.

(if) There exist finite elements x1,...,2, € A\ R such A is a left R-free module with
basis

Mon(A) := {a* =z{* - 28 |a = (a1,...,a,) € N*}.

In this case we also say that A is a left polynomial ring over R with respect to the
set of variables {z1,...,2,} and Mon(A) is the set of standard monomials of A. In
addition, 20 - - - 29 := 1 € Mon(A).

(iii) For every 1 <i <mnandr € R\ {0} there exists ¢;,, € R \ {0} such that

Tir — ¢ T € R. (1)

(iv) For every 1 <i,j <n there exists ¢; ; € R \ {0} such that
TjTi — Ci jTiT; € R+ Rxy + -+ Rz, (2)

Under these conditions we will write A := o(R)(z1,...,zy).

For the next proposition, we recall that if B is a ring and o is a ring endomorphism
0 : B — B, a o-derivation 0 : B — B satisfies by definition §(rs) = o(r)d(s) +d(r)s. Ity
is an indeterminate, and yb = o (b)y+4(b), for any b € B, we denote this noncommutative
ring as Bly; 0, ], and it is called a skew polynomial ring.

Proposition 2.2 ([3], Proposition 3). Let A be a skew PBW extension of R. Then,
for every 1 < i < n, there exist an injective ring endomorphism o; : R — R and a
o;-derivation 6; : R — R such that x;r = o;(r)x; + 0;(r), for each r € R.

Definition 2.3 ([3], Definition 4). Let A be a skew PBW extension.
(a) A is quasi-commutative if conditions (iii) and (iv) in Definition 2.1 are replaced by:
(iii’) For every 1 <i<mnandr € R\ {0} there exists ¢;,, € R \ {0} such that
TiT = Ci Ty (3)
(iv’) For every 1 <14,j < n there exists ¢; ; € R \ {0} such that
LT = €T (4)

(b) A is bijective if o; is bijective for every 1 < ¢ < n and ¢, ; is invertible for any
1<i<i<n

Definition 2.4 ([3], Definition 6). Let A be a skew PBW extension of R with endomor-
phisms o;, 1 < i < n, as in Proposition 2.2.
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142 A. REYES

(i) For @ = (av1,..., ) € N", 0% := o' -+ 00", |a| == a1+ -+ a,. If g =
(/817"'7/3’n) € Nn7 then Oé+5 = (061 +/317'~'7an+ﬁn)~

(if) For X =z € Mon(A), exp(X) := o and deg(X) := |a/.
(i) Let 0 # f € A. We will denote by ¢(f) the finite set of terms that conform

fole, if f = a1 Xq + -+ Xy with X; € Mon(A4) and ¢; € R\ {0}, then
t(f) ={aXy,...,aX}

(iv) Let f be as in (iii). Then deg(f) := max{deg(X;)}!_;.

Skew PBW extensions can be characterized as follows.

Theorem 2.5 ([3], Theorem 7). Let A be a polynomial ring over R with respect to
{z1,...,2n}. Ais a skew PBW extension of R if and only if the following conditions
are satisfied:

(a) for each z* € Mon(A) and all 0 # r € R, there exist unique elements ro := 0c®(r) €
R — {0}, pa,r € A such that

2T = ro % + Dar, (5)

where po, =0 or deg(pa,r) < |a| if pa,r # 0. If r is left invertible, then rq is also
invertible.

(b) For each x, 2% € Mon(A) there exist unique elements co 3 € R and pos € A such
that
2%2% = co 58 + pog, (6)

where cq,p is left invertible, po,g =0 or deg(pa,s) < |a + B| if pa,g # 0.

A filtered ring is a ring B with a family F'B = {F,,B | n € Z} of additive subgroups of
B where we have the ascending chain --- C F,,_1B C F,,B C --- such that 1 € Fy B and
F,BF,,B C Fy,4n,B for all n,m € Z. From a filtered ring B it is possible to construct
its associated graded ring G(B) taking G(B),, := F,,B/F,_1B.

The first theorem of this section characterizes the graded associated ring of a skew PBW
extension. G(B) is a ring, which is known in the literature as the associated graded ring
of B.

