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Abstract. Understanding why there are multiple equilibrium points when
Ry < 1 has been one of the main motivations to analyze existence of a back-
ward bifurcation in epidemiological models. Existence of multiple endemic
states is usually associated to branches of equilibrium points of the models,
which could arise from either the disease-free equilibrium point if Ry = 1 or
from an endemic equilibrium point if Ry > 1. In this work, an STR model
with a density-dependent treatment rate is analyzed. The nature of the point
where backward bifurcation emerges is explained in function of the velocity
of the per-capita treatment rate. Strategies for the control or eradication of
the disease will be proposed in function of the efficiency of the treatment.
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Diferentes tipos de bifurcaciéon hacia atras a causa de
una mejora en la eficiencia del tratamiento

Resumen. Comprender por qué existen estados endémicos multiples cuando
Ry < 1 ha sido una de las principales motivaciones para analizar la existencia
de una bifurcacién hacia atras en modelos epidemiolégicos. La existencia de
estados endémicos miiltiples esta asociada usualmente a ramas de puntos de
equilibrio del sistema, las cuales pueden surgir ya sea desde el equilibrio libre
de enfermedad si Ry = 1, o desde un equilibrio no trivial si Ry > 1. En este
trabajo se analiza un modelo del tipo STR con una tasa de tratamiento denso-
dependiente. Se explica la naturaleza del punto de donde surge la bifurcacién
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hacia atras en funcién de la velocidad de la tasa de tratamiento per céapita.
Se propondran estrategias para el control o erradicaciéon de la enfermedad en
funcion de la eficiencia del tratamiento.

Palabras clave: Bifurcacion hacia atras, bifurcacion hacia adelante, trata-
miento, modelo SIR.

1. Introduction

Forecasting the evolution of an infectious disease has been the main motivation for the
construction of mathematical epidemiological models. This is because knowing the evo-
lution of the infectious disease allows the design of public health strategies to control or
eradicate the disease. In this sense, it is essential to know the existence of threshold val-
ues that predict whether the disease will be spread or if it can be controlled. Classically,
the basic reproduction number, denoted by Ry, is a threshold value that can describe two
scenarios: a disease is persistent if Ry is greater than one, and it dies out if Ry is smaller
than one. R( can be defined as the expected average number of new infected individuals
produced by a single infective individual, in a completely susceptible population, during
its infective period. For those reasons, Ry can be associated to a forward bifurcation in
Ry = 1. In that case, the endemic equilibrium exists only for Ry > 1. Then, there is
not an endemic state when Ry < 1 (see Figure 1). In recent years, backward bifurcation
phenomenon has attracted interest in mathematical epidemiology (see Figure 2). This is
due to the fact than when a backward bifurcation appears, reducing Ry below 1 would
not eradicate the disease, if the initial infective population size is sufficiently large. In this
case, a bistability phenomenon occurs when Ry is less than 1. There will be two locally
asymptotically stable equilibrium points, one with no disease (disease-free equilibrium)
and other one with a positive endemic level. In order to eradicate the disease, one must
further reduce Ry so far that it passes a so-called saddle-node bifurcation that exists for
values of Ry < 1 and enters into the region where no endemic equilibrium points exist.
In that case, the disease-free equilibrium is globally asymptotically stable (see Figure
2 A)). The basic reproduction number does not provide a description of the necessary
elimination effort; rather the description of the effort is provided through the value of
the critical parameter at the turning point. Furthermore, if a backward bifurcation ap-
pears in Ry = 1, then an (stable) endemic equilibrium exists for Ry just above 1. This
endemic state has a large infectious population. So the result of Ry rising above 1 would
be a sudden and dramatic jump in the number of infectious individuals. (see Figure 2
A)). In contrast, a backward bifurcation can exist when Ry is bigger than 1. This bifur-
cation emerges from an endemic state that is an equilibrium point which belongs to a
forward bifurcation. This forward bifurcation emerges from the disease-free equilibrium
when Ry = 1. In this scenario, a bistability phenomenon can occur in a neighborhood of
Ry = 1 in two ways. There will be either two locally asymptotically stable equilibrium
points, one with no disease and other with a positive endemic level for Ry < 1 (see Figure
2 B)), or two locally asymptotically stable endemic equilibrium points for Ry > 1 (see
Figure 2 C)). Thus, it is important to identify backward bifurcation in order to obtain
thresholds for the disease control. Again, in order to eradicate the disease, one must
further reduce Ry until it passes a so-called saddle-node bifurcation that exists for values
of Ry < 1 and enters into the region where no endemic equilibrium points exist. In

