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1. Introduction

Let U and V be quasi-definite linear functionals and let {P,},  and {R,},cy be their
sequences of monic orthogonal polynomials (SMOP), respectively. (U, V) is a coherent
pair if there exists a sequence (a,), a, # 0, such that

/ T R/

n+1( ) + a n(x) .

mn

Pn(x): n+1 n

This concept is introduced in [7] where it is studied its connection with polynomials
orthogonal with respect to Sobolev inner products like

P a)g = / p(@)a(@)dps + A / p(@)a@)dpo, A >0, (1)

where pg and p; are positive Borel measures supported on an infinite subset I C R,
with U and V as the associated functionals, respectively. In this way, among others, it
is studied an algebraic connection between the Sobolev polynomials and the sequence
{Rn},cn > in such a way that the coefficients of connection are independent of the
degree; an algorithm is presented for to compute Fourier coefficients using as basis the
Sobolev polynomials. Likewise, if U and V are symmetric, (U,V) is a symmetric
coherent pair if there exists a sequence (a,), a, # 0, such that

() R _1(z)

n+1 tan n—1

P,(x) =

In [8] all coherent pairs and symmetric coherent pairs are determined and it is shown that
at least one of the functionals has to be classical (Hermite or Gegenbauer in the symmetric
case); moreover, if £ > 0, the symmetric coherent pair dug = e*xzdx, dpy = ﬁe’zzd‘r
is obtained. In connection with this particular case, in [2] the outer relative asymptotics
of Sobolev polynomials orthogonal with respect to (1) is found; besides, in [9] Mehler-
Heine type formulas are established with respect to rational modification of the Hermite
polynomials. Under the same assumptions, (U, V) is a symmetric (1, 1)—coherent pair
if there exist sequences (an),cy and (by,) b, # 0, such that the respective SPOM
satisfies

neN>»

R;”rl(x)—i—b n—1(2)
n+1 " p—1

About this subject, in [4] is presented the algebraic relation between the Sobolev polyno-
mials and the polynomials {R,}, .y ,; besides, the particular case where V' is classical is
studied, and the respective symmetric (1, 1)—coherent companion is found. In particular,

we focus on the symmetric (1,1)—coherent pair

P.(z) + anPr_o(z) =

:102—1—(1

o be_wzd:v, a,b>0, a#b, (2)

dpo = e~ da, dpy =

and we will study the asymptotic behavior of the orthogonal polynomials associated with
dp. Thus, the structure of this manuscript is as follows: In the section 2 we present some
basic facts about of asymptotic behavior of Hermite orthogonal polynomials. In section
3 we present an algebraic connection between the Hermite polynomials and the SMOP
associated with duq, as well as the asymptotic behavior of the respective connection
coeflicients. Finally, in section 4 some asymptotics properties are studied.
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2. Preliminaries

From now on, and as it is usual, {Hy}, oy Will represent the sequence of monic Hermite

polynomials, orthogonal with respect to the weight e~ on (—00,00). The classical

Hermite linear functional will be denoted by H and (H,p(x)) will be the application
of H on any polynomial p. The norm of the monic Hermite polynomials is defined as

(H, () = | Hal* = Vo

On the other hand the sequence {H}, . is defined via the three terms recurrence
relation

Hpi1(z) = 2Hy(z) — g n-1(z), n>0, (3)

with the initial conditions Hy(z) =1 and H _1(z) = 0. With respect to the asymptotic
behavior of Hermite polynomials we present the next results.

Theorem 2.1 (See [10]).
; (4)
uniformly on compact sets of C\R.

Theorem 2.2 (Mehler-Heine). (See [1]). For j € Z fized,

i S (g7) = () o) ®

and 1) s
. -1)" x x
A o (W) =(3) " o, ©)
uniformly on compact sets of the complex plane, where J, represents Bessel’s function
of the first kind defined by

L& (Y ayzee
Ja(@) _;)j!r GHa+l) (3)

Theorem 2.3 (Mehler-Heine). (See [10]).