Theorem 2.6 ([17], Theorem 2.2). If A is a skew PBW extension of a ring R, then A is
a filtered ring with filtration F'A given by

R if m=0,
Fmd = {{f€A|deg(f)§m} if m>1. @

With this filtration the graded associated ring G(A) is a quasi-commutative skew PBW
extension of R. If the skew PBW extension A is bijective, then G(A) is a quasi-
commutative bijective extension of R.
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Jacobson's conjecture and skew PBW extensions 143

Next theorem establishes the relation between skew PBW extensions and iterated skew
polynomial rings in the sense of Proposition 2.2.

Theorem 2.7 ([17], Theorem 2.3). Let A be a quasi-commutative skew PBW extension
of a ring R. Then (i) A is isomorphic to an iterated skew polynomial ring, and (i) if A
is bijective, each endomorphism of the skew polynomial ring in (i) is an isomorphism.

3. Jacobson'’s radical

As we mentioned above, the Jacobson’s radical of a ring B, denoted by J(B), is the
intersection of maximal left ideals of B. If B # 0, maximal left ideals always exist by
Zorn’s Lemma, and so J(B) # B. If B = 0, then there are no maximal left ideals; in
this case, we define J(B) = 0. A ring B is called Jacobson semisimple (or J-semisimple)
if J(B) = 0. If rad(B) = {0}, where rad(—) denotes the prime radical (the intersection
of prime left ideals of B), then B is called semiprime.

In the noncommutative setting an integral domain, briefly called a domain, is defined as a
ring in which the product of any two nonzero elements is nonzero ([18]). Proposition 3.1
establishes necessary and sufficient conditions to guarantee that skew PBW extensions
are domains.

Proposition 3.1 ([17], Proposition 4.1). Let A be a skew PBW extension of a ring R. If
R is a domain, then A is also a domain.

Proof. In Mon(A) we define the order

20— B
or

2 = 2 <= { 2> # 2P but o] > |B] "
or

i 75 xﬁ, ‘CM| = |5\but Ji with a3 = /31,.. G = 6i,1,ai > ﬁb

This order is total on Mon(A). If 2 = 2 but 2 # 27, we write 2 = 7. Each element
f € A can be written in a unique way as f = c1z®* + -+ 4+ ¢z, with ¢; € R \ {0},
1 <i<t, and 2% = -+ > z%. We say that 2! is the leading monomial of f, which
is denoted Im(f) := 2%1; ¢ is the leading coefficient of f, written le(f) := ¢1, and that
c1z™ is the leading term of f, denoted by 1t(f) := c;x®*. Note that

2% = 2% = Im(x72%2) = Im(z72%2), for every 27, 2* € Mon(A).

Let f = cx® + p, g = dz® + ¢ be nonzero elements of A, with cx® = It(f), dz® = lt(g),
ie., c,d#0, 2% = Im(p) and z® > Im(g). Theorem 2.5 implies
fg = (ca® +p)(da” + q)
= cx®da® + cx®q + pda® + pq
= ¢(dpz® + po.a)z”® + cx®q + pdz® + pq,

Vol. 32, No. 2, 2014]



144 A. REYES

with 0 # do = 0%(d) € R, pa,d € A, pa,a =0, or deg(pa.q) < |a thanks to Proposition
2.2. Therefore,

fg=cdaaa® + cpa,dmﬁ + cx®q + pdx® + pq
= cdo (a5’ + pag) + Paar’ + cx®q+ pda’ + pq
= daCa,pr P + cdapa,s + Pa,az’ + cx®q + pda® + pq,

where 0 # ¢q.3 € R, Pa,g € A, pa,g = 0, or deg(pa,s) < |a + B|. Note that cdycq,p # 0
and h = cdapa,g + cp,lﬂ,ixﬁ + cx®q + pdx? + pg € A is an element such that h = 0 or
28 = Im(h). This shows that fg # 0, which concludes the proof. ]

Theorem 3.2 ([19], Theorem 1.3.2). Let R be a domain. If A is a bijective skew PBW
extension of R, then A is a semisimple Jacobson ring, that is, J(A) = {0}. Moreover
rad(4) =0

Proof. Consider the associated graded ring G(A) of filtration (7). Let f be a nonzero
element of A with the notation given in Definition 2.4. We define a(f) := f 4 Fyeg(r)—14
if and only if f # 0.