[Revista Integracion, temas de matemdticas



Different types of backward bifurcations on account of an improvement in treatment efficiency 23

such case the disease-free equilibrium is globally asymptotically stable. To sum up, the
bistability phenomenon may be due to either a backward bifurcation in the disease-free
equilibrium (see Figure 2 A)) or a backward bifurcation in an endemic equilibrium (see
Figure 2 B) and C)).

02 0.4 06 08 10 12 14
RD
Figure 1. Forward bifucation in Rgp = 1. In this case, the strategy of carrying Ro below one is enough

to eradicate the infectious disease.

A)

Figure 2. Three possible scenarios when a backward bifurcation appears in the model.

Models with backward bifurcations have been studied in an epidemiological context. For
example, in generic compartmental models [2], [15], [18], [20], in models describing the
spread of specific diseases like tuberculosis [12], dengue [1], [2] and sexually transmitted
diseases [4], [5], [13]. Also, vaccine-preventable diseases [2], [4], [6], [7], [14], [16], and the
acquired immunity is a debated cause for its occurrence [11]. There can be no doubt that
existence of a backward bifurcation can be associated with nonlinear forces of infection
[4], [10] or treatment rates of the disease [17]. However, in each epidemic model analyzed
in literature, if a backward bifurcation appears, the origin of the backward bifurcation
is unique. That is, a backward bifurcation might emerge from either the disease-free
equilibrium when Ry = 1 (see Figure 2 A)) or from an endemic state for Ry > 1 (see
Figure 2 B) and C)).

On the other hand, in the literature many forms of the per-capita treatment function 7'(I)
appears, for example, o, a +~I, e g + e, # or piecewise linear functions
for the treatment rate (see [3], [8], [9], [17], [18], [19], [21]).

Particularly, Zheng et al. [21], analyzed an STR model with a per-capita treatment rate
given by

r

T = a+ I’

(1)
They proved the existence of a backward bifurcation in the disease-free equilibrium point
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and bistability phenomenon for some conditions over the parameters as it is shown in
the Figure 2 A).

Meanwhile, Wang [18], analyzed an STR model with a per-capita treatment rate given
by

=

’Lf 0< 1< Iy,

~lz

if 1> 1.

The author proved the existence of a backward bifurcation in a non trivial equilibrium
point and the bistability phenomenon for some values on the parameters in a neighbor-
hood of Ry < 1, as is shown in Figure 2B).

Observe that, in each case showed above, the derivative of the per-capita treatment rate
T(I) is different. This observation leads us to assume that the velocity (shape) of the per-
capita treatment rate may explain the nature of the point where a backward bifurcation
emerges. That is, if the backward bifurcation comes from either a trivial equilibrium
point or from a non trivial equilibrium point.

In this work we present an STR model which describes an infectious curable disease and
a per-capita treatment rate given by T(I) = %7, where ¢ is a density-dependent
factor of the treatment. This election of the treatment rate catches the impact of the
infection in the treatment. Particularly, for some values on the parameters, the model
shows a bistability phenomenon, which is associated to either the existence of a backward
bifurcation, in the trivial equilibrium point, when Ry = 1, or to the existence of a
backward bifurcation, in an endemic equilibrium point, when Ry > 1. That is, there are
stable endemic states in a neighborhood of Ry = 1. In summary, this election of T'(T)
captures two possible scenarios for the existence of a backward bifurcation in function of
the velocity of the per-capita rate for some values of the model parameters.

