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Abstract. The aim of this paper is to compute the Jacobson’s radical of skew
PBW extensions over domains. As a consequence of this result we obtain a
direct relation between these extensions and the Jacobson’s conjecture, which
implies that skew PBW extensions over domains satisfy this conjecture.
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Conjetura de Jacobson y extensiones PBW torcidas

Resumen. El propósito de este artículo es calcular el radical de Jacobson de
las extensiones PBW torcidas sobre dominios. Como consecuencia de este re-
sultado obtenemos una relación directa entre estas extensiones y la conjetura
de Jacobson, lo cual nos permite mostrar que las extensiones PBW torcidas
sobre dominios satisfacen esta conjetura.

Palabras clave: Anillos no conmutativos, radical de Jacobson, extensiones
PBW torcidas.

1. Introduction

The Jacobson’s radical introduced by N. Jacobson is the analog of the Frattini subgroup
in group theory. For a ring B, its Jacobson radical J(B) is defined as the intersection of
maximal left ideals in B. It is a remarkable fact that J(B) coincides with the intersection
of maximal left ideals (see [18] for more details). If J(B) = {0}, then B is called Jacobson
semisimple.

For several commutative and noncommutative rings the Jacobson’s radical has been
computed (see [14, 15, 18]). The main purpose of this paper is to find this radical for a
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140 A. Reyes

kind of noncommutative rings known as skew PBW (PBW denotes Poincaré-Birkhoff-
Witt) extensions which were introduced in [3]. Once we have calculated their Jacobson’s
radical, we show immediately the relation between these extensions and the Jacobson’s
conjecture.

Conjecture (Jacobson’s conjecture). The intersection of the powers of the Jacobson
radical in a Noetherian ring A equals zero, i.e.,

⋂
∞

n=1 J(A)
n = 0.

Our interest in this conjecture is motivated by its advances in noncommutative algebra,
since it is known that this conjecture is true in a commutative Noetherian ring (this is a
consequence of the Krull Intersection Theorem, see Kaplansky [14], Theorem 79). The
noncommutative question was formulated for one-sided Noetherian rings B, by Jacobson
in [8], p. 200. He had earlier introduced transfinite powers of J(B) (the intersection of
the finite powers being J(B)ω) and had shown that some transfinite power of J(B) must
be zero (see [7], Theorem 11). However, counterexamples to the one-sided question were
presented by Herstein [5] and Jategaonkar [9], Example 1. Jategaonkar also constructed
counterexamples by showing that arbitrarily high transfinite powers of J(B) are needed
(cf. [10], Theorem 4.6).

The question in the two-sided Noetherian case has been answered positively for FBN
rings (see [4], Theorem 9.13) by Cauchon ([1], Theorem 5, [2], Theorem I 2, p. 36), and
Jategaonkar ([11], Theorem 3.7); see also Schelter ([21]). For Noetherian rings of Krull
dimension one by Lenagan ([16], Theorem 4.4), and for Noetherian rings satisfying the
second layer condition (cf. [4], Theorem 14.8) by Jategaonkar ([12], Theorem H; [13],
Theorem 1.8).

With all above results in mind, we consider that this paper contributes to the study of
this conjecture for a considerable number of noncommutative rings which include rings
and algebras of interest for modern mathematical physics such as PBW extensions, well-
known classes of Ore algebras, operator algebras, diffusion algebras, quantum algebras,
quadratic algebras in 3-variables, skew quantum polynomials, among many others (see
Section 4).

The paper is organized as follows. In Section 2 we present the definition and some key
results of skew PBW extensions. In Section 3 we compute the Jacobson’s radical of
these extensions (Theorem 3.2). As a consequence we also establish its prime radical
(Proposition 3.3). From Theorem 3.2 we show that skew PBW extensions over domains
satisfy the Jacobson’s conjecture (Remark 3.5). Section 4 illustrates this result with some
remarkable examples of skew PBW extensions.

2. Definitions and key results

In this section we present some results about skew PBW extensions.

Definition 2.1 ([3], Definition 1). Let R and A be rings. We say that A is a skew PBW

extension of R (also called a σ-PBW extension of R) if the following conditions hold:
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Jacobson’s conjecture and skew PBW extensions 141

(i) R ⊆ A.

(ii) There exist finite elements x1, . . . , xn ∈ A \ R such A is a left R-free module with
basis

Mon(A) := {xα = xα1
1 · · ·xαn

n | α = (α1, . . . , αn) ∈ Nn}.