Let 0 # f € J(A). Then there exists a nonzero g € A for which (1 — f)g

=1 (note that
deg(1— f) = deg(f)). Suppose that deg(f) > 1. It is clear that a(1 — f), a(g)

# 0. Then

a1 = flalg) = (1= f+ Faeg1—)-14)(9 + Feg(g)-14)
= (1= f)g9 + Faeg(1—f)+deg(9)—14
= 14 Facg(1—p)+deg(g)-14-

Since deg(l — f) > 1 then deg(l — f) + deg(g) — 1 > deg(g) > 0, which im-
plies 1 + Faeg(i—f)rdeg(g)—14 = 0 + Fueg1—f)tdeg(g)-14. Hence a(l — fla(g) =

0 + Fieg(1—f)+deg(g)—14, which is a contradiction since G(A) is a domain (Theorem
2.6 and Proposmon 3.1) and the fact that a(1 — f), a(g) are nonzero elements of G(A).

Therefore deg(f) < 0 which means that J(A) C R.

Next we show that J(A) C {0}. Let g € A with deg(g) > 1 and let f € J(A). Then fg €
J(A) C R, that is, fg € FyA. Since deg(f) + deg(g) — 1 > 0 it follows that a(f)a(g) =

(f + Fdeg(f) IA)(g +Fdeg g)— lA) - fg+Fdeg(f)+deg(g) IA =0+ Fdeg f)+deg(g)— lA but
a(g) # 0so a(f) =0, that is, f = 0. This concludes the proof. v

In the noncommutative setting, a prime ideal in a ring B is any proper ideal P of B such
that, whenever I and J are ideals of B with IJ C P, either I C P or J C P. A prime
ring is a ring in which 0 is a prime ideal. The next proposition establishes sufficient
conditions to obtain skew PBW extensions which are prime rings.

Proposition 3.3 ([19], Proposition 1.3.3). If A is a bijective skew PBW extension of a
prime ring R, then A is also a prime ring and rad(A) = 0.
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Jacobson's conjecture and skew PBW extensions 145

Proof. By Theorem 2.6 one has that G(A) is a quasi-commutative skew PBW extension
of R, and by assumption it is also bijective. Now, Theorem 2.7 implies that G(A) is

isomorphic to an iterated skew polynomial ring R[z1;01] - [2n; 0] where 6; is bijective
for 1 < i < n. Hence by [18], Theorem 1.2.9, G(A) is a prime ring. Finally, from [18],
Theorem 1.6.9, it follows the assertion. %

Remark 3.4 ([19], Remark 1.3.4). (i) Theorem 3.2 generalizes the result that estab-
lishes that if &k is a division ring, then a polynomial ring k[{x;}] in commuting
variables {x;} is J-semisimple. This also applies for the Ore extension of bijective
type k[x; o] and the ring of type derivation k[z;d], which are also J-semisimple (cf.
[15], Corollary 4.17).

(ii) We recall that if T' is a set of commuting variables, then the polynomial ring
B = R[T] is prime if and only if R is prime. The same statement holds for the ring
of Laurent polynomials R[T,T 1] (|15], Proposition 10.18). In this way, bijective
skew PBW extensions of prime rings (for instance fields, polynomial rings and
Laurent polynomial rings over prime rings, or iterated skew PBW extensions over
prime rings) have prime radical zero (see Section 4).

Remark 3.5. Tt follows from Theorem 3.2 that Jacobson’s conjecture is true for all ex-
amples of skew PBW extensions over a domain presented in [17], Section 3. The next
section illustrates this result with some remarkable examples of skew PBW extensions.

4. Some examples of skew PBW extensions over domains

In this section we present some examples of skew PBW extensions over domains. Hence
its Jacobson’s radical is trivial and examples verify the Jacobson’s conjecture. For a more
complete list of examples and a detailed description and reference of each ring (see [17],
Section 3 and [19], Chapter 2.)