The structure of the work is described as follows: in section 2 we introduce the model and
calculate its basic reproductive number Ry. In section 3 the direction of the bifurcation
in Ryg = 1 is analyzed. Furthermore, existence of multiple steady states for Ry < 1 as
well as for Ry > 1 are shown. From here, it will be possible to find threshold values for
existence of equilibrium points and a criterion of stability of the equilibrium points is
given. Also, in this section, numerical simulations of the results are shown. Finally, in
section 4 we present some conclusions and provide an explanation of the results.

2. The model

Let us consider an STR model: Let N(¢) be the total population. The population N(¢) is
divided into three classes; a susceptible class S(t), an infectious class I(t), and a recovery
class R(t). So N(t) = S(t) + I(t) + R(¢).
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The compartmental epidemic model is given by

S(t) = S(A—S) — BSH)I(t),

i(t) = BSW)I() — I (t) - al(t)ﬁf]e&,, (3)
R(t) = aI(t)%neM — uR(t).

All parameters are positive constants, with the following interpretation; A is the carrying

capacity in the absence of disease, p is the birth-death rate, 8 is the infection coefficient.
In the per-capita treatment rate, T'(I) = 9_“_"”%, « is the treatment rate, § is a density-
dependent factor for the treatment. Furthermore, n and 6 measure the extent of the effect

for the infectious being delayed because of the treatment. In this case, the per-capita
ln(%)
)

treatment rate 7'(I) has an unique inflection point in I* = . Note that for values of
I < I* the function is concave and for values of I > I* the function is convex.

Note that I* = 1n(5%) is the average number of infectious individuals where the velocity
of the per-capita treatment rate has a maximum, and in this point the response of
the strategy changes velocity. This changes may be due to numerous factors involving
treatments, for example, number of hospitals, number of doctors or nurses, cost of public
health policies, etc. This critical value of I can be related to the maximum value of the

total treatment rate, IT () = —einNe{n-

Before going into further detail, we simplify the model. Since the first two equations of
(3) are independent of the third one and their dynamic behavior is trivial when 7(0) =0
for t > 0, it suffices to consider the first two equations with I > 0, which are independent
of R(t).

Thus, we restrict our attention to the following reduced model:

S(t) = S(A—S) = BSH)I(t),
i(t) = BS()I(t) — ul(t) — al(t) >

0 + nedl” @)

It is easy to verify that model (4) admits the equilibria E. = (0,0) and Ey = (A,0). The
Jacobian matrix associated to model (4) is given by

A—25—pI —BS
J(S.T) = o 5
(S,1) BI —BS = p— agia + al s (5)

The Jacobian matrix (5) evaluated in the trivial equilibrium point E, (which is the
extinction scenario) is given by
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So, the eigenvalues associated to (6) are Ay = A and Ay = —p — %. The equilibrium
FE. is always unstable for all values of the parameters. This result is consistent with the
fact that there is a constant recruitment rate in the model proposed.

Now, the Jacobian matrix (5) evaluated in the disease-free equilibrium point, Ey, is

o= T (7)
N0 A )
So, the eigenvalues associated to (7) are Ay = —A and Ay = SA — pp — %.
The basic reproductive number is defined as Ry = _BAH0) - Ohserve that Ry is

aN+u(n+6) -
independent of the dense-dependent factor, §. From our previous discussion we arrive to

the following result.

Lemma 2.1. The equilibrium point Ey is locally asymptotically stable if and only if
Ry < 1.

The next step is to investigate the nature of the direction of the bifurcation in the trivial
equilibrium Ey when Ry = 1. To do this, we will use Theorem 1 in [12], which is based
on the use of the center manifold theory.

