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Abstract. In this paper we consider the Herz spaces K’ , which are a natural
generalization of the Lebesgue spaces LP. We prove some approximation
properties such as density of the space C2° (R™), continuity of the translation,
continuity of the mollification, global behavior of the convolution with smooth
functions, among others.
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Propiedades de aproximacion en espacios de Herz

Resumen. En este articulo consideramos los espacios de Herz K7, los cuales
son una generalizaciéon natural de los espacios de Lebesgue LP. Demostra-
mos algunas propiedades de aproximaciéon tal es como densidad del espacio
C° (R™), continuidad de la traslacion, continuidad de la molificacion, com-

portamiento global de la convolucién con funciones suaves, entre otras.

Palabras clave: Espacios de Herz, Molificadores, Convolucion, Espacios fun-
cionales.

1. Introduction

The Herz space K, was introduced by Herz [7] as a suitable environment for the image of
the Fourier transform acting on a class of Lipschitz spaces, in order to obtain a Bernstein
type theorem. A characterization of the K -norm in terms of LP-norms over annuli
was given in [8] (see Definition 2.1). Recently, some versions of classical spaces based on
Herz spaces K, such as Hardy-Herz, Sobolev-Herz and Triebel-Lizorkin-Herz spaces,
have presented an increasing interest in the literature of function spaces and turned out
to be a useful tool in harmonic analysis (see [1],[4],[5],[10] and references therein). We
also refer the reader to [9] for results of well-posedness of the Navier-Stokes equations
in weak-Herz spaces, and to [3| for results of well-posedness of the Euler equations on

Besov-Herz spaces.
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In this paper we consider the Herz spaces K, , which are a natural generalization of
the Lebesgue spaces LP. We prove some approximation properties such as density of
the spaces C2° (R™), continuity of the translation, continuity of the mollification, global
behavior of the convolution with smooth functions, among others. This results general-
ize the corresponding ones in LP. They seem necessary for the study of the transport

equations as done in [2] in the frame work of the L spaces.
This paper is organized as follows. In Section 2 we recall the definition of the Herz

spaces K, and some basic properties. Section 3 is devoted to the new results about

approximation and global behavior of functions in Herz spaces and his convolution with
smooth functions.

2. Herz spaces

This section is devoted to recall the definition of Herz spaces and establish some of their
properties, which will be useful in the remainder of the paper.

For k integer and k > —1, let Ay be defined as
A_y = B(0,1/2) and Ay, = {x € R"; 2871 < |z < 2*} for k > 0, (1)

where B(zg, R) = {# € R™;|z — 20| < R}. Then we have the disjoint decomposition
R™ = Ukz—lAk'

Definition 2.1. Let 1 <p,q < oo and a € R. The Herz space K/, = K’ (R") is defined
by

Koy ={f € 12, ®); |flls, < o0}, @
where
1/q
E 2kaq ||f||LPA if ¢ < o0,
1fllgo = (kz—l (“Ar) (3)

sup 2~ ”fHLP(Ak) if ¢g=o00
k>-1

In the case p = 1, we consider K}, as a space of signed measures, with ||f||L1(Ak) denoting
the total variation of f on Aj. The pair (K, || HKa ) is a Banach space for o € R,

l1<p<ooand 1<q< oo (seeeg. [6]). Also, note that K}, — LP = K) <—>KS7
So, all the results presented here are a generalization of the correspondlng results in LP.

There is a version of Hélder’s inequality in Herz spaces (see [9]) In fact, let 1 <
P, P1,P2,q,q1,q2 < oo and «, a1,z € R be such that % = +p—2 % = qil—i-q%,and
a = a1 + ay. Then,

1/q 1/q
Z 2ko¢q ”ngqu(Ak) < ¢ Z 2ko¢1q ”f”qLPl (Ak) 2ko¢2q ||gH%P2(Ak)
k>—1 k>—1
<Cllfllsr, lglwes, - (4)

In particular,
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179y, < ey Iy, - )

The following result provides a control in K} -spaces for the action of a volume pre-
serving diffeomorphism. Recall that a diffeomorphism X is volume preserving if for all
measurable set 0, we have () = p(X(2)), where p represent the Lebesgue measure.

