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Una Introduccién a la Teoria de las Funciones Zeta
Locales para principiantes

Resumen. En este articulo panordmico brindamos una introduccion a la
teoria de las funciones zeta locales p-adicas para principiantes. También se
presenta una revisién extensiva a la literatura especializada sobre funciones
zeta locales y sus conexiones con otros campos de las matematicas y la fisica.
Palabras clave: Funciones zeta locales, anélisis p-adico, cuerpos locales, for-
mula de la fase estacionaria.

1. Introduction

In these notes we provide an introduction to the theory of local zeta functions from
scratch. We assume essentially a basic knowledge of algebra, metric spaces and basic
analysis, mainly measure theory. Let K be a local field, for instance R, C, Q,, the field of
p-adic numbers, or F,((¢)) the field of formal Laurent series with coeflicients in a finite
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46 E. LEON-CARDENAL & W.A. ZUNIGA-GALINDO

field with p elements. Let h(z) € K[z1,...,2,] be a non-constant polynomial and let ¢
be a test function. The local zeta function attached to the pair (h,¢) is defined as

Zy(s,h) = / o(z) |h(z)|g d"z, Re(s) >0,
K"\h—1(0)
where | - |[g denotes the absolute value of K, s € C, and d"z denotes a normalized

Haar measure of the topological group (K™, +). These integrals give rise to holomorphic
functions of s in the half-plane Re(s) > 0. If K has characteristic zero, then Z, (s, h)
admits a meromorphic continuation to the whole complex plane. The p-adic local zeta
functions (also called Igusa’s local zeta functions) are connected with the number of
solutions of polynomial congruences mod p™ and with exponential sums mod p™ (see
e.g., [14], [28], [31]).

In the Archimedean case, K = R or C, the study of local zeta functions was initiated
by Gel’'fand and Shilov [21]. The meromorphic continuation of the local zeta functions
was established, independently, by Atiyah [4] and Bernstein [6] (see also [31, Theorem
5.5.1 and Corollary 5.5.1]). The main motivation was that the meromorphic continuation
of Archimedean local zeta functions implies the existence of fundamental solutions (i.e.
Green functions) for differential operators with constant coefficients. It is important to
mention here, that in the p-adic framework, the existence of fundamental solutions for
pseudodifferential operators is also a consequence of the fact that the Igusa local zeta
functions admit a meromorphic continuation (see [33, Chapter 10| and [62, Chapter 5]).

On the other hand, in the middle 60s, Weil initiated the study of local zeta functions, in
the Archimedean and non-Archimedean settings, in connection with the Poisson-Siegel
formula [59]. In the 70s, Igusa developed a uniform theory for local zeta functions over
local fields of characteristic zero [28], [30]. More recently, Denef and Loeser introduced in
[15] the topological zeta functions, and in [16] they introduce the motivic zeta functions,
which constitute a vast generalization of the p-adic local zeta functions.

In the last thirty-five years there has been a strong interest on p-adic models of quantum
field theory, which is motivated by the fact that these models are exactly solvable. There
is a large list of p-adic type Feynman and string amplitudes that are related with local
zeta functions of Igusa-type, and it is interesting to mention that it seems that the
mathematical community working on local zeta functions is not aware of this fact (see e.g.
[2], [5], [7], [10]-[13], [18]-[20], [22]-[24], [27], [38], [39], [42], [48]-[52], and the references
therein).

The connections between Feynman amplitudes and local zeta functions are very old
and deep. Let us mention that the works of Speer [50] and Bollini, Giambiagi and
Gonzalez Dominguez [11] on regularization of Feynman amplitudes in quantum field
theory are based on the analytic continuation of distributions attached to complex powers
of polynomial functions in the sense of Gel’fand and Shilov [21] (see also [5], [7], [10]
and [42], among others). This analogy turns out to be very important in the rigorous
construction of quantum scalar fields in the p-adic setting (see [43] and the references
therein).

The local zeta functions are also deeply connected with p-adic string amplitudes. In [8],
the authors proved that the p-adic Koba-Nielsen type string amplitudes are bona fide
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integrals. They attached to these amplitudes Igusa-type integrals depending on several
complex parameters and show that these integrals admit meromorphic continuations
as rational functions. Then they used these functions to regularize the Koba-Nielsen
amplitudes. In [9], the authors discussed the limit p approaches to one of tree-level
p-adic open string amplitudes and its connections with the topological zeta functions.
There is empirical evidence that p-adic strings are related to the ordinary strings in the
limit p — 1. Denef and Loeser established that the limit p — 1 of a Igusa’s local zeta
function gives rise to an object called topological zeta function. By using Denef-Loeser’s
theory of topological zeta functions, it is showed in [9] that limit p — 1 of tree-level p-
adic string amplitudes give rise to certain amplitudes, that we have named Denef-Loeser
string amplitudes.

Finally, we want to mention about the remarkable connection between local zeta functions
and algebraic statistics (see [40], [58]). In [58] is presented an interesting connection with
machine learning.

This survey article is based on well-known references, mainly Igusa’s book [31]. The work
is organized as follows. In Section 2, we introduce the field of p-adic numbers, and we
devote Section 3 to the integration theory over QQ,. Section 4 is dedicated to the implicit
function theorems on the p-adic field. In Section 5, we introduce the simplest type
of local zeta function and show its connection with number of solutions of polynomial
congruences mod p™. In Section 6, we introduce the stationary phase formula and
use it to establish the rationality of local zeta functions for several type of polynomials.
Finally, in Section 7, we state Hironaka’s resolution of singularities theorem, and we use
it to prove the rationality of the simplest type of local zeta functions in Section 8.