4.1. PBW extensions

Any PBW extension is a bijective skew PBW extension since in this case o; = idpg, for
every 1 <i<n,and ¢;; = 1, for every 1 <i,j <n. Thus, for PBW extensions we have
A =i(R)(x1,...,z,). The following are examples of PBW extensions.

(a) Polynomial rings over domains: A = Rlty,...,t,] is a skew PBW extension of R.

(b) Any skew polynomial ring of derivation type A = R[z;0,0], i.e., with 0 = idg. In
general, any Ore extension of derivation type R[x1;01,01] - [Tn;0n,dy], that is,
o; = idpR, for any 1 <i <mn.

(¢) Let k be a commutative ring and g a finite-dimensional Lie algebra over k with basis
{z1,...,zn}; the universal enveloping algebra of g, denoted by U(g), is a PBW
extension of k, since x;r —rz; =0, xjz; —xja; = [, 2;] € g = k+kax1+- -+ kay,
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146 A. REYES

r €k, for 1 <i,j < n. In fact, the universal enveloping algebra of a Kac-Moody
Lie algebra is a PBW extension of a polynomial ring.

(d) The twisted or smash product differential operator ring k #, U(g) studied by Mc-
Connell [18] and others, where g is a finite-dimensional Lie algebra acting on k by
derivations, and o is Lie 2-cocycle with values in k.

4.2. Ore extensions of bijective type

Any skew polynomial ring Rlx;o0,0] of bijective type is a bijective skew PBW exten-
sion. In this case we have R[z;0,6] = o(R)(z). If additionally § = 0, then R[xz;0] is
quasi-commutative. In a general way, let R[z1;01,01] - [2n; 00, 0n] be an iterated skew
polynomial ring of bijective type, i.e., the following conditions hold:

= for 1 <i <n, o; is bijective;
m forevery r € Rand 1 <1i<mn, o;(r),d(r) € R;
w for i < j, oj(x;) = cx; +d, with ¢,d € R and ¢ has a left inverse;
m fori < j,d;(z;) € R4+ Rxy+ -+ + Ray;
then, R[z1;01,01] - [Tn;0n,0n] is a bijective skew PBW extension. Under these we

have R[z1;01,01] - [2n; 0n, 0n] = 0(R)(21,...,2,). Some remarkable examples of this
kind of noncommutative rings are the following:

(a) Quantum plane O4(k?). Let ¢ € k*. The quantized coordinate ring of k? is a
k-algebra, denoted by O,(k?), presented by two generators x,y and the relation
2y = qyx. We have O, (k?) =2 o(k)(z, y).

(b) The algebra of g-differential operators Dy plx,y]. Let ¢, h € k,q # 0; consider the
ring k[y][z; 0, 6], where o(y) := qy, 6(y) := h. Then zy = o(y)z + d(y) = qyz + h,
so xy — qyx = h, and hence Dy p[z,y] = o(k)(z, y).

(¢) The mized algebra Dy,. It is defined by Dy, := k[t][x;idyy, %][xn; on], where h € k
and oy, (z) := z. Then Dy, = o(k)(t, z, z).

4.3. Operator algebras

In this subsection we recall some important and well-known operator algebras. We will
see that these algebras are skew PBW extensions of Ore extensions and hence some
operator algebras are iterated skew PBW extensions.

(a) Algebra of linear partial differential operators. The nth Weyl algebra A, (k) over
k coincides with the k-algebra of linear partial differential operators with poly-
nomial coefficients k[t1,...,t,]. As we have seen, the generators of A, (k) sat-
isfy the following relations: t;t; = t;t;, 0;0; = 0;0;, for 1 < i < j < n, and
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Jacobson's conjecture and skew PBW extensions 147

Ojt; = t;0; + 045, for 1 < 4,5 < n, where ;5 is the Kronecker symbol. Therefore
U(k)<t1,. .. ,tn;(?l,. ,an>

(b) Algebra of linear partial q-differential operators. For a fixed g € k \ {0}, this is the
k-algebra Kk[t1,. .., t,] [DYZ), R Dﬁg)], n > m, subject to the relations:

titi = tit;, 1<e<j<n,
D9t = qt;D\V + 1, 1<i<m,
DWWt =,D\", i#J,
Dﬁq)DEq) — DZQq)D;_tz)7 1<i<j<m.
If n = m, this operator algebra coincides with the additive analogue A, (q1,...,qn)

of the Weyl algebra A,,(q) (Section 4.5, Example (a)). This algebra can be expressed
as the skew PBW extension o (k){(t1, ..., tn; Dﬁq), . D%)).