3.  Endemic equilibria and bifurcations

3.1. Direction of the bifurcation

Let a and b be the coefficients of the normal form representing the dynamics of the
system in the central manifold. Theorem 1 in [12], describes the role of such coefficients
in deciding the direction of the transcritical bifurcation occurring at ¢ = 0.

We apply Theorem 1 to describe the direction of the bifurcation at Ry = 1 associated to

N
system (4) in the trivial equilibrium Fy. Let us define g* = % = “"Tﬂ, such that

Ry (5*) = 1, which is denoted by R{.

Observe that the eigenvalues of the matrix

(8)

—A —[*A

are given by \; = —A and Ay = 0.

Thus, A2 = 0 is a simple zero eigenvalue and the other eigenvalue is real and negative.
Hence, when Ry = Rj the disease-free equilibrium FEj is a non hyperbolic equilibrium:
the assumption (A1) of Theorem 1 in [12] is then verified.

The right eigenvector associated with the zero eigenvalue As is given by w = [—*, 1], and
the left eigenvector associated to the zero eigenvalue Aq is given by v = [0, 1]. Observe
that v - w = 1. The coefficients a and b defined in the Theorem 1 are
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a= En v w-w-%(o 0) 9)
- L kW Wy 81718117] ) )
k,i,j=1
- 0* fr
b= ké:lwkwi 95.00 (0,0). (10)

Computing explicitly taking into account the system (4), it follows that:

O+un+aN \ 2
e o[ () _ mhaN (11)
A (0 + n)?
and
b=A. (12)

The coefficient b = A is always positive, so that, according to Theorem 1 [12], the local
dynamics around the disease-free equilibrium for Rj is determined by the sign of the
coefficient a. As a consequence, the following condition ensures the occurrence of a
backward bifurcation at Ry = R{:

néaA>N
1. 13
@+ )+ aN) 1)
If the inequality (13) is reversed,
daA2N
e <1 (14)

(1@ +mn)+aN)z ~ 7

a forward bifurcation at Ry = Rg is followed.

All these considerations allow us to state the following lemma:

Lemma 3.1. Let Rj be:

i) If % > 1, then a backward bifurcation occurs for the system (4).

it) If % < 1, then a forward bifurcation occurs for the system (4).

Next, existence of endemic equilibrium points is showed.
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3.2. Existence of endemic equilibria
The nullclines of system (4) are given by

51
Vi(I) = A= BI and V(I) = LtiIe ol (15)

Note that V1(0) = A and V»(0) = RAO. Also, Ry > 1 if and only if V1(0) > V2(0). And
Ilim Vo(I) >0 > Ilim Vi(I).
— 00 — 00

Deriving twice the nullclines we have

WM — 5 and 200 =, (16)
and
aNe®! dV2(I §52aNed! (ne®T —
dV;I(I) = _ﬁ?ng;veM)z and j]g ) =1 ﬁ](Vngn(eZI)s %) (17)

Observe that V(1) and V(1) are decreasing functions for all values of I for § > 0. Also,

n 8 n 3
=" (6") is an inflection point of V(). We defined this value of I as I"™ = #.

Note that if § < 0, then an unique equilibrium point exists. This case is related to a
forward bifurcation in Ry = 1.

21n(£)8%0+25u6+5aN
B850 ’

Lemma 3.2. Let S = %2“9[3%]\[, §>0,0>n IfA=3%

(I™, 8™) is an equilibrium point of the system (4).

then

Lemma 3.3. Let (I, S™) be an equilibrium point of system (4).

i) If Ry > 1, then there are three positive equilibrium points of system (4).

it) If Ry < 1, then there are two positive equilibrium points of systems (4).