For an introduction to p-adic analysis the reader may consult [1], [25], [32], [35], [46],
[47], [53] and [56]. For an in-depth discussion of the classical aspects of the local zeta
functions, we recommend [3], [14], [21], [28], [30], [31], [41]. There are many excellent
surveys about local zeta functions and their generalizations. For an introduction to
Igusa’s zeta function, topological zeta functions and motivic integration we refer the
reader to [14], [16], [17], [44], [45] ,[55]. A good introduction to local zeta functions
for pre-homogeneous vector spaces can be found in [30], [31] and [34]. Some general
references for differential equations over non-Archimedean fields are [1], [33], [56], [62].
Finally, the reader interested in the relations between p-adic analysis and mathematical
physics may enjoy [12], [13], [19], [20], [22]-[24], [27], [33],[37]-[39],[43], [48], [49], [52],
[54], [56], [57] and [62].

2. p-adic Numbers- Essential Facts

2.1. Basic Facts

In this section we summarize the basic aspects of the field of p-adic numbers, for an
in-depth discussion the reader may consult [1], [25], [32], [35], [46], [47], [53] and [56].

Definition 2.1. Let F be a field. An absolute value on F is a real-valued function, | - |,
satisfying

(i) |z|=0< z=0;
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(i) fey| = |2[lyl;
(iii) |z +y| < |z| + |y| (triangle inequality), for any x,y € F.

Definition 2.2. An absolute value | - | is called non-Archimedean (or ultrametric), if it
satisfies
|+ y| < max{|z], |y[}.

Example 2.3. The trivial absolute value is defined as

1, ifz#0,
|.’L'|trivial = O, fo -0
From now on we will work only with non trivial absolute values.

Definition 2.4. Given two absolute values |- |1, | - |2 defined on F, we say that they are
equivalent, if there exists a positive constant ¢ such that

|1 = |zl3
for any z € F.

Definition 2.5. Let p be a fixed prime number, and let x be a nonzero rational number.
Then, z = pk% for some a, b, k € Z, with p t ab. The p-adic absolute value of x is defined

as
pk, ifx#0,
2|, = e
0, if x =0.

Lemma 2.6. The function |- |, is a non-Archimedean absolute value on Q.

The proof is left to the reader. In fact, we kindly invite the reader to prove all the results
labeled as Lemmas in these notes.

Theorem 2.7 (Ostrowski, [35]). Any non trivial absolute value on Q is equivalent to ||,
or to the standard absolute value | - |oo.

An absolute value | - | on F allow us to define a distance d(z,y) := |zt —y|, z,y € F. We
now introduce a topology on F' by giving a basis of open sets consisting of the open balls
B,.(a) with center a and radius r > 0:

B.(a)={z € F:|x—a| <7}

A sequence of points {z; }ien C F is called Cauchy if
| — 2| — 0, m,n — o0.
A field F with a non trivial absolute value | - | is said to be complete if any Cauchy

sequence {z;};eny has a limit point z* € F, ie. if |z, — 2*| — 0, n — oco. This is
equivalent to the fact that (F)d), with d(z,y) = |z — y|, is a complete metric space.
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Remark 2.8. Let (X,d), (Y, D) be two metric spaces. A bijection p : X — Y satisfying

D(p(x), p(a")) = d(z,2'),

is called an isometry.

The following fact is well-known (see e.g. [36]).

Theorem 2.9. Let (M, d) be a metric space. There exists a complete metric space (M, d),
such that M is isometric to a dense subset of M.

The field of p-adic numbers Q, is defined as the completion of Q with respect to the
distance induced by | - |,. Any p-adic number x # 0 has a unique representation of the
form

00
1=0

where v = y(z) € Z, z; € {0,1,...,p — 1}, 29 # 0. The integer  is called the p-adic
order of x, and it will be denoted as ord(x). By definition ord(0) = +oo.

Lemma 2.10. Let (F,|-|) be a valued field, where | - | is a non-Archimedean absolute
value. Assume that F is complete with respect to |-|. Then, the series Y~ ax, ar € F
converges if, and only if, limg_ o |ag| = 0. -

Since |z;p"™"|, = p~" — 0, i — oo, from Lemma 2.10 we conclude that series (1)
converges in | - |,.

Example 2.11.

~1=@-D+@E-p+@@-1)p"+-
Indeed, set

= -1+ p-p+--(p—1p"

n+1
p -1 n+1
(p—1) o1 P

Then lim,, 00 2™ = lim,, 0o p" T —1=0—1= —1, since lp" i, =p~" L

The unit ball
Zy={x€Qp:l|z|, <1}

:{l'EQPI,T:ZIZ‘pi,Z'OZO},

i=1g

is a ring, more precisely, it is a domain of principal ideals. Any ideal of Z, has the form

mepz{xEZp:x:inpi}, m € N.

i>m
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Indeed, let I C Z, be an ideal. Set mo = mingerord(z) € N, and let 2o € I such that
ord(xzg) = mg. Then I = zyZ,,.

From a geometric point of view, the ideals of the form p"Z,, m € Z, constitute a
fundamental system of neighborhoods around the origin in Q,. The residue field of Q,
is Zp,/pZy, = T, (the finite field with p elements).

The group of units of Z, is

Ly ={x €y : ||, = 1}.
Lemma 2.12. v =z +z1p+ -+ € Zy is a unit if, and only if, xog # 0. Moreover if
r€Qp\ {0}, then x = p™u, m € Z, u € L.

2.2. Topology of Q,
As we already mentioned, Q, with d(x,y) = |z — y|, is a complete metric space. Define

B.(a)={z€Qp:|r—al, <p"}, r e,

as the ball with center a and radius p”, and
Sp(a)={zeQp:lz—al,=p"}, r€Z

as the sphere with center a and radius p".

The topology of Q, is quite different from the usual topology of R. First of all, since
| |p:Qp — {p™,m € Z} U {0}, the radii are always integer powers of p; for the sake of
brevity we just use the power in the notation B, (a) and Sy(a). On the other hand, since
the powers of p and zero form a discrete set in R, in the definition of B,(a) and S, (a)
we can always use ‘<’. Indeed,

{reQy:lr—al,<p}={re€Q,:|r—al, <p" '} =B,_1(a) C B.(a).
Remark 2.13.

B.(a) =a+p"Zy,
Sp(a) =a+p"Z,;.

We declare B,(a), r € Z, a € Qp, are open subsets; in addition, these sets form a basis
for the topology of Q.