In this case we also say that A is a left polynomial ring over R with respect to the
set of variables {x1, . . . , xn} and Mon(A) is the set of standard monomials of A. In
addition, x0

1 · · ·x
0
n := 1 ∈ Mon(A).

(iii) For every 1 ≤ i ≤ n and r ∈ R \ {0} there exists ci,r ∈ R \ {0} such that

xir − ci,rxi ∈ R. (1)

(iv) For every 1 ≤ i, j ≤ n there exists ci,j ∈ R \ {0} such that

xjxi − ci,jxixj ∈ R+Rx1 + · · ·+ Rxn. (2)

Under these conditions we will write A := σ(R)�x1, . . . , xn�.

For the next proposition, we recall that if B is a ring and σ is a ring endomorphism
σ : B → B, a σ-derivation δ : B → B satisfies by definition δ(rs) = σ(r)δ(s)+ δ(r)s. If y
is an indeterminate, and yb = σ(b)y+δ(b), for any b ∈ B, we denote this noncommutative
ring as B[y;σ, δ], and it is called a skew polynomial ring.

Proposition 2.2 ([3], Proposition 3). Let A be a skew PBW extension of R. Then,
for every 1 ≤ i ≤ n, there exist an injective ring endomorphism σi : R → R and a
σi-derivation δi : R → R such that xir = σi(r)xi + δi(r), for each r ∈ R.

Definition 2.3 ([3], Definition 4). Let A be a skew PBW extension.

(a) A is quasi-commutative if conditions (iii) and (iv) in Definition 2.1 are replaced by:

(iii’) For every 1 ≤ i ≤ n and r ∈ R \ {0} there exists ci,r ∈ R \ {0} such that

xir = ci,rxi. (3)

(iv’) For every 1 ≤ i, j ≤ n there exists ci,j ∈ R \ {0} such that

xjxi = ci,jxixj . (4)

(b) A is bijective if σi is bijective for every 1 ≤ i ≤ n and ci,j is invertible for any
1 ≤ i < j ≤ n.

Definition 2.4 ([3], Definition 6). Let A be a skew PBW extension of R with endomor-
phisms σi, 1 ≤ i ≤ n, as in Proposition 2.2.
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142 A. Reyes

(i) For α = (α1, . . . , αn) ∈ Nn, σα := σα1
1 · · ·σαn

n , |α| := α1 + · · · + αn. If β =

(β1, . . . , βn) ∈ Nn, then α+ β := (α1 + β1, . . . , αn + βn).

(ii) For X = xα ∈ Mon(A), exp(X) := α and deg(X) := |α|.

(iii) Let 0 �= f ∈ A. We will denote by t(f) the finite set of terms that conform
f , i.e., if f = c1X1 + · · · + ctXt with Xi ∈ Mon(A) and ci ∈ R \ {0}, then
t(f) := {c1X1, . . . , ctXt}.

(iv) Let f be as in (iii). Then deg(f) := max{deg(Xi)}
t
i=1.

Skew PBW extensions can be characterized as follows.

Theorem 2.5 ([3], Theorem 7). Let A be a polynomial ring over R with respect to
{x1, . . . , xn}. A is a skew PBW extension of R if and only if the following conditions
are satisfied:

(a) for each xα ∈ Mon(A) and all 0 �= r ∈ R, there exist unique elements rα := σα(r) ∈

R− {0}, pα,r ∈ A such that

xαr = rαx
α + pα,r, (5)

where pα,r = 0 or deg(pα,r) < |α| if pα,r �= 0. If r is left invertible, then rα is also
invertible.

(b) For each xα, xβ ∈ Mon(A) there exist unique elements cα,β ∈ R and pα,β ∈ A such
that

xαxβ = cα,βx
α+β + pα,β, (6)

where cα,β is left invertible, pα,β = 0 or deg(pα,β) < |α+ β| if pα,β �= 0.

A filtered ring is a ring B with a family FB = {FnB | n ∈ Z} of additive subgroups of
B where we have the ascending chain · · · ⊂ Fn−1B ⊂ FnB ⊂ · · · such that 1 ∈ F0B and
FnBFmB ⊆ Fn+mB for all n,m ∈ Z. From a filtered ring B it is possible to construct
its associated graded ring G(B) taking G(B)n := FnB/Fn−1B.

The first theorem of this section characterizes the graded associated ring of a skew PBW

extension. G(B) is a ring, which is known in the literature as the associated graded ring
of B.