(¢) Operator differential rings. Let R be an algebra over a commutative ring k
and let A = {01,...,0,} be a set of commuting derivations of R. Let T' =
R[#:,...,0,;01,...,0,] be the operator differential ring. The elements of T can
be written in a unique way as left R-linear combinations with the ordered mono-
mials in 6y,...,60,. The product on T is defined extending the product from R
subject to the relation 6;r —r0; = §;(r), r € R, i =1,...,n, and 6;0; — 6;6; = 0,
,7=1,...,n,and T = o(R)(b1,...,0,).

4.4. Diffusion algebras

Diffusion algebras arose in physics as a possible way to understand a large class of
1-dimensional stochastic process [6]. A diffusion algebra A with parameters a;; €
C\ {0},1 < i,j < nis a C-algebra generated by indeterminates z1,...,z, subject
to relations a;jx;x; — bijjxjz; = rjx; — 205, whenever ¢ < j, bij,r; € C for all ¢ < j.
Therefore A admits a PBW-basis of standard monomials z' --- 2% that is, A is a
diffusion algebra if these standard monomials are a C-vector space basis for A. From
Definition 2.1, (iii) and (iv), it is clear that the family of skew PBW extensions are more
general than diffusion algebras.

In the applications to physics the parameters a;; are strictly positive reals and the pa-
rameters b;; are positive reals as they are unnormalised measures of probability [6]. We
will denote ¢;; := f% The parameter g;; is a root of unity if and only if it equals to 1. It
is therefore reasonable to assume that these parameters are not roots of unity different
from 1 (6], p. 22). If all coefficients ¢;; are nonzero, then the corresponding diffusion
algebra have a PBW basis of standard monomials x’f ---a¥» and hence these algebras
are skew PBW extensions. More precisely, A = o(C)(z1,...,xy,). Note that diffusion
algebras cannot be expressed as Ore extensions which follows from the definition.
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4.5. Quantum algebras

(a) Additive analogue of the Weyl algebra. The k-algebra A, (q1, - .., g,) is by definition

~

generated by the indeterminates x1,..., %, y1,...,Yyn subject to the relations:
T = 1w, 1<i,j<n, 9)
Yij = T;jYs, i # s (11)
YiTi = qixiy;i + 1, 1<i<n, (12)

where ¢; € k \ {0}. We can see that A,(q1,...,qn) Z o(k)(z1,...,z,).

Multiplicative analogue of the Weyl algebra. The k-algebra O, (\;;) is generated by
the indeterminates x1, ..., z, subject to the relations: zjz; = \jz;z;, 1 <i<j <
n, /\ji ek \ {0} Thus On(/\ﬂ) = 0’(]]()(.731, .. .,In>.

Quantum algebra U'(s0(3,k)). This algebra is the g-analogue of the universal en-
veloping algebra so0(3, k). By definition it is the k-algebra generated by the variables
I, I, I5 subject to relations Io]y —ql1 Iy = —q'/ 213, IsIy —q~ 1115 = ¢~ Y/21,, I3 1, —
q[g[g = —q1/2[1, with qc k \ {0} Then L{’(su(3,k)) = O'(]k)(]l, [2, [3)

q-Heisenberg algebra. The k-algebra H,,(q) is generated by the set of indeterminates

{Z1, .. Tn, Y1, - Yn, 21, .., 2, subject to the relations:
Tjx; = wiwy, 22 = 2iZj, Yiyi = Yiy;, 1<i,j<mn, (13)
25Yi = YiZj, 2T = T2, YT = TiYj, ©F J (14)
Wi = qUizi,  w%=q @iz, YT =quiyi, 1 <i<n, (15)

with ¢ € k \ {0}. Then H,,(¢) Z o(K){(Z1, ..., Zn; Y15+ Yni 21, -5 Zn)-

Algebra of quantum matrices O4(M,(k)). This algebra was introduced by Faddeev,
Reshetikhin and Takhtadjian. It is by definition generated by k and the variables
zij, 1 <14,7 < n, subject to