Proposition 2.14. S,(a), B,(a) are open and closed sets in the topology of Q.

p—1} + pZyp, then

.....

Sr(a) = |_| a+pli+p 7z, = |_|BT+1(a+pri)
ie{l,...,p—1} i

is an open set.
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In order to show that S,(a) is closed, we take a sequence {x,}nen of points of S, (a)
converging to o € Q,. We must show that zy € S,(a). Note that z, = a + p"upn, u, €
Z) . Since {r,} is a Cauchy sequence, we have

|Zn — Zmlp =07 " |tn — Umlp = 0, n,m — oo,

thus {un }nen is also Cauchy, and since Q,, is complete, u,, — ug. Then z,, — a + p"ug,
so in order to conclude our proof we must verify that ug € Z, . Because u,, is arbitrarily
close to ug, their p-adic expansions must agree up to a big power of p, hence ug € /e

A similar argument shows that B,.(a) is closed. 4
Proposition 2.15. If b € B, (a) then B.(b) = B,(a), i.e., any point of the ball B,(a) is
1ts center.
Proof. Let x € B,(b); then,

|z —alp = |z = b+b—al, <max{[z —bl, [b—al,} <p",
ie., B.(b) C By(a). Since a € B,(b) (i.e. |b—alp, = |a —b|, < p"), we can repeat the
previous argument to show that B,.(a) C B, (b). v
Lemma 2.16. The following assertions hold:
(i) any two balls in Q, are either disjoint or one is contained in another;
(i) the boundary of any ball is the empty set.

Theorem 2.17 ([1, Sec. 1.8]). A set K C Q, is compact if, and only if, it is closed and
bounded in Q.

2.3. The n—dimensional p-adic space

We extend the p-adic norm to Qj by taking

[lz|lp == Jax, |zilp, for z = (z1,...,2,) € Q).
We define ord(r) = minj<;<,{ord(z;)}; then, ||z||, = p~°"¥®). The metric space
(QZ, [l - ||p) is a separable complete ultrametric space (here, separable means that Qp
contains a countable dense subset, which is Q™ ).
For r € Z, denote by B'(a) = {z € Qp : |[[z —all, < p"} the ball of radius p"

<
with center at a = (a1,...,a,) € Qp, and take B}'(0) := B;'. Note that B(a) =
By(a1) x --- x By(ay,), where By(a;) = {2; € Q, |zi — aslp, < p"} is the one-
dimensional ball of radius p” with center at a; € Q,. The ball Bj equals the product of
n copies of By = Z,. We also denote by S*(a) = {z € Q) : ||z —al|, = p"} the sphere
of radius p" with center at a = (a1, ...,a,) € Qp, and take S'(0) := S'. We notice that
Sg = Z (the group of units of Z,), but (ZX)" C g, for n > 2.

As a topological space (Qg, [l - ||p) is totally disconnected, i.e., the only connected subsets
of Q) are the empty set and the points. Two balls in Q} are either disjoint or one is
contained in the other. As in the one dimensional case, a subset of Q) is compact if, and
only if, it is closed and bounded in @} . Since the balls and spheres are both open and

closed subsets in Q}, one has that (QZ, [l - ||p) is a locally compact topological space.
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3. Integration on Q,

For this section we assume a basic knowledge of measure theory (see e.g. [26]).

Theorem 3.1 ([26, Thm B. Sec. 58]). Let (G,-) be a locally compact topological group.
There exists a Borel measure dx, unique up to multiplication by a positive constant, such
that fU dx > 0 for every non empty Borel open set U, and wa dr = fE dx, for every
Borel set E.

The measure dz is called a Haar measure of G. Since (Qp,+) is a locally compact
topological group, by Theorem 3.1 there exists a measure dx, which is invariant under
translations, i.e., d(z 4+ a) = dz. If we normalize this measure by the condition

/dx: 1,
Zp

then dz is unique.

For the n-dimensional case we use that ( b +) is a locally compact topological group.

We denote by d"x the product measure dx; - - - dz,, such that
/ d"z =1.
Zy

This measure also satisfies that d"(z + a) = d"x, for a € Q). The open compact balls
of Qp, e.g. a+p™Zy, generate the Borel o-algebra of Q). The measure d"z assigns to
each open compact subset U a nonnegative real number fU d"x, which satisfies

/ d"x =
Uzolek

for all compact open subsets Uy in Qp, which are pairwise disjoint, and verify U2, Uy is

still compact. In addition,
/ d"x = / d"z.
a+U U

3.1. Integration of locally constant functions

o0

> [ e )

k=1

A function ¢ : Q) — C is said to be locally constant if for every x € Q) there exists an
open compact subset U, containing x, and such that f(z) = f(u) for all u € U.

Lemma 3.2. Every locally constant function is continuous.

Remark 3.3. Set I = Q,/Z,; then I is countable. We fix a set of representatives for the
elements of I of the form
Tomp ™+ zoap

If V is an open subset of Q,, then for any z € V there exists a ball contained in V' of
the form

p"(J +Zy),

for some j € I" and m € Z, containing z. Consequently, Q) is a second-countable space.
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Any locally constant function ¢ : Q) — C can be expressed as a linear combination of
characteristic functions of the form

+o00
p(2) = ely, (@), (3)

where ¢ € C,
1, if x €Uy,

1y, (x) =
0, if :vgéU;g,

and Uy C Qp is an open compact for every k. In the proof of this fact one may use
Remark 3.3.

Let ¢ : Qp — C be a locally constant function as in (3). Assume that A = [_|f:1 U;, with
U; open compact. Then we define

/<p(x)dnx:clfd”x+---+cn/d”x. (4)

A U, Uk

We recall that, given a function ¢ : Qp — C, the support of ¢ is the set

Supp(p) = {x € Qp : »(x) # 0}.

A locally constant function with compact support is called a p-adic test function or a
Bruhat-Schwartz function. These functions form a C-vector space denoted as D. From
(2) and (4) one has that the mapping

D — C 5
Y — ngQanw, ()

is a well-defined linear functional.