Proof. The derivatives of the nullclines evaluated in the inflection point are given by

ln(f]) 0
dVl( 5 ) 5 oy g san
_— 7 = n —_— =
] aT 1750

Thus, the slope at the inflection point in the nullcline V5 is greater than the slope at the
inflection point of the nullcline Vi if 45326 > §aN; then, nullclines intersect transversely
and Vo(I) > Vi(I) in a neighborhood of the inflection point, which is a coordinate of
the equilibrium point. On the other hand, V;(0) > V2(0) if and only if Ry > 1. By
continuity of V1 (I) and V2(I), the system (4) has three equilibrium points if Ry > 1, and
two equilibrium points if Ry < 1. v
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vim

Figure 3. Nullclines of the system (4) in the case where three equilibria points exist. There exists a
forward bifurcation emerging from the disease-free equilibrium in Rgp = 1 and a backward bifurcation
arising from an endemic equilibrium for values of Ry > 1. This results are due to the continuity of the
functions as function of the model parameters.

Case 7) is shown in Figure (3).
We can summarize the above results in the following theorem.

Theorem 3.4. For the model (4). Let (I"™,S™) be an equilibrium point of the system (4).

a) If % > 1 and Ry < 1, there is a saddle equilibrium point, which bifurcates

into two positive equilibrium points (Backward Bifurcation on the trivial equilibrium (see
Figure 2 A))).

b) If % < 1 and Ry > 1, there are two saddle equilibrium points which bifurcate

into two positive equilibrium points each one (Backward Bifurcation on the non trivial
equilibrium, see Figure 2 B) and C)).

Observing Figure (2) we can conclude that there are saddle equilibrium points associated
to system (4). This cases are analyzed in what follows.

First, note that points on the nullclines, where the nullclines have the same derivatives,
satisfy the equation

Ay* + By +C =0, (18)
where y = €%, A = 32n%, B = 23%0n — ndaN and C = 3262
The solutions of the equation (18) are given by

7= @, (19)
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where p = adN(adN — 4/3%0).
Observe that p > 0 if 4520 < §aN, p =0 if 4620 = 5aN and p < 0 if 4826 > §alN.

So, we have the following results about saddle points of the system.

Lemma 3.5. For system (4):

a) If p > 0, there are two values I where the nullclines have the same derivative.

b) If p =0, there exists a unique value I where the nullclines have the same derivative.
¢) If p < 0, there are not values I where the nullclines have the same derivative.

Lemma 3.6. For system (4):

2
n( —2B82645aN )

a) I°r = 2 is an equilibrium point of the model (4) if and only if
52N (aN In(2)—-2v05aNA+40u+2aN
%n aN(aNIn(2) v aNA+ M+a):0andp:0.
1 —2B20+5aN+./p 1 —282045aN—/p
& 262y s 262y S )
b) I%2 = 5 and 1% = 5 are equilibrium points of the

model (4) if and only if
B (0aN +/p)In (F2EEEANEE) L 5(5a £ /) (u — HA) +2aN5%) = 0 and p > 0.

In the next section we will deal with the stability of these equilibria.

3.3. Stability analysis

The criterion of determinant and trace is used to find conditions over the stability of the
equilibrium points.

The Jacobian matrix (5) evaluated in the equilibrium point (S*, I*) is given by

A—-25-p81 —-BS

J(S,I) = andNIed! . (20)
oL @aere
Note that
I
Det(J(S,1)) = WG(ZU) (21)
and
Trace(J(S.1)) = A — 25 — g1 + C1ONI (22)
race , = CEETZE

where G(y) = (A1y? + Biy +C1), y = 1, Ay = B?n2S, By = n(28%6S + adAN —
206N S — aéNI) and C; = 3%62S.

Observe that G(0) > 0 and lim G(y) = co.
Y—r00
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Particularly, Det(J(I°')) = Det(J(I°2))) = Det(J(I°*)) = 0 can be proved. So, there
exists values of

1% < J* < I*?

such that Det(J(I*)) < 0. On the other hand, if the Trace(J(S*,I*)) is analyzed, the
following result can be written using the Trace-Determinant criterion using the definitions
of I°1 I°2 and I°® as in Lemma 3.6.