. (=D)"/n+j x 1
nlingoTHQ" <W) =7 cos(x), (7)

and 1) )
=D x .
nh_{l;oTHan (W) =/ sin(x), (8)

uniformly on compact subsets of C and uniformly on j € NU{0}.
Theorem 2.4 (See [11]). For j € Z fized,

H,_ 1 (Vn+j 2

hm\/ﬁ 1( z ]Z): \/_ ) jGZ,

n—oo H, (v/n+jz) ¢ (2/V2)

holds uniformly on compact subsets of C\ [—\/5, \/5] . Here, p(2) = z+ V22 — 1 is the
conformal mapping of C\ [—1,1] onto the exterior of the closed unit disk.
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If ¢ = 0 and if p and ¢ are non-negative integers such that n > p — 1, then

Hop (vVitjz) P75 Hoper (VO Gi2)
Hpyq (V” —|—jz) k=0 Hypikta (\/n +jkz)7

and as a consequence,

o WA Ho oy (ViF ) p*ﬁ L Hypir (VA F Jr2)
im = = im v/n — .
nooe Hyyg (Vtjz) izo "7 Hnoprenr (VnFez)

The above proves the next

Jk € Z,

Corollary 2.5. For j € Z fized, and non-negative integers p and q such that n > p — 1,

<WW“HnAWE7d_< V2 yﬂ
)

¢ (2/V2 )

lim

n—roo Hytq (v”+j2)

holds uniformly on compact subsets of C\ [—\/5, \/5] .

The zeros of H,, are real, simples and symmetric; that is, for every n, H,(t) = 0 is
equivalent to H,(—t) = 0. Let {xnk}g?:/f] be the positive zeros of H,, in increasing order.
It is well known that the zeros of H,, and H,,_; are interlaced and for k fixed, =, — 0
when n — oco. Besides, given that J, has a countably infinite set of real and positive
zeros if o > —1, as a consequence of Mehler-Heine formulas and the Hurwitz’s theorem,
if n — oo and k > 1 then

2V/NTon ke = J_1/2,k 2VNZon g1k = J1/2.k5 (10)

¢ .
and T, ~ —k, where ¢, > 0 and {]avk}nEN are the zeros of J, when o > —1.

n

On the other hand, let {H,Sa’b)} be the sequence of monic polynomials orthogonal
neN

with respect to the positive definite linear functional H{, defined as

22 +a

x2+b

7$2
#3.pl0)) = [ o) e, ()
R
where a,b > 0, and a # b. As it is usual, let |||, ;) be the induced norm. If ¢ > 0, then
{HS} will be the sequence of monic polynomials orthogonal with respect to the positive
a2
definite functional H, defined by (H.,p(z)) = [, p(2)Szrzdr, and ||.|, the respective
induced norm. On the algebraic connection between the sequence { H:} and the classical
Hermite polynomials we get the next result.

Lemma 2.6 (See [2]). There exists a sequence of real numbers (oy,) such that

with )
He¢
e )
[ Hp—a|
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and 1
On
lim —& = =; 14
A —F = o (14)
MOTEOVET,
n 20
li H 2% ) = Vb 15
Jm[5] (B -1) =3 (15)

With respect to asymptotic behavior and Mehler-Heine type formulas for the sequence
{H}, cn » We get the next

Iheorem 2.i (See [9]).
i 7( )n S ——— - ’ / —C COS(T

nlL%WH§n+l <%> = \/gsin(a:), (17)

both uniformly on compact subsets of C.

and

Let £ be the classical Laguerre functional, o > —1, and let {L%(z)} be the respective
SMOP. We present the next result about asymptotics behavior of ratios of Laguerre
polynomials that will be necessary in our work. The proof can be see in [5].