3.2. Integration of continuous functions with compact support

We now extend the integration to a larger class of functions. Let U be a open compact
subset of Q). We denote by C(U,C) the space of all the complex-valued continuous
functions supported on U, endowed with the supremum norm. We denote by Co(Q}, C)
the space of all the complex-valued continuous functions vanishing at infinity, endowed
also with the supremum norm. The function ¢ vanishes at infinity, if given € > 0, there
exists a compact subset K such that |p(z)| <e, if x ¢ K.

It is known that D is dense in Co(Q}, C) (see, e.g., [53, Prop. 1.3]). We identify C(U,C)
with a subspace of Cy(Qy, C), therefore D is dense in C(U, C).

We fix an open compact subset U and consider the functional (5), since

/ pd'x
Q

n
P

< suplw(l“)l/ d"z,
zeU U

then functional (5) has a unique extension to C(U, C).
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This means that if f € C(U,C) and {fn }men is any sequence in D approaching f in the
supremum norm, then

fd'x= lim fm d™x.

n m—r oo n
Q @

3.3. Improper Integrals

Our next task is the integration of functions that do not have compact support. A
function f: Q, — C is said to be locally integrable, f € L} , if

loc?
/f (z) dx
K

exists for every compact K.

Example 3.4. The function |x|p 1s locally integrable but not integrable.

1
loc

Definition 3.5 (Improper Integral). A function f € L, is said to be integrable in Qj if

l
lim / f(x)d"z = lim / f(x)d "z
l—+o0 B,(0) l—+o0 J;OO 5;(0)

exists. If the limit exists, it is denoted as an f(x)d"x, and we say that the improper
P

integral exists.

Note that

+oo
f@)d "z = Z /S~(o)f (z)d" .

Qp j=—o00

3.4. The change of variables formula in dimension one

Let us start with the formula

d(ax) = |a|,dz, a € Qy, (6)
which means the following:
/d:v = lal, /dw,
aU U

for every Borel set U C Q,, for instance an open compact subset. Consider
T, : Qp — Qp
r > ax,

with a € Q. T, is a topological and algebraic isomorphism. Then aU fade is a
Haar measure for (Qp, +), and by the uniqueness of such measure, there exists a positive
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constant C(a) such that [ dr = C(a) [, dz. To compute C(a) we can pick any open
compact set, for instance U = Z,, and then we must show

/ de = C(a) = |al, .

alyp

Let us consider first the case a € Zy, ie., a = plu, l €N, u € Z, . Fix a system of
representatives {b} of Z,/p'Z, in Z,; then,

Zy= || b+0'2,

bELy /P Ly

and

s fus S [es Y [

Zp bELy /P! Ly b+plZ, bEZy /pt Ly P'Z,
:#(Zp/plZp) /d:z,
plzp
ie.,
p=lal, = [ do= [ dn
Pty aZy

The case a ¢ Z,, is treated in a similar way.

Now, if we take f : U — C, where U is a Borel set, then

/f(:b)dx:|a|p / f(ay +0) dy, for any a € Q,,b € Q.
U a—1U+b

The formula follows by changing variables as ¢ = ay +b. Then we get dz = d (ay +b) =
d(ay) = |al, dy, because the Haar measure is invariant under translations and formula

(6).
Example 3.6. Take U = Z, ~ {0}. We show that

/dx:/dle.
U Ly

Notice that U is not compact, since the sequence {p"}, .y € U converges to 0 ¢ U. Now,
by using

oo

Zy~ A0y = | | {z €2y 1 lal, =p7},

=0
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we have
/ dxzz /dszp_j/dy, (x =py)
Zp~{0} J=0 pIZy J=0 Zy
1 1 1—p!
(1—p1)/y (1—p1){/y / y} 1—p!
A Lp PLyp

ya

This calculation shows that Z, ~ {0} has Haar measure 1 and that {0} has Haar measure
0.

Example 3.7. For anyr € Z,

/dx: /dx—pr/dy:pr.

B (0) P~ "Zp Zp

Example 3.8. For anyr € Z,

/dac: /dw— / dx:pr—pr_lzpr(l—p_l).
) )

5,.(0 B.(0 B,—1(0)
Example 3.9. Set

Z(s) := /|:1:|ZS) dx, s € C with Re(s) > —1.
Zp

We prove that Z(s) has a meromorphic continuation to the whole complex plane as a

rational function of p~*.

Indeed,
Z(s) = / |z, dz = Z ||, dx = Z pIe / dx
Jj=0 Jj=0

Zp~{0} ||, =p~7 ||, =p=3

=(1-p7") Z p G (here we need the hypothesis Re(s) > —1)

j=0
1— -1

= %, for Re(s) > —1.
We now note that the right hand-side is defined for any complex number s # —1, therefore,
it gives a meromorphic continuation of Z(s) to the half-plane Re(s) < —1. Thus we have
shown that Z(s) has a meromorphic continuation to the whole C with a simple pole at
Re(s) = —1.

Example 3.10. Let f : Q, — C be a radial function, i.e., f(x) = f(|lz|p). If
+oo . .
Z f (pJ)pJ < +o00, then

JHERTS f [ #sl,) do= (=) f f ().
Q I=7%0 |, =pi =
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—+oo
Example 3.11. By using Y rp~ " = ﬁ, one may show that
r=0
/ln(|:1:| ) doe = — Inp
p p— 1

ZT’
Example 3.12. We compute

Z(s,x* —1) /|x —1| dx, for Re(s)>—1,p#2.
ZP

Let us take {0,1,...,p—1} C Z C Z, as a system of representatives of F,, ~ Z,/pZy,.
Then,

|_|J+pZ

and

p—1
% —1) Z / [(x — 1) (:17—|—1)|de

i= J-‘rpr

=p 1Z:/IJ—1+py)(J+1+py)l dy, (v =j+Dpy).
J= OZ

Let us consider first the integrals in which j ¥ 1+ py € Z, i.e., the reduction mod p of
J F 1 is a nonzero element of Fp; in this case,