Lemma 2.2 ([3]). Let 1 <p,qg < oo anda > 0. Let X : R™ — R" be a volume-preserving
diffeomorphism such that, for some fixed w > 0,

|X*(y) —y| < w, for ally e R, (6)
where |-| stands for the Euclidean norm in R™. Then, there exists C > 0 such that
O™ ey, < 1F 0 Xy, <Ol ™)

Jor all f € K.

The next lemma is key in order to prove the new results in Section 3. It provides an
estimate for convolution operators in Herz spaces depending on certain weighted norms
of the kernel 6.

Lemma 2.3 ([3]). (Convolution). Let & € R and 1 < p,q < co. Let § € L' be such that
My < 0o for some 3 > 0, where

B
maz {61, ||1179]| .
maa {161 |17~

oo

’Ll} if a0,
|-|259H } ifa<o.
Ll

L’

Then, there is a constant C' > 0 (independent of 0) such that

10+ Flly, < CMy | fllyes  for all f € K., ®)

To finish this section we present a first result of density in Herz spaces.

Lemma 2.4 ([3]). Let 1 < p,q < oo and o € R . Then, Schwartz space S is continuously
included in Ky . Moreover, the inclusion is dense provided that 1 < p,q < cc.

3. New results

Now we present some new results about approximation of functions in Herz spaces and
global behavior of their convolution with smooth functions. This results can be useful in
order to analyze the well-posedness of some PDEs in the framework of Herz spaces.

In what follows, let p € S such that [ p(z)dz = 1. For e > 0 we define p.(z) := 2-p (£),
Rn

additionally, for a mensurable function f € R” — R we also define f€(z) = (pe * f) ().
We first show that not only S but also CS° (R™) are dense in Herz spaces.

Theorem 3.1. Let 1 <p,q < oo and a € R. Then, the space C° (R") is dense in K .

Vol. 35, No. 2, 2017]



218 J.E. PEREZ-LOPEZ

Proof. From Lemma 2.4 it follows that S is dense in K. Let f € K ;e >0and ¢ € S

such that ||f — ¢||Kqu < §. Now, let N € N such that

« € a
> 2, < (5)

k>N+1
and let § € C°(R™) be such that 0 < 6 < 1, § = 1 in B(0,2Y) and # = 0 in
[B(0,2)]°. Defining 1 = 0¢, we have that 1) € C (R"), ¥ = ¢ in B (0,2") and
# =0 in [B (O, 2N)}c. Moreover, it follows that

6 —wlks = D 2% )16 =00l 70,

k>—1

PQ’

Z 2% | — Bl|T, a,y T 27NN =00 o an oy T DL 2% NN as)

k=—1 k>N+2
— ga(N+1)a (1 — DN 7oAy T Z oakq [
kE>N+2
< 92(N+1)q ||¢||Lp (Anyn) T Z gakq ||¢||Lp (4n) Z gakq ||¢||‘1LP(Ak)
k>N+4-2 kE>N+1

<(3)"

€ €
1f = llig, I =Ollg, + 10—Vl <5+5=¢

Since € > 0 is arbitrary, we conclude the proof. ]

Thus,

Now we prove the continuity of the translation mapping in Herz spaces.

Theorem32 Let1 <p,q< oo and a € R. Then, 7.f — [ in K, as 2 — 0 for all

feKe,. Herer,f denotes the mapping such that 7. f(z) = f(x — 2).

Proof. Note that, for |z| < 1, we have that the volume preserving diffeomorphism
X.(r) = z — 2 trivially verifies || X, —Id||,, < 1. Now, let f € K , ¢ > 0 and
g € C° (R™) such that || f — g||xo < €. Using Lemma 2.2, it follows that
P:q
Hf - Tzf”Kgﬂ < ”f - g”Kqu + Hg - TzQ”K;yq + Hng - Tzf”Kgﬁ

— 1 = gllxcg, +lg = 7ellg + (g~ o Xulles.