Lemma 3.7. IfA—QS—ﬁI*—i—% <0 and I* < I° orI* > I°2, the equilibrium

point (I*,S*) is locally asymptotically stable.

On the other hand,

Lemma 3.8. If I°3 < I < I°2, then the non trivial equilibrium point (I*,S*) is unstable.

An analogous analysis can obtained for I°* defined in Lemma 3.6.

Lemma 3.9. IfA—2S—ﬂI*+% < 0 and I* > I** the equilibrium point (I*,S*)

is locally asymptotically stable.

3.4. Simulations

In this section, we present some numerical simulations using XPPAUT 7.0 and Mathe-
matica 11 to show different bifurcation diagrams and phase portraits corresponding to
distinct treatment scenarios for the system 3. Also, The bifurcation diagram associated
to simulations illustrates the bifurcation to multiple equilibria. Simulations show exis-
tence of a backward bifurcation emerging from either the disease-free equilibrium point
when Ry = 1, or from an endemic equilibrium point when Ry > 1 (see Figure 2).

For the case where there are two endemic equilibrium points (backward bifurcation),
typical dynamical behavior is the following: the stable manifolds of the saddle point
E5 split the feasible region in two parts. Positive orbits in the lower part approach to
trivial equilibrium point Fy and positive orbits in the upper part approach to endemic
equilibrium point E7. So, the model shows a bistability phenomenon for values of Ry < 1
(see Figure 4 B)).

On the other hand, if three endemic equilibrium points exist, the model shows a forward
bifurcation in Ry = 1, and a backward bifurcation in an endemic equilibrium for Ry > 1.
In this case, for different values of the parameters the model can show two different
scenarios.
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Figure 4. A) Forward bifurcation with § = —0.1027 < 0. In this case, condition (14) is satisfied.
Other values of the parameters are given by; 8 = 0.0099,60 = 2000,n = 2.5, = 0.1, N = 100, p =

0.001, A € (0.0605,1.5), Ry = sxaoit8s > 1. B) Backward bifurcation in Ro = 1 and the values of
the parameters are given by; 8 = 0.0246,0 = 0.001,7 = 0.1,6 = 0.9, = 0.001, N = 2, = 0.001, A =
(0.152,1.014), Ry = — A0 gpq  moahN oy
0% L 0T AN u(n ) (u(etm+aN)z =
7 707 /
A) B
120 Ey 50 ) Ey
100 | 50
20 a0
E, \
\|E2
60 - 1 204
40 204
E
- Eq 104 3
0 T T e i B e 0 T T T T T —
(1] 1 135 2 1] 0z 04 04 0z 1 12
Rn R

Figure 5. A) Bistability phenomenon for values of Ry > 1 and a forward bifurcation in Rg = 1. The

values of the parameters in this case are: 5 = 0.0099, § = 2000,n = 2.5,0 = 0.1027,a = 0.1, N = 100, p =
A(n+6 SaA?N . .

0.001, A € (0.0605,1.5), Ry = #&QQ) > 1 and (LL(;:LL:?W < 1. B) Bistability phenomenon for

values of Rgp < 1 and forward bifurcation in Rgp = 1. The values of the parameter are given by:

B =0.2317,0 = 0.22,7 = 0.01,6 = 0.1,a = 0.1, N = 8,1 = 0.001,A € (0.5630012132, 0.66579), Ro =

BAMm+6) néaAzN _
SN0 = .066405969 and ot Tam? = 0.3203519571.