J1G=1400) G+ 1+l dy =1,
ZT’
and since p # 2, there are exactly p — 2 of those j’s; then,
Z(s,2*=1)=@-2)p~" +p*1/ lpy (2 + py)l; dy +p’1/ [(=2+ py) pyl; dy
ZP ZP

— -2y 2 [y = -2 2
Zp

_p—l

1— pflfs :

Lemma 3.13. Take q(z) = [] (z — ;) € Zy [2], a; € Zy, e; € NN {0}. Assume that
i=1
a; # a; mod p. Then by using the methods presented in examples 3.9 and 3.12, one can

compute the integral
D= [la@l; a.
Zp
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3.5. Change of variables (general case)

A function h : U — Q,, is said to be analytic on an open subset U C Q,, if there exists a
convergent power series . a;x’ for z € U C U , with U open, such that h (z) = > aidt
for z € U. In this case, ' (z) = ¥, ia;a"~ ! is a convergent power series. A function f is
said to be bi-analytic if f and f~! are analytic.

Let Ko, K1 C Q, be open compact subsets. Let ¢ : K; — K, be a bi-analytic function
such that ¢'(y) # 0, y € K;. Then, if f is a continuous function over Ky,

/ f () de= / F W)W, dy, (= o).
Ko K

4. Implicit Function Theorems on Q,

Let us denote by Q, [[z1,...,%x]], the ring of formal power series with coeflicients in
Qp. An element of this ring has the form

T i1 7
E GiTm = E Cigyeyin T " T

(il,...,’in)eN"

A formal series Y c;z" is said to be convergent if there exists r € Z such that > c;a’® con-
verges for any a = (a1,...,an) € Q) satisfying [lal|, = max; [a;[, < p". The convergent
series form a subring of Q, [[z1, ..., )], which will be denoted as Q, ((x1,...,2n)).

If for Y c;a" there exists cho)xi € R((z1,...,2n)) such that |¢;|, < CEO) for all i € N™,

we say that cho)xi is a dominant series for Y c;x* and write

D et << cho)xi.
Proposition 4.1. A formal power series is convergent if, and only if, it has a dominant
series.
Proof. Set |i| := i1 + ...+ ip, for (i1,...,i,) € N*. Assume that Y c;z’ << Zcz(-o):zri,

then
© _p

i =

lim |¢], < lim ¢ )
lijl—oc P 7 Ji|l—oo

and thus Y c;z’ is convergent by Lemma 2.10.

If Yc;xt € Qp ((x1,...,2y)), then there exists r € Z such that Y c;a’ converges for any
lall, < p". Choose ro € Z such that 0 < p™ < p". Then for every a € Q) satisfying
llall, < p™, we have

|cia’|, < leil, ™ < el P,

and thus lim;| o |ci|pp‘i|”) = 0. Hence, |ci|pp|i‘r0 < M, for some positive constant M.

Finally,
Zcixi << Z <Z%) zt.

v
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We say that f(z) =Y iz’ € Qp[[z1,...,2,]] is a special restricted power series, abbre-
viated SRP, if f (0) =0, i.e., co = 0, and ¢; =0 mod plI=*, for any i € N, i # 0.

Lemma 4.2. Assume that f(x) is a SRP; then the following assertions hold: (i) f (x) €
Zyp (21, .- s wall; (i) f(x) is convergent at every a in Z3; (iii) f(a) € Zy.

Theorem 4.3 (First Version of the Implicit Function Theorem). (i) Take F (x,y) =

(Fl (‘Tuy)a"me ($7y))7 with E(.’If,y) € @p[[‘rvy]] = @p[[xlw"7xn7y17"'7ym]] such
that F; (0,0) =0, and

OF;
15j<m

Then there exists a unique f(x) = (f1(z),..., fm (2)), with f; () € Qp[[x1,-..,zn]],
fi (0) =0, satisfying F (x, f (x)) =0, i.e., F; (z, f (x)) =0 for all i.

(i) If each F; (z,y) is a convergent power series, then every f; (x) is a convergent power
series. Furthermore, if a is near 0 in Qy, then f (a) is near 0 in Q) and F (a, f (a)) = 0;

and if (a,b) is near (0,0) in Qp x Q' and F (a,b) = 0, then b = f(a).

For a proof of this result the reader may consult [31, Thm. 2.1.1].
Corollary 4.4 ([31, Cor. 2.1.1]). (i) If gi (z) € Qp[[z1,...,2xn]], g: (0) =0 for 1 <i<nmn,

and

det [ggi (o)} £0,

Zj
then there exists a unique f(x) = (fi(x),...,fn(x)) with fi(x) € Qp[[z1,...,zxs]],
fi (0) =0, for all i, such that g (f (x)) = x.

(i1) If gi () € Qp ((x1,...,2n)), then f; (z) € Qp ({z1,...,xn)) for all i. Furthermore,
if b is near 0 in Qp and a = g(b), then a is also near 0 in Qp and b = f(a). Therefore,
y = f(x) gives rise to a bi-continuous map from a small neighborhood of 0 in Qy to
another neighborhood of 0 in Q.

Remark 4.5. (i) Take Uy C Qp, Us C Q)', open subsets containing the origin. Assume
that each Fj (x,y) : U1 x Us — Q, is a convergent power series. A set of the form

V::{(Iay)eUlXUQZE(xvy):Ovizlv"'am}

is called an analytic set. In the case in which all the F; (z,y) are polynomials and

Ur=Qp, Uy =Qp, Viscalled an algebraic set. If all the F; (z,y) € Q, ((z,y)) satisfy

the hypotheses of the implicit function theorem, V' has a parametrization, possible after
shrinking Uy, Us, i.e. there exist open subsets containing the origin Uy C Uy, Uy C Us,
such that

V= {(I,y) el xﬁgzﬂ(x,y)zo,izl,...,m}
:{(z,y)eﬁl xﬁgzy:f(x)}.
(ii) If we now use as coordinates
L1s---5Tn,y 21 = Y1 _fl(x)7---7zm :ym_fm(x);

Vol. 37, N° 1, 2019]



60 E. LEON-CARDENAL & W.A. ZUNIGA-GALINDO

we have

V:Z{(I,Z)EﬁlXﬁQtzlz"':Zm:O}.