Theorem 2.6 ([17], Theorem 2.2). If A is a skew PBW extension of a ring R, then A is
a filtered ring with filtration FA given by

FmA :=

{
R if m = 0,

{f ∈ A | deg(f) ≤ m} if m ≥ 1.
(7)

With this filtration the graded associated ring G(A) is a quasi-commutative skew PBW

extension of R. If the skew PBW extension A is bijective, then G(A) is a quasi-
commutative bijective extension of R.
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Jacobson’s conjecture and skew PBW extensions 143

Next theorem establishes the relation between skew PBW extensions and iterated skew
polynomial rings in the sense of Proposition 2.2.

Theorem 2.7 ([17], Theorem 2.3). Let A be a quasi-commutative skew PBW extension
of a ring R. Then (i) A is isomorphic to an iterated skew polynomial ring, and (ii) if A
is bijective, each endomorphism of the skew polynomial ring in (i) is an isomorphism.

3. Jacobson’s radical

As we mentioned above, the Jacobson’s radical of a ring B, denoted by J(B), is the
intersection of maximal left ideals of B. If B �= 0, maximal left ideals always exist by
Zorn’s Lemma, and so J(B) �= B. If B = 0, then there are no maximal left ideals; in
this case, we define J(B) = 0. A ring B is called Jacobson semisimple (or J-semisimple)
if J(B) = 0. If rad(B) = {0}, where rad(−) denotes the prime radical (the intersection
of prime left ideals of B), then B is called semiprime.

In the noncommutative setting an integral domain, briefly called a domain, is defined as a
ring in which the product of any two nonzero elements is nonzero ([18]). Proposition 3.1
establishes necessary and sufficient conditions to guarantee that skew PBW extensions
are domains.

Proposition 3.1 ([17], Proposition 4.1). Let A be a skew PBW extension of a ring R. If
R is a domain, then A is also a domain.

Proof. In Mon(A) we define the order

xα � xβ ⇐⇒






xα = xβ

or

xα �= xβ but |α| > |β|

or

xα �= xβ , |α| = |β| but ∃ i with α1 = β1, . . . , αi−1 = βi−1, αi > βi.

(8)

This order is total on Mon(A). If xα � xβ but xα �= xβ , we write xα ≻ xβ . Each element
f ∈ A can be written in a unique way as f = c1x

α1 + · · · + ctx
αt , with ci ∈ R \ {0},

1 ≤ i ≤ t, and xα1 ≻ · · · ≻ xαt . We say that xα1 is the leading monomial of f , which
is denoted lm(f) := xα1 ; c1 is the leading coefficient of f , written lc(f) := c1, and that
c1x

α1 is the leading term of f , denoted by lt(f) := c1x
α1 . Note that

xα ≻ xβ ⇒ lm(xγxαxλ) ≻ lm(xγxβxλ), for every xγ , xλ ∈ Mon(A).

Let f = cxα + p, g = dxβ + q be nonzero elements of A, with cxα = lt(f), dxβ = lt(g),
i.e., c, d �= 0, xα ≻ lm(p) and xβ ≻ lm(q). Theorem 2.5 implies

fg = (cxα + p)(dxβ + q)

= cxαdxβ + cxαq + pdxβ + pq

= c(dαx
α + pα,d)x

β + cxαq + pdxβ + pq,
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144 A. Reyes

with 0 �= dα = σα(d) ∈ R, pα,d ∈ A, pα,d = 0, or deg(pα,d) < |α| thanks to Proposition
2.2. Therefore,

fg = cdαx
αxβ + cpα,dx

β + cxαq + pdxβ + pq

= cdα(cα,βx
α+β + pα,β) + cpα,dx

β + cxαq + pdxβ + pq

= cdαcα,βx
α+β + cdαpα,β + cpα,dx

β + cxαq + pdxβ + pq,

where 0 �= cα,β ∈ R, pα,β ∈ A, pα,β = 0, or deg(pα,β) < |α + β|. Note that cdαcα,β �= 0

and h := cdαpα,β + cpα,dx
β + cxαq + pdxβ + pq ∈ A is an element such that h = 0 or

xα+β ≻ lm(h). This shows that fg �= 0, which concludes the proof. ����

Theorem 3.2 ([19], Theorem 1.3.2). Let R be a domain. If A is a bijective skew PBW

extension of R, then A is a semisimple Jacobson ring, that is, J(A) = {0}. Moreover
rad(A) = 0.

Proof. Consider the associated graded ring G(A) of filtration (7). Let f be a nonzero
element of A with the notation given in Definition 2.4. We define α(f) := f +Fdeg(f)−1A

if and only if f �= 0.