In the first scenario, the saddle point 12 appears when Ry is bigger than 1. In this case,
the stable manifold of the saddle point E5 split the feasible region in two parts. Positive
orbits in the lower part approach the endemic equilibrium point E3 and positive orbits
in the upper part approach the endemic equilibrium point E7, which only exist for values
of Ry > 1. In the second scenario, the saddle point I°2 appears when Ry is less than 1.
In this case, the stable manifold of the saddle point E5 splits the feasible region in two
parts: positive orbits in the lower part approach either the endemic equilibrium point
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F5 or disease-free equilibrium point Ej, and positive orbits in the upper part approach
the endemic equilibrium F7, which exists for values of Ry < 1 as well as for values of
Ry > 1. (see Figure 5 B)). The phase portrait and the vector field of directions around
the fixed equilibria for both cases are shown in Figure 6.

— 100 4 o
A) ] e B) -
.E]hq—. i
— e 0By
I(t) e ) e ], L
—e—— T maa ———b
—_—— ‘\kkk —
D] oo oo — o E,
— i T T e B At S S A — 60 ] —
—— P O A A A — S A —e
e — “—ES
B e S e L  hat a E a0 3
—t /' - — B
10 SN
—— B iy i D T e s s
BN =5 20 4 -
o
a
wE) e u— )
0 : ‘ r : ooty : o " . .
01 0z 03 04 05 06 07 03 1 16
S(t) S(t)

Figure 6. A) Typical dynamics for the solutions in the portrait phase when the model (4) has a
backward bifurcation in Ry = 1 and bistability for Rp < 1. Whereas that, Case B) shows the typical
dynamics for the model (4) for a bistability phenomenon, for values of Ry > 1 and a forward bifurcation
in Rg = 1.

4. Conclusions

In this paper we have considered an SIR epidemic model, which incorporates a per-
capita treatment function T'(I). This model exhibits a backward bifurcation emerging
from either a disease-free equilibrium point or from an endemic equilibrium point when
some conditions over the parameters are satisfied. For some values of the parameters,
in the two previous cases, a bistability phenomenon occurs. Particularly, observe that,
when T'(I) is an increasing function (this is the case when ¢§ < 0), the forward bifurcation
occurs independently of the values of the other parameters, and existence of a backward
bifurcation is excluded (see Figure 4 A)). On the other hand, if the per-capita treatment
rate, T'(I), is a monotone decreasing function (§ > 0), then the model (4) exhibits two
possible scenarios with a backward bifurcation for some values of the parameters. First
scenario is a backward bifurcation arising from the disease-free equilibrium (Ry = 1) (see
Figure 4 B)). The second case is associated to a forward bifurcation in Ry = 1 and a
backward bifurcation emerging from an endemic equilibrium point for Ry > 1 (see Figure
5 A) and B)).

The biological consequences of this result are far-reaching, since it shows that a way to
avoid the undesirable bistability phenomenon is applying an efficient and effective treat-
ment (6 < 0), specially for those diseases that respond to treatment and for which there
is no spontaneous recovery, that means, it is sufficient take an unbounded total treatment
rate. This means, the total treatment rate, IT(I), does not have a maximum. Otherwise,
if an inefficient treatment strategy is applied (the total treatment rate reaches its max-
imum and decreases), multiple endemic states could appear together with a bistability
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phenomenon. From here it follows that if the treatment application was inefficient from
the beginning, improving it can worsen the epidemic outbreak. Since in this case there
would be a point of inflection that could generate the existence of three endemic equilib-
rium states. That is, the model suggests that applying the treatment inefficiently forever
and carrying Ry below the saddle point would lead solutions to disease-free equilibrium.
An important consequence of the results is the following: an epidemic control strategy
associated to a forward bifurcation in Ry = 1 can be worse that the control strategy
associated to a backward bifurcation in Ry = 1. This is due to the endemic equilibrium
point E7 in the first scenario may be bigger than E; in the second when Ry is less than 1.
Hence, it is very important to understand the mechanisms that can induce this peculiar
bifurcation and its point of origin.

In further work, existence of a Hopf bifurcation as function of the total treatment rate,
IT(I), will be analyzed. Particularly, when IT(I) has a maximum value.
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