Lemma 2.8. For x € C\R™,

—%—l+ﬁ+<g—l—z)%+0(n3/2). (18)

In this paper also will be important to deal with rational perturbations of the £% and
the asymptotic behavior of the associated SPOM. About this topic, in [6] is made an
exhaustive study of asymptotic behavior of orthogonal polynomials associated to this kind
of perturbations. Indeed, given ci, ¢ < 0, let {Lg{l’cl’”)(m)} be the SMOP associated

«
C1,C2

to positive definite linear functional £ defined on the space of polynomials as

° xr —C _
<‘C?1,c27p> :/ p(il?) z% :de,
0 T —C2

and about the asymptotic behavior of the sequence {Lg{l’cl’”)(m)} ,we get the next

Theorem 2.9 (See [6]).
a). Uniformly on compact subsets of C\[0, 00),

L @) =z +~a

lim = . 19
n—oo  L&(z) V= ++/—c2 (19)
b). Uniformly on compact subsets of C,
Lgloz,cth) . —
lim @/ 43) _ V=0 ar2y (aym), (20)

n—o00 n« v —C2
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where j € NU{0}.
¢). (Plancherel-Rotach type exterior asymptotics).

o Lgla,chcz)((n_'_j)x) 7
n—oo La((n+ j)x)

3

uniformly on compact subsets of C\[0,4], and uniformly on j € NU{0}.

3. Some basic results

Given that H is a symmetric linear functional, it is well known that there is a relation
between the classical Laguerre and Hermite polynomials, namely

Hyp(z) = L;Y2(2%) and Hoppq (x) = xLY?(2?). (22)
In this way, the next result is an extension of the above relations.

Lemma 3.1. For every n € N,

a,b — —a,— a,b —a.—
Hyt P (z) = LEY270 9 (@?)  and HywD, () = 2 L3207 (22), (23)

Proof. Given that Hj is symmetric, there exists an unique quasi-definite linear functional
v, with {P,} as the associated SPOM and such that H{*" (z) = P,(2?) and Héflf)l( ) =

xP,(2?) (see [3]), moreover, (H{, p(z?)) = (v, p(z)) . We will see that v = L / »- Indeed,
2

with the change of variable u = x* we get
o x? +a _,2
<7-[b,p(:1c2)> z/Rp (:102) o 5 e dx
10 uta _y, 1 [ uta _y9 _
__ = Lmw u - L% /2 u
2/_Oop(u)u+bu e u—|—2/0 p(u)u+bu e “du
= uta i/ —u
= — d
/0 p(u) Tl e du
—1/2
= <£7a{7b,p(:v)>. ]
On the other hand, from (22) we have Hyn(@) _ Ly @) onq given that (see (18))
H2n+2(1) 7141»/12( 2) g
—77155( ()w) 1+ F,We get
2nHu(x) L (2% IRV
Menia(@) L@ Vet yn

in the same way, in the odd case we get

_CntDHyn(@) @t DLP@) o, Vw
Honis(x) LY2 (22) V=12 +n

n+1

Then we have deduced the next
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Lemma 3.2. For x € C\R we get

~ =2 . 24
Hpi2(x) V—z2+4/n (24)
By using of {Hﬁ}neN as a basis we get
(,TQ + G)H,(la"b) — Hz+2 -+ ZC"JHS’
§=0
where
a,b a a,b
(Hos (@2 + ) H @)Y @) (Hg, H (@) (@)
Cn,j = D) = D) )
131, 131,
e
then, ¢, ; =0, for j =0,....,n—1,and ¢, :=cp,p = éa’b) So we get
IHZl,
(% + a)H\"D (x) = H}) () + e ) (). (25)
As a consequence of (12), we have
(552 + a)H’r(L(Lb) (2) = Hpt2(x) + (0nt2 + n) Hp (2) + oncnHn—2 (2). (26)

In order to obtain the behavior limit of the sequence (¢, ), we choose x = iy/a in (25),
and then for every n