Let 0 �= f ∈ J(A). Then there exists a nonzero g ∈ A for which (1− f)g = 1 (note that
deg(1−f) = deg(f)). Suppose that deg(f) ≥ 1. It is clear that α(1−f), α(g) �= 0. Then

α(1 − f)α(g) = (1− f + Fdeg(1−f)−1A)(g + Fdeg(g)−1A)

= (1− f)g + Fdeg(1−f)+deg(g)−1A

= 1 + Fdeg(1−f)+deg(g)−1A.

Since deg(1 − f) ≥ 1 then deg(1 − f) + deg(g) − 1 ≥ deg(g) ≥ 0, which im-
plies 1 + Fdeg(1−f)+deg(g)−1A = 0 + Fdeg(1−f)+deg(g)−1A. Hence α(1 − f)α(g) =

0 + Fdeg(1−f)+deg(g)−1A, which is a contradiction since G(A) is a domain (Theorem
2.6 and Proposition 3.1) and the fact that α(1 − f), α(g) are nonzero elements of G(A).
Therefore deg(f) ≤ 0 which means that J(A) ⊆ R.

Next we show that J(A) ⊆ {0}. Let g ∈ A with deg(g) ≥ 1 and let f ∈ J(A). Then fg ∈

J(A) ⊆ R, that is, fg ∈ F0A. Since deg(f) + deg(g)− 1 ≥ 0 it follows that α(f)α(g) =

(f + Fdeg(f)−1A)(g + Fdeg(g)−1A) = fg+Fdeg(f)+deg(g)−1A = 0+ Fdeg(f)+deg(g)−1A, but
α(g) �= 0 so α(f) = 0, that is, f = 0. This concludes the proof. ����

In the noncommutative setting, a prime ideal in a ring B is any proper ideal P of B such
that, whenever I and J are ideals of B with IJ ⊆ P , either I ⊆ P or J ⊆ P . A prime
ring is a ring in which 0 is a prime ideal. The next proposition establishes sufficient
conditions to obtain skew PBW extensions which are prime rings.

Proposition 3.3 ([19], Proposition 1.3.3). If A is a bijective skew PBW extension of a
prime ring R, then A is also a prime ring and rad(A) = 0.
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Jacobson’s conjecture and skew PBW extensions 145

Proof. By Theorem 2.6 one has that G(A) is a quasi-commutative skew PBW extension
of R, and by assumption it is also bijective. Now, Theorem 2.7 implies that G(A) is
isomorphic to an iterated skew polynomial ring R[z1; θ1] · · · [zn; θn] where θi is bijective
for 1 ≤ i ≤ n. Hence by [18], Theorem 1.2.9, G(A) is a prime ring. Finally, from [18],
Theorem 1.6.9, it follows the assertion. ����

Remark 3.4 ([19], Remark 1.3.4). (i) Theorem 3.2 generalizes the result that estab-
lishes that if k is a division ring, then a polynomial ring k[{xi}] in commuting
variables {xi} is J-semisimple. This also applies for the Ore extension of bijective
type k[x;σ] and the ring of type derivation k[x; δ], which are also J-semisimple (cf.
[15], Corollary 4.17).

(ii) We recall that if T is a set of commuting variables, then the polynomial ring
B = R[T ] is prime if and only if R is prime. The same statement holds for the ring
of Laurent polynomials R[T, T−1] ([15], Proposition 10.18). In this way, bijective
skew PBW extensions of prime rings (for instance fields, polynomial rings and
Laurent polynomial rings over prime rings, or iterated skew PBW extensions over
prime rings) have prime radical zero (see Section 4).

Remark 3.5. It follows from Theorem 3.2 that Jacobson’s conjecture is true for all ex-
amples of skew PBW extensions over a domain presented in [17], Section 3. The next
section illustrates this result with some remarkable examples of skew PBW extensions.

4. Some examples of skew PBW extensions over domains

In this section we present some examples of skew PBW extensions over domains. Hence
its Jacobson’s radical is trivial and examples verify the Jacobson’s conjecture. For a more
complete list of examples and a detailed description and reference of each ring (see [17],
Section 3 and [19], Chapter 2.)

4.1. PBW extensions

Any PBW extension is a bijective skew PBW extension since in this case σi = idR, for
every 1 ≤ i ≤ n, and ci,j = 1, for every 1 ≤ i, j ≤ n. Thus, for PBW extensions we have
A = i(R)�x1, . . . , xn�. The following are examples of PBW extensions.