TimTik = ¢ Tikim, 1<k<m<n,
TikTik = ¢ TikTik, 1<i<yj<n,
TimTjk = TjkTim, 1<i<yg k<m<n,
TimTim = qilximx]-m, 1<i<ji<n,
TimTjk = qilxjkl’jm, 1<k<m<n,
TikTjm — TimTik = (¢ — q_l)xima:jk, 1<i<jk<m<n.

From these relations we can see that Ogu(My(k)) = o(klzim,zk]) (@i, Tjm), for
1<i<jk<m<n Ifn=2 and 211 := y,r12 := u, 221 := v and 9y = =,
we obtain O4(Mz(k)), the coordinate algebra of the quantum matrix space Ma(k)
(this algebra is also known as Manin algebra of 2 X 2 quantum matrices).
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(f) Quantum enveloping algebra of s1(2,k). U, (s1(2,k)) is defined as the k-algebra

generated by the variables z,y,z, 27! 1 -1

with relations zz7* = z
-2 _ 2 -1 _ ,2.,-1 -1 _ —2_-1 _ _ z—2z"! .
q Czr,yz = q zy,x2T = q 2z x,yzT = q ‘2z y, and xy — yr = 22—, with

q # 1,—1. From these relations we can see that U, (sl(2,k)) = o (k[z*!])(z, y).

z = lzz =
1

(g) Hayashi’s algebra Wy(J). W,(J) is the algebra generated by the variables
TiyYis 2iy 1 <4 <m, i€ .J, where | J |=n, and relations (13)-(15), replacing z;z; =

g iz oy by (zivi — quiz))yi = 1 = yi(zivi — quizi), i=1,...,n, g€k {0}.
Since ziy; ' =y wi, 2yt =y e yiyy =ty = 1z = quiz+y; ' for
1<4i,j <n, then Wy(J) = a(k[ylﬂ,...,yﬁl})@l,...,xn;zl,...,zn>.

(h) The complex algebra Vy(sl3(C)). Let g be a complex number such that ¢® # 1. Con-
sider the complex algebra generated by eis, €13, €23, f12, f13, f23, k1, k2, [1,l2 with
the following relations:

fisfiz = ¢ fizf1s,
fasfiz = q2f12f23 = qfi3,
f23f13 = ¢ fis fas,

-2
€13€12 = q ~€12€13,
2
€23€12 = ¢ €12€23 — g€13,

-2
€23€13 = q ~€13€23,

e12fi2 = fize12 + %7 enky = q72k1€12> k1fi2 = q72f12k1,

e12f13 = fizeia + (If23/€%7 e12ks = gkaeqo, ko fi2 = qfi2ka,

€12 fo3 = fazeia, ewsky = ¢~ 'kiess, kifis = q " fisk,

e13fi2 = frze1s — ¢ Hieas, e1sky = ¢~ 'kaess, kafis = q ' fiska,
kK3 — 1313

e13f13 = fize13 — = easky = gkiezs, k1 f23 = qfasks,

e13fa3 = fasers + qkiers, easks = ¢ *kaeas, kafas = q 7 faska,

€23 f12 = fi2€23, el = ¢’lieqs, lifa = ¢ frals,

e23fiz = fisezs — q ' f12l3, eraly = g aera, lofr2 = ¢ " fr2la,
k3 —13

€23 fa3 = fazeas + prp—t eisli = qlieys, 1 f13 = qfisls,

e1sly = qlaess,
lifa3 = q " fasly,
liky = kily,
liks = kaly,

laf13 = qfislz,
easly = ¢°laeas,
laky = ks,
loky = kala,

easli = ¢ 'lyeas,

I f23 = ¢ fasla,
koky = kika,
loly = lyls.