Hy, y5(iv/a)
Hf(iva) -

Cp = —
By using (12) we get

Hvl;+2 (7’\/6) Hy o (Z\/a) + ont2Hy (z\/a)

“TTTHN Ve | Ha(iva) + onHao(iva)
In the even case,
—1/2 —-1/2
P L (=a) + oaniaLa P (—a)
n —1/2 —1/2
Ln?(=a) + o9n L % (—a)
L;}r/f(—a) O2n4-2
_ L) 20+ 1)L P(-a) 20Dy 1
nL,'*(~a) Li'*(=a) oo n

nL,’(~a) 20
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From (12) we obtain

—1/2
LnJr/l (_a) 02n+2 1 + 1
Con L' (=a) 2+ 1)L (—a) 2(+1) 2 Zp 41
LW (a) L' P(ca) | gom o
7 +2(2——§)+1
nLnfl (_a) n
and by using of (18) we get
1 Va
™ Vb 1
Cm <1 N ﬁ) 5 “agari o
2n n _1_Va _ Vb
v wiv

Given that Hopq1(x) = aLy? (2?), and following the same arguments in the odd case for

the subsequence Con+tl , we get the next
2n +1
Lemma 3.3.
. Cp 1
Ty 27

4. Asymptotic Properties

Hi() g HED (@)

a’ a
e e

We want to obtain formulas of the kind (4) associated to the ratios

First, we will deduce the next

Lemma 4.1.
Hb

lim "+("T) =1, (28)

=00 2H, o ()
uniformly on compact sets of C\R.
Proof. From (12), we get that

Hb(x) _ Hyp(x) +0,Hy o(x)
H2+2(x) Hy12(2) + o2 Hn(2)

20, (n—2)H,_2(x)
1
2 + n—2 2H,(z)

n 2Hn+2 ((E) 20n+2
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and by using of (24) we get

1_L

Hp(x) 2 V=a?+n
H} o (x) no V=a?+yn
NG

2 Jn
ny/—a?+/n’

then the result follows. v

1

In the above result we have obtained a formula of the type (4) for the sequence {Hﬁ}n N
Now we will get the same one for the sequence {H,Sa’b)} . Indeed, in the odd case and
neN

from (23) we get
Lgll/2,—a,—b) (1'2)

a,b —a,— _—
nt DG _ o W26 LR omt i)
HYY (x) LU @) L@ n LR ?)
1/2
L2 (a2)

as before, the even case is similar. Then, as a consequence of (18) and (19) we get the
next

Proposition 4.2.

Hr(La,b)
lim "71))(“7) -1,
o1 (o)

uniformly on compact subsets of C\R.

Moreover, from (23) we get

a, — ,—a,— a,b —a,—
Hg(nb)(‘r) _ L% 1/2 b)((EQ) and H2(n+)l(‘r) _ L%l/? b)(xQ)
Hap () L2 (2?) Hapy1 () L2
and as a consequence of (19) we obtain
Lemma 4.3. Uniformly on compact subsets of C\R,
foy Hi(@) Va4 a
A TH@) Vet vh

On the other hand, scaling the variable, and by (23), we get

Hy" (w/aF3) Ly 2T (02 (n+ )

ne n<

and

Hip o/ F) 2Lyt (2] (n 4 )

n n%

And from (20) we deduce
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Lemma 4.4. Uniformly on compact subsets of C,

(a,b) —
lim Han (Z/O‘ ntJ) = \/%x1/4J1/2 (2\/:10_2)

n—oo

and

H(a,b) o L A
lim —22H e/ /nT5) \/§w3/4J1/2 (2\/582) ,
n—oo n%« b
where j € NU{0}.
Finally, given that

Hy (it ge) L (0 ) o)

Hy, (VA + j2) L' 2 ((n+j) a2)

and

Hynpr (VR+jz)  LY?((n+5)a2)

as a consequence of (21) we have

Hyyth (it ge) LR ((n+ j)a?)