(a) Polynomial rings over domains : A = R[t1, . . . , tn] is a skew PBW extension of R.

(b) Any skew polynomial ring of derivation type A = R[x;σ, δ], i.e., with σ = idR. In
general, any Ore extension of derivation type R[x1;σ1, δ1] · · · [xn;σn, δn], that is,
σi = idR, for any 1 ≤ i ≤ n.

(c) Let k be a commutative ring and g a finite-dimensional Lie algebra over k with basis
{x1, . . . , xn}; the universal enveloping algebra of g, denoted by U(g), is a PBW

extension of k, since xir− rxi = 0, xixj −xjxi = [xi, xj ] ∈ g = k+kx1+ · · ·+kxn,
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146 A. Reyes

r ∈ k, for 1 ≤ i, j ≤ n. In fact, the universal enveloping algebra of a Kac-Moody
Lie algebra is a PBW extension of a polynomial ring.

(d) The twisted or smash product differential operator ring k #σ U(g) studied by Mc-
Connell [18] and others, where g is a finite-dimensional Lie algebra acting on k by
derivations, and σ is Lie 2-cocycle with values in k.

4.2. Ore extensions of bijective type

Any skew polynomial ring R[x;σ, δ] of bijective type is a bijective skew PBW exten-
sion. In this case we have R[x;σ, δ] ∼= σ(R)�x�. If additionally δ = 0, then R[x;σ] is
quasi-commutative. In a general way, let R[x1;σ1, δ1] · · · [xn;σn, δn] be an iterated skew
polynomial ring of bijective type, i.e., the following conditions hold:

for 1 ≤ i ≤ n, σi is bijective;

for every r ∈ R and 1 ≤ i ≤ n, σi(r), δi(r) ∈ R;

for i < j, σj(xi) = cxi + d, with c, d ∈ R and c has a left inverse;

for i < j, δj(xi) ∈ R+Rx1 + · · ·+Rxn;

then, R[x1;σ1, δ1] · · · [xn;σn, δn] is a bijective skew PBW extension. Under these we
have R[x1;σ1, δ1] · · · [xn;σn, δn] ∼= σ(R)�x1, . . . , xn�. Some remarkable examples of this
kind of noncommutative rings are the following:

(a) Quantum plane Oq(k
2). Let q ∈ k∗. The quantized coordinate ring of k2 is a

k-algebra, denoted by Oq(k
2), presented by two generators x, y and the relation

xy = qyx. We have Oq(k
2) ∼= σ(k)�x, y�.

(b) The algebra of q-differential operators Dq,h[x, y]. Let q, h ∈ k, q �= 0; consider the
ring k[y][x;σ, δ], where σ(y) := qy, δ(y) := h. Then xy = σ(y)x + δ(y) = qyx + h,
so xy − qyx = h, and hence Dq,h[x, y] ∼= σ(k)�x, y�.

(c) The mixed algebra Dh. It is defined by Dh := k[t][x; idk[t],
d
dt
][xh;σh], where h ∈ k

and σh(x) := x. Then Dh
∼= σ(k)�t, x, xh�.

4.3. Operator algebras

In this subsection we recall some important and well-known operator algebras. We will
see that these algebras are skew PBW extensions of Ore extensions and hence some
operator algebras are iterated skew PBW extensions.

(a) Algebra of linear partial differential operators. The nth Weyl algebra An(k) over
k coincides with the k-algebra of linear partial differential operators with poly-
nomial coefficients k[t1, . . . , tn]. As we have seen, the generators of An(k) sat-
isfy the following relations: titj = tjti, ∂i∂j = ∂j∂i, for 1 ≤ i < j ≤ n, and
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Jacobson’s conjecture and skew PBW extensions 147

∂jti = ti∂j + δij , for 1 ≤ i, j ≤ n, where δij is the Kronecker symbol. Therefore
σ(k)�t1, . . . , tn; ∂1, . . . , ∂n�.

(b) Algebra of linear partial q-differential operators. For a fixed q ∈ k \ {0}, this is the
k-algebra k[t1, . . . , tn][D

(q)
1 , . . . , D

(q)
m ], n ≥ m, subject to the relations:

tjti = titj , 1 ≤ i < j ≤ n,

D
(q)
i ti = qtiD

(q)
i + 1, 1 ≤ i ≤ m,

D
(q)
j ti = tiD

(q)
j , i �= j,

D
(q)
j D

(q)
i = D

(q)
i D

(q)
j , 1 ≤ i < j ≤ m.