We say that such V' is a closed analytic submanifold of Uy xUs C Qp xQy' of codimension
m. The word ‘closed’ means that V is closed in the p-adic topology.

In the next version of the implicit function theorem we can control the radii of the balls
involved in the theorem.

Theorem 4.6 (Second Version of the Implicit Function Theorem). (i) If F;(z,y) €
Ly lx, Y]l ==Zp[[T1,- s Tny Y15 - - -, Ym]], Fi (0,0) =0 for all i and

OF;
det [8—% (0, 0)] i Z0 mod p,
1<j<m
then there exists a wunique solution f(x) = (fi(x),...,fm(2)), with fi(x) €

ZP [[xlv .. .,In]], f’L (0) = 07 OfF (Ia f (I)) = 07 i.e. E (xvf (I)) =0 fOT all .

(i) If every F; (z,y) is an SRP in x1,...,Tn,Y1,--.,Ym, then every f;(x) is an SRP
in T1,...,%,. Furthermore, if a € Zy, then f(a) € Zy and F (a, f(a)) = 0, and if
(a,b) € Zy x Zy satisfies F(a,b) =0, then b = f(a).

For a proof of this result the reader may consult [31, Thm. 2.2.1].

Corollary 4.7 ([31, Cor. 2.2.1]). (i) If gi(x) € Zp [[x1,...,zn]], g:(0) = 0 for all i, and
further

9gi
al'j

det{ (0,0)] #£0 mod p,

1<i<n
1<j<n

then every f;(x) in the unique solution of g; (f1(x),..., fn(x)) = x satisfying f;(0) =0
is also in Zp [[x1, ..., z5]].

(i1) If every g;(x) is a SRP in x1,...,Ty, then every f;(x) is also a SRP in the same
variables, and, y = f(x) gives rise to a bi-continuous map from Ly, to itself.

Remark 4.8. Assume that every F;(x,y) is a SRP in z,y. Take
V={(z,y) € Zy X Ly : Fy(x,y) = 0,i = 1,...,m}.

Under the hypotheses of the second version of the implicit function theorem, we have

V={(z,y) €eZy x Ly :y=f(z),xe€ly}.
By using the coordinate system

Ty 2 =1 — f1(®@), 0 2m = Ym — fm(2),

V takes the form

V={(x,2)€Zy XL} :2 == 2,=0},

and we will say V' is a closed analytic submanifold of Z; x Z;' of codimension m.
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4.1. General change of variables formula

Theorem 4.9 ([31, Prop. 7.4.1]). Let Ko, K1 C Qp be open compact subsets, and let

o=(01,...,0n): K1 = Kg be a bi-analytic map such that
601- :|

det z)| #0, z€ Kj.
[3%( )

If f is a continuous function on Ky, then
[1@ aa= [fow)
K() Kl

5. The Igusa local zeta functions

N

p

Let p be a fixed prime number. Set
A :=2Z/p"Z, m € N\ {0},

the ring of integers modulo p™. Recall that any integer can be written in a unique form
as
k
ap+ap+...+arp”, a; € {0,1,...,p—1}.

Thus we can identify, as sets, A,, with
{ao—i-alp—l—...—l—am,lpm*l, a; € {O,l,...,p—l}}.

Take f (z) € Z[x1,...,25] N Z, and define
#{x € (Z/p™Z)" : f(x) =0 mod p™} if m>1,
N, =
1 if m=0.
A basic problem is to study the behavior of the sequence N,,, as m — oo.

More generally, we can take f (z) € Zy[z1,...,2n] \ Z, (vecall that Z C Z, and that
Z/p™ZL ~ 7y [p™Ly), and

#{z € (Zy/p™Zp)" : f(x) =0 mod p™} if m>1,
Ny, =
1 if m=0,

where # = y mod p™ means r —y € p"Z, To study the sequence {Ny,}, cn We
introduce the following Poincaré series:

Pt):== Y Ny (p"t)", teC with [¢| < 1. (7)
m=0

We expect that the analytic properties of P(t) provide information about the asymptotic

behavior of the sequence { Ny}, oy A key question is the following:

Is P(t) a rational function of ¢?

In what follows we will use the convention: given a > 0 and s € C, we set a® = e*™?,
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Definition 5.1. Let f(z) € Qp [z1,...,25] N\ Q, and let ¢ be a locally constant function
with compact support, i.e., an element of D (QZ).The local zeta function (also called
Igusa’s local zeta function) attached to (f, ) is

Zy (s, f) = / ¢ (2)|f (x)], d"z, s € C,Re(s) >0,
Q. f=1(0)
where d"z is the Haar measure of ( Z, —i—) normalized such that fzn d"z = 1.
P

Remark 5.2. Z, (s, f) is an holomorphic function on the half-plane Re(s) > 0. For the
proof of this fact the reader may consult [31, Lemma 5.3.1].

Given f(z) € Zy [x1,...,%n] \ Zp, we set
Z (s, f)=Z(s) = / |f (x)], d"z, s € C,Re(s) > 0.
Zr~f=1(0)
Proposition 5.3. With the above notation,

_1 —tZ(s)

P(t) ¢

, t=p~°, for Re(s) >0,
where P(t) is the Poincaré series defined in (7).

Proof. We first note that
2= [ ahee=Y [ 0w
Zp~f-1(0) =0 feempf(a)=pi)}
On the other hand,
{rezy:|f(x)=p7}={zeczy ord(f(x))=j}
={zeZy:ord(f(x)>jt~{xely:ord(f(x))>j+1}.