Lemma 4.5 (Plancherel-Rotach type exterior asymptotics).

lim 1" (/i Jo) —1
n—o00 H’n,( /n+j$) - 4

uniformly on compact subsets of C — [—2,2], and uniformly on j € NU{0}.

In our search of information about of asymptotic behavior of the sequence {H,(La’b)} ,
neN

it is very useful to consider the sequence {(x2 +a) ,(la"b)} and the results obtained in

the above lemmas. In this way, using (25) we obtain

(a,b) Hb
(x2—|—a) 7; (‘T) 1+Cn bn(x)
Hn+2(x) Hn+2(x)
— 14 nH? (z)

n 2H; o (x)
then, the next proposition is a consequence of (27) and (28).

Proposition 4.6. The sequence {H,(la"b)} satisfy

Hf(za)b)
lim (22 + a)bi(x) =0,
oo Hn+2('r)

uniformly on compact sets of C\R.
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(a,b)
x
Naturally, it is possible to obtain a similar result for the ratio ni()

. It is enough to
n+2 (CL‘)

consider (4) and (12) to obtain

Hb(x) On nHy—o(2)
lim =22 =142 1im 2in=2) g
W H @) e ( n 2H,(x) ’

uniformly on compact sets of C\R, and to use the above theorem for the expression

o, HV@ o, H(2) HY (@)
(x* +a) Halt) (x* + a) HY 5 (0) Horal@)

On the other hand, using recurrence relation (3) we get

Ho(x)  aHoo() = “F2H, 5(@)  Haa(x)  (n—1) Hyo(2)

Hyya(z) Hpi1(2) a IHn-Fl(x) 2 Hpp(z)’

and as a consequence,

. As before, for z € C\R, and

from (24), it follows

and as a consequence, ——— =~ ~ —2

Hn-l—l(x) vV —1'2.

Then we get the next

Lemma 4.7.

lim VHn(x) = —2sig(Im(x))i, (29)
n—oo Hy1(x)

uniformly on compact subsets of C\R.

Now, we will see the importance of above lemma in the following theorems.

Theorem 4.8.

(a,b)
lim (22 + a) -2 (1
Jim (x a)\/ﬁ ) 2szg( m(z))i,

uniformly on subsets compact of C\R.
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Proof. From (26) we get

o2 4y @) Hoa(@) <<an+2 +n) | Tntn nHn 2 <x>> Vi (2).
Vi (z)  VnHpi () n n®  Hy(z) Hpqa(z)
then, using (4) and (29) the result holds. v

Theorem 4.9 (Scaled Relative Asymptotics).

(2 + @) B (i) _ <1 TR )

©? (z/V2)

lim
oo Hyy2(v/nz)

holds uniformly on compact subsets of C\ [—\/5, \/5] .

Proof. Making the scaling z — /nz in (26), we have

HYY (/) Gz n+2 e\ (V) Ha (Viz)
na?® 4 a)———Y "2 = — |
) () ”(n+2 0 *n) s (/)
e (V) Hos (Vi)
nn Hy o () '

Then, using (9) and (14) we obtain

, HYY (nz) 2 1
m 7’L£L‘2 aQ)—F/———FF—— — .

Now we will deduce Mehler-Heine type formulas for the polynomials{H,(la’b)} . Making
x

N

(_1)n+1 :CQ (a b) T
A e Hy™ -
n! dn ) o 2v/n
(_l)nJrl (_1 n+1

= THSnH (235> R eantl, (%)
- (577) - ot (57

Then, using (16) and following a similar procedure in the odd case, we get the next

)
)-o

[Revista Integracion, temas de matemdticas

T — n (25), for the even case we get

Proposition 4.10 (Mehler-Heine type formulas).

-1 n+1 2 "
i D (i— +a) HL (

n— o0 n! n

E

0

2

3

E

) (_1)n+1 ZC2 (a,b)
A \an T Hania (5

uniformly on compact subsets of the complex plane.
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