If n = m, this operator algebra coincides with the additive analogue An(q1, . . . , qn)

of the Weyl algebra An(q) (Section 4.5, Example (a)). This algebra can be expressed
as the skew PBW extension σ(k)�t1, . . . , tn;D

(q)
1 , . . . , D

(q)
m �.

(c) Operator differential rings. Let R be an algebra over a commutative ring k

and let ∆ = {δ1, . . . , δn} be a set of commuting derivations of R. Let T =

R[θ1, . . . , θn; δ1, . . . , δn] be the operator differential ring. The elements of T can
be written in a unique way as left R-linear combinations with the ordered mono-
mials in θ1, . . . , θn. The product on T is defined extending the product from R

subject to the relation θir − rθi = δi(r), r ∈ R, i = 1, . . . , n, and θiθj − θjθi = 0,
i, j = 1, . . . , n, and T = σ(R)�θ1, . . . , θn�.

4.4. Diffusion algebras

Diffusion algebras arose in physics as a possible way to understand a large class of
1-dimensional stochastic process [6]. A diffusion algebra A with parameters aij ∈

C \ {0}, 1 ≤ i, j ≤ n is a C-algebra generated by indeterminates x1, . . . , xn subject
to relations aijxixj − bijxjxi = rjxi − rixj , whenever i < j, bij , ri ∈ C for all i < j.
Therefore A admits a PBW -basis of standard monomials xi1

1 · · ·xin
n , that is, A is a

diffusion algebra if these standard monomials are a C-vector space basis for A. From
Definition 2.1, (iii) and (iv), it is clear that the family of skew PBW extensions are more
general than diffusion algebras.

In the applications to physics the parameters aij are strictly positive reals and the pa-
rameters bij are positive reals as they are unnormalised measures of probability [6]. We
will denote qij :=

bij
aij

. The parameter qij is a root of unity if and only if it equals to 1. It
is therefore reasonable to assume that these parameters are not roots of unity different
from 1 ([6], p. 22). If all coefficients qij are nonzero, then the corresponding diffusion
algebra have a PBW basis of standard monomials xi1

1 · · ·xin
n , and hence these algebras

are skew PBW extensions. More precisely, A ∼= σ(C)�x1, . . . , xn�. Note that diffusion
algebras cannot be expressed as Ore extensions which follows from the definition.
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148 A. Reyes

4.5. Quantum algebras

(a) Additive analogue of the Weyl algebra. The k-algebra An(q1, . . . , qn) is by definition
generated by the indeterminates x1, . . . , xn, y1, . . . , yn subject to the relations:

xjxi = xixj , 1 ≤ i, j ≤ n, (9)

yjyi = yiyj , 1 ≤ i, j ≤ n, (10)

yixj = xjyi, i �= j, (11)

yixi = qixiyi + 1, 1 ≤ i ≤ n, (12)

where qi ∈ k \ {0}. We can see that An(q1, . . . , qn) ∼= σ(k)�x1, . . . , xn�.

(b) Multiplicative analogue of the Weyl algebra. The k-algebra On(λji) is generated by
the indeterminates x1, . . . , xn subject to the relations: xjxi = λjixixj , 1 ≤ i < j ≤

n, λji ∈ k \ {0}. Thus On(λji) ∼= σ(k)�x1, . . . , xn�.

(c) Quantum algebra U ′(so(3, k)). This algebra is the q-analogue of the universal en-
veloping algebra so(3, k). By definition it is the k-algebra generated by the variables
I1, I2, I3 subject to relations I2I1−qI1I2 = −q1/2I3, I3I1−q−1I1I3 = q−1/2I2, I3I2−

qI2I3 = −q1/2I1, with q ∈ k \ {0}. Then U ′(so(3, k)) ∼= σ(k)�I1 , I2, I3�.

(d) q-Heisenberg algebra. The k-algebra Hn(q) is generated by the set of indeterminates
{x1, . . . , xn, y1, . . . , yn, z1, . . . , zn} subject to the relations:

xjxi = xixj , zjzi = zizj , yjyi = yiyj, 1 ≤ i, j ≤ n, (13)

zjyi = yizj , zjxi = xizj, yjxi = xiyj , i �= j, (14)

ziyi = qyizi, zixi = q−1xizi + yi, yixi = qxiyi, 1 ≤ i ≤ n, (15)

with q ∈ k \ {0}. Then Hn(q) ∼= σ(k)�x1, . . . , xn; y1, . . . , yn; z1, . . . , zn�.