Now, take xo € Zj; satisfying ord (f (z9)) > j, then, by using Taylor expansion,

f (o +pj2) :f(xo)+pjzgf

J=1

- (o) (zi — @0,s) + p? (higher order terms),

we have ord (f (xo —l—pjz)) > j, for all 2 € Zy, i.e. ord (f (xo —l—ijZ)) > j. This fact
implies:
(i) zo € (Zp/P'Z,)" satisfies f (z9) =0 mod p;

(i) Aj :={x € Zy :ord (f (z)) > j} = L ‘ xo + P Ly
f(z0)=0 mod pI

(iii) [d"z = N;p~I".
A

J
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Therefore,
Z(s)=Y p 7 (ij_jn - Nj+1p_(j+l)n)
Jj=0
_ Z ij—js—jn _ Z Nj+1p—js—(j+1)n
Jj=0 j=0
=> N;(pt)’ t_lzN (t=p")
=0 i=1
= P(t) =t (P(t) - 1),
ie., P(t) = ﬂ , for Re(s) > v

Theorem 5.4 (lgusa, [31, Thm. 8.2.1]). Let f(z) be a non-constant polynomial in
Qp [[x1,-- -, xn]]. There exist a finite number of pairs (Ng,vg) € (NN {0}) x (NN {0}),
E €T, such that

[T (1=p"=7"%) Zy (s, f)

EcT

S

is a polynomial in p~° with rational coefficients.

The proof of this theorem will be given in Section 8. From Theorem 5.4 and Proposition
5.3, we get:

Corollary 5.5. P(t) is a rational function of t.

The rationality of P(t) was conjectured in the sixties by Borevich and Shafarevich. Igusa
proved this result at middle of the seventies. The rationality of Z, (s, f) also allows us
to find bounds for the N,,,’s (see e.g. [28] and [31]).

The proof of Theorem 5.4 given by Igusa depends on a deep result in algebraic geometry
known as Hironaka’s resolution of singularities theorem. Now we introduce the station-
ary phase formula, which is an elementary method for computing p-adic integrals like
Z, (s, f), Igusa has conjectured in [29] that this method will conduct to a new elementary
proof of the rationality of Z, (s, f).

6. The Stationary Phase Formula

Let us identify F,, set-theoretically, with {0,1,...,p —1}. Let ‘-’ denote the reduction
mod p map, i.e.,
Ly, — I

zo+p(...) = wo.

This map can be extended to Z; — Fj. The reduction mod p of a subset E' C Zy
will be denoted as E C F. If f(z) € Zp[z1,...,20] \ pLp[z1, ..., T0), f denotes its
reduction mod p.
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Proposition 6.1 (Stationary Phase Formula). Tuke E C F} and denote by S the subset

consisting of all @ € E such that f (a) = ﬁ (@) =0 mod p, for 1 <i <n. Denote by
E, S the preimages of E, S under Teductzon mod p map Zy, — ¥}, and by N the number
of zeros of f (x) in E. Then

_ “nes (1—p1) (N — #5)
[15@ly =y T vy D #S) LT
E

Proof. By definition E = | | .5 a + pZy; then,

/|f( dnfﬂ_z / d"ac—p_"z /|f a—i—px S dx
B

aGEaJr (pZp) aGEZn
- Y /|f<a+px>|; Torp Y [Ifa+paly da
EEE\?Z; EE?Z;}
S /If(a+px)lf, d"x+/|f(x),, a
aeE\?Zg S

Take @ € E \S such that f (@) #0, ie., |f (a +px)|, = 1; in this case,
[ 1@ pally dra =1,
P

and the contribution of these @’s is p™" (#E — N).

Take now _
of

@€ F\ S such that f(a) =0, ==
€ E'\ S such that f (a) O,axi

(@) # 0 for some 1, (8)

say ¢ = 1. Define

flatpr)—fl@)
p

t1=1

)

Then y;’s are SRP’s and det [g‘—;’; (O)} = 66—;1 (0) £ 0 mod p; hence, the map x — y gives

rise to a measure-preserving map from Zy to itself (cf. Corollary 4.7). Therefore,

/If(a+pf1?)|§ d"l“:/lpyﬁf s dyr =p~ /‘y +—

Zy
_ p_
=p /|ZJ1 dyr = ST,

dyl
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and the contribution of the points of the form (8) is

p " (L—p7") (N - #9)

. v
1— p—l—s

Set f (a + px) := p® f (x) with f (z) € Zyp|z1, ..., 20| NPZLp[z1,...,2n]. The stationary
phase formula, abbreviated SPF, can be re-written as

[l e = 2 i@y
E S

L(pis) —n S mn
=1, TP Z_/|f(a+px)|pda:
EESZ;‘

L sy, [,

acs Z;z

We can now apply SPF to each on‘f(a@)’; d"x. Igusa has conjectured that by
P

applying recursively SPF, it is possible to establish the rationality of integrals of
type [ |f ()], d"x, in the case in which the polynomial f has coefficients in a non-
Archimedean complete field of arbitrary characteristic.

The arithmetic of the Laurent formal series field

F, ((T)) = { i arT* s ax € Fp, ko € Z}

k=ko

is completely analog to that of Q,. In particular, given a polynomial with coefficients in
F, ((T)), we can attach to it a local zeta function, which is defined like in the p-adic case.
The rationality of such local zeta functions is an open problem. The main difficulty here
is the lack of a theorem of resolution of singularities in positive characteristic. The above-
mentioned conjecture can be re-stated saying that the rationality of local zeta functions
for polynomials with coefficients in F,, ((T")) should follow by applying recursively SPF.

Remark 6.2. Take f () € Zp [x1,...,2n] N\ PpZy [z1,...,2,]. If the system of equations

_ 9F
7@ =4t

(@=0 modp, 1<i<n
has no solutions in F, then S = (¢, and by SPF,

pfnfs (1 _pfl) N
1_p—l—s !

Z(s,f)=p " (#F—N) +

Example 6.3. Let f (z) € Zp [x1,...,%0] NDZp [T1,...,Zy] be a homogeneous polynomial
of degree d, such that f (@) = gxfl (@) =0 modp, 1 <i<mn, impliesa =0. We now
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compute Z(s, f). We use SPF with E =7, E= FZ, S = pZy, S ={0}.