< = llxy, + 9= Tglliy +Cllg—Flly

<etllg—Tgllgy, +Ce (9)

Now we prove that ||g — 7.¢g||xe — 0 when z — 0. In fact, if |z| < 1, then suppg
p,q

and suppT.g are contained in a common compact set K. Choosing M € N such that
KcB (O, 2M) , and using that 7,g — ¢ in L? (R™), we have that

M

_ q _ akq _ q
lg = mgllics = > 2% g = Tegllfna,y — 0 as z—0. (10)
k=—1
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Thus, taking limsup as z — 0 in (9) and using (10) we obtain
0 <limsup ||f — 7= f|lga < (14 C)e
L—00 pa

since € > 0 is arbitrary, we obtain the result. v

Lemma 3.3. Let 1 <p,q<oo,a€R, fe Ky, andp€ S. Then,
o * Fllg, < Cleap) Il
where 0 < C(e,p) < C(p) if 0 < e < 1.

Proof. Using Lemma 2.3 we have that

[l pe *fHK;f’q < CM,, fHK;f,qv
where
ma.X{||p€||L17 |.|ﬁpE LI,H|,|2ﬁ+ap6 1} if « >0,
e = - 2 .
mac { el |17 0|10 L} ta<o.
Moreover, if 0 < € < 1 is easy to see that M, < M,. v

Now we show the continuity of the mollification of a function in Herz spaces when the
mollifier is in C2° (R™).

Theorem 3.4. Let f € K, with1 <p,q < oo, « € R and p € C° (R™). Then, f¢ — f
in Ky, ase—0.

Proof. By definition we have that
£o(@) = @) = [ o= y)ocuddy - 7(a) = [ @~ y)olo)dy - 1(a) [ pelw)iy
R = R

— [t =) - 1@y = [ 15— e2) = @) ol

= =
where we use the change y = ez. Now, using Minkowski’s inequality we get
199~ Flira < [ 6 et = Flinca,y 2=
R’n
Thus, using again Minkowski’s inequality (for sequences) we obtain
1£°= Fllg, < [ ) I7ed = Fliy, d
R’Vl

< [ 0l et = g, 2 (1)

K
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where suppp = K. Since K is compact, we have that |z| < Cs for all z € K; moreover,

for 0 < € < 1 we also have that |ez| < 1 for all z € K. Thus, using Lemma 2.2 we have

that [|7es fll = If © Xeolls < Ol Flics and it follows that 7eef — fll, < (1+
P,q P,q p,q P,q

C) | fll o - Then, using (11), Proposition 3.2 and the Dominate Convergence Theorem
P,q
we obtain the result. ]

The following is an auxiliary lemma.

Proposition 3.5. Let ¢ € C° (R"), 1 <p,q< o0, a € R and p € S. Then, ¢¢ — ¢ in
Ky, ase—0.

Proof. Let N € N such that supp¢ C B(0,2V), and let M > N + 2. For k > M and
r € Aj, we have that

|@A¢ﬂ@h=/¢@—wm@ﬂy= L/ 6z — y)pe(y)dy
" (z,2V)
<lole [ Zo(L)ay
B(z,2M)
< 6l /“ Lo(Y)ay

2k—2Ly|<2k+2

<ol [ s

22 < |a| <222

“lole [ T e

ok

=2 <|p|< 2ht2

< 025 g e /’ 12° p (2) d
T2 a2

< C275 |9l e 112 Ol -

Thus, for any s > 0 we get

oe * Ol e < C27€ | Bll e 111" P ()l 1 - (12)

On the other hand,

M—1
Hpe *Q— ¢||q = Z 20kq ||Pe *Q— ¢||%p(,4k) + Z 20k Hpe * @ — ¢|\qu(Ak) = 51+ 5s.
k=—1 k>M

Is clear that S; — 0 as € — 0, because p. * ¢ — ¢ in LP(Ay). For So, using the
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Holder inequality, (12) and taking s > 0 large enough, we have

So < Y 2M255 ek § = B[] s, S C D 2FDRTFATYg)1g ||| p ()|

k>M k>M
<O Y 2letimkaa g1 |10 p ()%
k>M

< Ce |l MII1° o OILs -

Then, S — 0 as € — 0. The estimates for S; and S; give the result. v

Now we prove the continuity of the mollification of a functions in Herz spaces when the
mollifier is in S.