(e) Algebra of quantum matrices Oq(Mn(k)). This algebra was introduced by Faddeev,
Reshetikhin and Takhtadjian. It is by definition generated by k and the variables
xij , 1 ≤ i, j ≤ n, subject to

ximxik = q−1xikxim, 1 ≤ k < m ≤ n,

xjkxik = q−1xikxjk, 1 ≤ i < j ≤ n,

ximxjk = xjkxim, 1 ≤ i < j, k < m ≤ n,

xjmxim = q−1ximxjm, 1 ≤ i < j ≤ n,

xjmxjk = q−1xjkxjm, 1 ≤ k < m ≤ n,

xikxjm − xjmxik = (q − q−1)ximxjk , 1 ≤ i < j, k < m ≤ n.

From these relations we can see that Oq(Mn(k)) ∼= σ(k[xim, xjk])�xik, xjm�, for
1 ≤ i < j, k < m ≤ n. If n = 2, and x11 := y, x12 := u, x21 := v and x22 := x,
we obtain Oq(M2(k)), the coordinate algebra of the quantum matrix space M2(k)

(this algebra is also known as Manin algebra of 2× 2 quantum matrices).
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(f) Quantum enveloping algebra of sl(2, k). Uq(sl(2, k)) is defined as the k-algebra
generated by the variables x, y, z, z−1 with relations zz−1 = z−1z = 1, xz =

q−2zx, yz = q2zy, xz−1 = q2z−1x, yz−1 = q−2z−1y, and xy − yx = z−z−1

q−q−1 , with
q �= 1,−1. From these relations we can see that Uq(sl(2, k)) = σ(k[z±1])�x, y�.

(g) Hayashi’s algebra Wq(J). Wq(J) is the algebra generated by the variables
xi, yi, zi, 1 ≤ i ≤ n, i ∈ J , where | J |= n, and relations (13)-(15), replacing zixi =

q−1xizi + yi by (zixi − qxizi)yi = 1 = yi(zixi − qxizi), i = 1, . . . , n, q ∈ k \ {0}.
Since xiy

−1
j = y−1

j xi, ziy
−1
j = y−1

j zi, yjy
−1
j = y−1

j yj = 1, zixi = qxizi + y−1
i , for

1 ≤ i, j ≤ n, then Wq(J) ∼= σ(k[y±1
1 , . . . , y±1

n ])�x1, . . . , xn; z1, . . . , zn�.

(h) The complex algebra Vq(sl3(C)). Let q be a complex number such that q8 �= 1. Con-
sider the complex algebra generated by e12, e13, e23, f12, f13, f23, k1, k2, l1, l2 with
the following relations:

e13e12 = q−2e12e13, f13f12 = q−2f12f13,

e23e12 = q2e12e23 − qe13, f23f12 = q2f12f23 − qf13,

e23e13 = q−2e13e23, f23f13 = q−2f13f23,

e12f12 = f12e12 +
k21 − l21
q2 − q−2

, e12k1 = q−2k1e12, k1f12 = q−2f12k1,

e12f13 = f13e12 + qf23k
2
1 , e12k2 = qk2e12, k2f12 = qf12k2,

e12f23 = f23e12, e13k1 = q−1k1e13, k1f13 = q−1f13k1,

e13f12 = f12e13 − q−1l21e23, e13k2 = q−1k2e13, k2f13 = q−1f13k2,

e13f13 = f13e13 −
k21k

2
2 − l21l

2
2

q2 − q−2
, e23k1 = qk1e23, k1f23 = qf23k1,

e13f23 = f23e13 + qk22e12, e23k2 = q−2k2e23, k2f23 = q−2f23k2,

e23f12 = f12e23, e12l1 = q2l1e12, l1f2 = q2f12l1,

e23f13 = f13e23 − q−1f12l
2
2, e12l2 = q−1l2e12, l2f12 = q−1f12l2,

e23f23 = f23e23 +
k22 − l22
q2 − q−2

, e13l1 = ql1e13, l1f13 = qf13l1,

e13l2 = ql2e13, l2f13 = qf13l2, e23l1 = q−1l1e23,

l1f23 = q−1f23l1, e23l2 = q2l2e23, l2f23 = q2f23l2,

l1k1 = k1l1, l2k1 = k1l2, k2k1 = k1k2,

l1k2 = k2l1, l2k2 = k2l2, l2l1 = l1l2.

This algebra is a bijective skew PBW extension of the polynomial ring
C[l1, l2, k1, k2]. That is, Vq(sl3(C)) ∼= σ(C[l1, l2, k1, k2])�e12, e13, e23, f12, f13, f23�.