This algebra is a bijective skew PBW extension of the polynomial ring
C[l1,127/€17/€2]~ That is, Vq(5[3((c)) = U((C[lhlz,kl,kz])<€12,613,6237f12,f137f23>~

(i) The algebra of differential operators Dq(Sq) on a quantum space Sq. Let k be
a commutative ring and let q = [g;;] be a matrix with entries in &*, such that
gii = 1 = qijq5; for all 1 <4, j < n. The k-algebra Sq is generated by z;,1 < i <n,
subject to the relations x;2; = ¢;;x;2;. The algebra Sy is regarded as the algebra
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of functions on a quantum space. The algebra Dg(Sq) of g-differential operators
on Sq is defined by 0;x; — qijx;0; = &;5, for all i, j, and 0;0; = ¢;;0;0;, for all 4, j.
Therefore, Dq(Sq) = o(o(k){x1,...,24)){(01,...,0n).

Quantum Weyl algebra Ay(q,pi ;). The ring A, (¢,pi,;) can be viewed as a quan-
tization of the usual Weyl algebra A, (k). By definition, A,(q,p; ;) is the ring
generated over the field k by the variables x;,0; with ¢,j = 1,...,n and subject to
relations

TiTj = Pijqx;Ti, for all i < j,

0,0; = pijq~'0,;0;, for all i < 7,

dixj = pi;lqx; i, for all i # j,

iy = 1+ ¢*x;0; + (q2 -1) Zafj(?j, for all 4.
i<j

We can check that Au (g, i) = o(o(0(o(- - (oK) (2a))(00)) - ) (@2)){y2)) (@1)) w1)-
Note that if ¢, p;; = 1 we obtain the usual Weyl algebra 4, (k).

3-dimensional skew polynomial algebras

Definition 4.1. A 3-dimensional skew polynomial algebra A is a k-algebra generated by
the indeterminates x,y, z restricted to yz — azy = A\, zx — frz = p and zy — yyxr = v
such that

1.

2.

A, v € k+ ke +ky +kz, and a, 5,7 € k*;

Standard monomials {x*y7z! | i, 4,1 > 0} are a k-basis of the algebra.

It is clear that 3-dimensional skew polynomial ring are skew PBW extensions of the field

k.

Next proposition establishes a classification of 3-dimensional skew polynomial algebras.

Proposition 4.2 ([20], Theorem C.4.3.1, p. 101). Let A be a 3-dimensional skew polyno-
mial algebra. Then A is one of the following algebras:

(a) if {o, 8,7} = 3, then A is defined by

yz—azy=0, zzx—LPrz=0 xy—yyx=0. (16)

(b) if {a, By =2y B#a=~v=1, A is one of the following algebras:

() yz—zy=2 zx—Pfrz=y, xy—yr=u;
(i) yz—z2y=12, zx—fPaz=b, xy—yzx=ux;

(i) yz—2y =0, zax—Prz=y, ay—yx=0;
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(iv) yz—2y=0, zz—Paxz=b, zy—yzx=0;
(V) yz—zy=uaz, zx—pPrz=0, zy—yxr=ux;

Vi) yz—2zy=2, zx—Paxz=0, zy—yxr=0.

Here a and b are any elements of k. All nonzero values of b give isomorphic
algebras.

If {a, 8,7} =2 and B # a =~ # 1, then A is one of the following algebras:

(1) yz—azy=0, zax—Prz=y+b, ay—ayr=0;
(il) yz —azy=0, zz—Pzz=b, zy—ayzr=0.

In this case b is an arbitrary element of k. Again, any nonzero values of b given
isomorphic algebras.

Ifa =0 =~#1, then A is the algebra
yz —azy =a1x + by, zx—arz=ay+b, xYy—ayr=azz+ bs.
Ifa; = 0,1 =1,2,3, all nonzero values of b; give isomorphic algebras.
If a = =~=1, A is isomorphic to one of the following algebras
(i) yz—zy=2, zx—zz=y, xy—yzr=2z
(ii) yz—2y=0, zx—2zz=0, zy—yz=z;
(i) yz—2y=0, zx—az=0, xzy—yzx=>";
(iv) yz—zy=—-y, zz—zz=x+y, xy—yx=0;
(V) yz—zy=az, zx—xz=2z, zy—yz=0;

Parameters a,b € k are arbitrary and all nonzero values of b generates isomorphic
algebras.
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