Theorem 3.6. Let f € K, with1 <p,gq< oo, « € Randp € S. Then, f* — [ in
Ky, ase—0.

Proof. Let 6 > 0 and ¢ € C° (R") such that ||7c.f — f||ge < d. For 0 < e < 1, we
have K

lpex £ = Fllicg, < lloes £ = pex blliey +llpex &~ dllicy + 116~ iy
< lpe (f = ¢)”K§t’q + l|pedp — ¢HK§¢’q + ¢ - f”Kg’q
<O =l + 10t — Dllg + 16— Fllcs.
< (U0 + [lped — -

Taking ¢ — 0 and using Lemma 3.5, we obtain

timsuplpe « f— fllg, < (1+C)
z—0 P

Since § > 0 was arbitrary, we prove the proposition. ]

The following two results are related to the global behavior of convolutions of functions
in Herz spaces with smooth functions.

Theorem 3.7. Let 1 <p,g< oo, a>0, f € K&, and ¢ € C®. Then f x¢ € C*° (R™)

p.q

and || D (f * 1/))HLOO <C(p) Hf”Kgq for all B multi-index.

Proof. Note that f x ¢ € C> (R™) follows from the fact that f € L}, and the classic
theory of convolution. On the other hand, by definition we have
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(F ) ( |</|f (@ —y |dy—z/|f (@ — )| dy

k>— 1A
S Z Hf”LP(Ak) ||Tm7/)HLp/(Ak)
k>—1
<C Y 2 W llpniay 17e¥ll o (ay
k>—1
1/q
<SClfllgg, | 2 It fa,)

k>—1

Let N € N such that suppy C B (O, 2N), and note that

P L PRI S [ RN —

k>—1 k>—1
Thus, if [z] < 2V*1, then (A — {x})Nsuppy = 0 for k > N + 3; therefore, for |z| < 2V+1
we have

N+2 N+2

> el ((Ax—{z})nsuppy) — Z 1l "((Ax—{z})nSuppy) = Z 1l "(B(0,2N))

k>—1

= (N +3) 1819, 00wy < C - (N +3) Z 1019 4,

j=—1

<C-(N+3)[el%,

On the other hand, if |z| > 2V *1 it follows that,
[(Ax = {z}) U (Ans1 = {2}) U (An42 = {2})] N B(0,2") # 0,

and
(A —{z})NB(0,2") =0 if k# N,N +1,N +2.

Then,

Z HwHLP (A —{x})NSuppy) = Z Hw” ((Ax={=})NB(0,2N))

k>—1
N+2

p— q/
= Z ”Q/JHLP’((A,C—{QE})QB(OQN))
k=N

N+2

< Z ||1/}HLP (B OQN))

=3 ||w||Lp B(O QN S 3C ||¢||Z<S, o :
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Thus, for any = € R™ we obtain
(5 9) @) < CWV,p,0) [, Il
Similarly, for any x € R™ we have
07 (£ %) @)] = [(f +070) @] < COV,p, ) |07 0, Wy, - 1
Theorem 3.8. Let 1 < p,g < oo, a >0, f € Ky, andp € C°(R"). Then f*1 €
C5° (R™).
Proof. Let € > 0 and ¢ € C2° (R") such that || f — ¢HK5,Q < €. Then,

(f #9) (x) = ((f = @) x ) (x) + (¢ % ) ().

Since ¢, € C° (R™), we have that ¢ € C° (R™); thus, |z| > C = C(e), and we have
that (¢ * 1) (x) = 0. Therefore, for z large enough, it follows that

[(f +) (@) < [((f = @) *¥) (2)]

Now, proceeding as in the proof of the Theorem 3.7, we get

|(f*¢) ($)| S |((f _¢) *"/J) ($)| S C(vaa%dj) Hf _¢HK§¢’q S C(N,p7q,¢)6

Since € > 0 is arbitrary, we get the result. v
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