(i) The algebra of differential operators Dq(Sq) on a quantum space Sq. Let k be
a commutative ring and let q = [qij ] be a matrix with entries in k∗, such that
qii = 1 = qijqji for all 1 ≤ i, j ≤ n. The k-algebra Sq is generated by xi, 1 ≤ i ≤ n,
subject to the relations xixj = qijxjxi. The algebra Sq is regarded as the algebra
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of functions on a quantum space. The algebra Dq(Sq) of q-differential operators
on Sq is defined by ∂ixj − qijxj∂i = δij , for all i, j, and ∂i∂j = qij∂j∂i, for all i, j.
Therefore, Dq(Sq) ∼= σ(σ(k)�x1, . . . , xn�)�∂1, . . . , ∂n�.

(j) Quantum Weyl algebra An(q, pi,j). The ring An(q, pi,j) can be viewed as a quan-
tization of the usual Weyl algebra An(k). By definition, An(q, pi,j) is the ring
generated over the field k by the variables xi, ∂j with i, j = 1, . . . , n and subject to
relations

xixj = pijqxjxi, for all i < j,

∂i∂j = pijq
−1∂j∂i, for all i < j,

∂ixj = p−1
ij qxj∂i, for all i �= j,

∂ixi = 1 + q2xi∂i + (q2 − 1)
∑

i<j

xj∂j , for all i.

We can check that An(q, pi,j) ∼= σ(σ(σ(σ(· · · σ(σ(k)�xn�)�∂n�) · · · )�x2�)�y2�)�x1�)�y1�.
Note that if q, pij = 1 we obtain the usual Weyl algebra An(k).

4.6. 3-dimensional skew polynomial algebras

Definition 4.1. A 3-dimensional skew polynomial algebra A is a k-algebra generated by
the indeterminates x, y, z restricted to yz − αzy = λ, zx − βxz = µ and xy − γyx = ν

such that

1. λ, µ, ν ∈ k+ kx+ ky + kz, and α, β, γ ∈ k∗;

2. Standard monomials {xiyjzl | i, j, l ≥ 0} are a k-basis of the algebra.

It is clear that 3-dimensional skew polynomial ring are skew PBW extensions of the field
k.

Next proposition establishes a classification of 3-dimensional skew polynomial algebras.

Proposition 4.2 ([20], Theorem C.4.3.1, p. 101). Let A be a 3-dimensional skew polyno-
mial algebra. Then A is one of the following algebras:

(a) if |{α, β, γ}| = 3, then A is defined by

yz − αzy = 0, zx− βxz = 0, xy − γyx = 0. (16)

(b) if |{α, β, γ}| = 2 y β �= α = γ = 1, A is one of the following algebras:

(i) yz − zy = z, zx− βxz = y, xy − yx = x;

(ii) yz − zy = z, zx− βxz = b, xy − yx = x;

(iii) yz − zy = 0, zx− βxz = y, xy − yx = 0;
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(iv) yz − zy = 0, zx− βxz = b, xy − yx = 0;

(v) yz − zy = az, zx− βxz = 0, xy − yx = x;

(vi) yz − zy = z, zx− βxz = 0, xy − yx = 0.

Here a and b are any elements of k. All nonzero values of b give isomorphic
algebras.

(c) If |{α, β, γ}| = 2 and β �= α = γ �= 1, then A is one of the following algebras:

(i) yz − αzy = 0, zx− βxz = y + b, xy − αyx = 0;

(ii) yz − αzy = 0, zx− βxz = b, xy − αyx = 0.

In this case b is an arbitrary element of k. Again, any nonzero values of b given
isomorphic algebras.

(d) If α = β = γ �= 1, then A is the algebra

yz − αzy = a1x+ b1, zx− αxz = a2y + b2, xy − αyx = a3z + b3.

If ai = 0, i = 1, 2, 3, all nonzero values of bi give isomorphic algebras.

(e) If α = β = γ = 1, A is isomorphic to one of the following algebras

(i) yz − zy = x, zx− xz = y, xy − yx = z;

(ii) yz − zy = 0, zx− xz = 0, xy − yx = z;

(iii) yz − zy = 0, zx− xz = 0, xy − yx = b;

(iv) yz − zy = −y, zx− xz = x+ y, xy − yx = 0;

(v) yz − zy = az, zx− xz = z, xy − yx = 0;

Parameters a, b ∈ k are arbitrary and all nonzero values of b generates isomorphic
algebras.
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