Z(s, [)=p~" (p”—N)er_n_s (1_ /|f

1—
Z’Vl

—n—s _ 1 _
= " - N+ T (f_jj_lffN Ly [1rw)

n
ZP

p s (1—p ) (N—-1)
1 _p—l—s

=p " (p" - N)+ +p "7 (s, f);

therefore,

o)

1— pflfs

6.1. Singular points of hypersurfaces

Take
f(z) €Zylzr,...,x0] NDLp[x1,. .., Tn]

and define

Vi (Qp) = {ze@"' (z):O}.
Vr (Qy) is the set of Q,-rational points of the hypersurface defined by f. This notion can
be formulated on an arbitrary field K. Set

V7 (F,) = {z IS IFZ : 7(2) = O} .
V7 (F,) is the set of F,-rational points of the hypersurface defined by f. If
Vi (Zp) == V5 (Qp) N Ly,

then Vi (Z,) = V7 (F,). A point a € V;(Q,) is said to be singular 1f L (a) = 0 for
1 <4 < n. The set of singular points of V; (Q,) is denoted as Singy (@p) We define
Singy (Zy) = Singy (Qp) NZy. In a similar form we define Singz (Fp).

Note that Singy (Z,) # Singy (F,). In fact, it may occur that Sings(Z,) = 0 and
that Sings(F,) # 0. For instance, if f (z,y) = px + x? — o3, then Sings (Z,) = 0, but
Singz (F ) ={(0,0)}.

Example 6.4. We compute Z(s, f) for f (z,y) = px + x2 — 2 by using SPF. Note that

N:#{(u,v)éFi:uQ—vgzO};

then, by applying SPF,

2 (l-p (N -1 s
Z(s, f)=p? (P2—N)+p (1_;)1)5( )—i— / ’p:v+:c2—y3p dxdy.
PLp XpLyp
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By changing variables in the last integral as x = pu,y = pv, we have

Lp_s _ s
Z(s, f) = 1_(1?7_1)_54_1) 2/|p2u+p2u2_p3v3p dudv = pip——
&

We now apply SPF to the last integral. Take g (u,v) = u + u? — pv3, g (u,v) = u + u?.
Since the system of equations

u4u?=0, 1+2u=0, u,v € IFp,
has no solutions, S = Singg (F,) = 0; by applying SPF we get

2p 1= (1—p~ 1) }

Z(s, f) = L(p~) 422 {p—2 (pz —2p) +

= 1 _pflfs 1 _pflfs

Remark 6.5. Take f(z) € Z,[z1,...,20] \ pLp [21,...,2,]. If Sings (Qp) = 0, but
Singy (Fp) # 0; then,
L)

Z(S,f):m,

where L (p~%) is a polynomial in p~* with rational coefficients (see [60]-[61]). The de-
nominator of Z (s, f) is controlled by Sings (Q,). Nowadays the numerator is not fully
understood, but it depends strongly on Singy (Fp). The lack of Q,-singular point, i.e.

—1—s

Singr (Qp) = 0, makes the denominator of Z (s, f) ‘trivial 1 or 1 —p
Example 6.6. We now compute
Z(s, 2% +9°) = / | + y3|: dxdy,
z;
by using SPF. Note that £ = ZZ, E= FZ, S = pZy x pZy, S ={(0,0)}, and that
N:#{(u,v)elﬁ‘i:ﬁ—l—vg:()} =p,

because the set {(u, v) € Fg cu? + 03 = O} can be parametrized as v = o>, v = o?, with

a € IFy. By applying SPF we have

P2 p-1)(A-p"

Z(s,a” +y*) =p~ % (p° —p) + + / |22 + 4% dady

1 _p—l—s
PLyp XpLyp
1 —p_2_s s
_ -1 2 3
B n T
PZip X plip

Vol. 37, N° 1, 2019]



68 E. LEON-CARDENAL & W.A. ZUNIGA-GALINDO

By changing variables in the last integral as x = pu, y = pv, dedy = p~>dudv,

1_p—2—s s
2 3y -1 —2-2s 2 3
Z(s,2+y*)=(1-p )W—Fp /‘u + pv ‘p dudv
z;
B 1_p7275 o o
= (1—p 1) T, +p 2727 (s).

We now apply SPF to Z1(s): E = ZZ, E = IF?); since g(u,v) = u2+ pv® = u?, the
solution set of u?> = 2u = 0 is S = {0} x F,,, then S = pZ, x Z,. In addition,
# {(u, v) € FI% cu? = O} = p. Therefore,

Zy(s) =p* (0* —p) + / |u® + pv® | dudv

PLp X L

=(1-p" —l—p_l_s/ |pu® —Hﬂ; dudv
ZQ

= (L—p7") +p7 7" Za(s),
and

1— p7275

Z(s,2® +y°) = (1 —pfl) W

+p72725 (1 _ pfl) —|—p7373522(5).
We now apply SPF to Zy(s): E = Zg, E= F?), S =17, x pZ,, S =F, x {0}; then,

Za(s) =p~* (0* —p) + / pu® + %] dudv
ZLp X pZyy

=(1-p" —l—p_l_s/ |u? +p2v3‘; dudv
ZQ

= (L—p7") +p7 """ Zs(s),
and

1— p7275

W+p7272s (1 _ p71)+p73735 (1 _p71)+p7474szg(8>'

Z(s,x’+y’) = (1-p7")
Finally, we apply SPF to Z3(s): E = Zg, E= F?), S =pZyx Zp, S = {0} x Fp; then,

Zs(s) = p2 (p2 —p) + / ’u2 +p2v3‘; dudv
PLp XLy
=(1-p" —i—p_l_zs/ |u® + v?”; dudv
z3

=(1—p ") +p 17Z(s,2% + ¢*),
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and

Z(s,x2 + y3) _ (1 _p—l) % +p—2—2s (1 _p—l) +p—3—3s (1 _p—l)
it (1 _p—l) +p—5—ﬁsZ(S7x2 n ys)’

i.e.

(L—p™") f1=p 2" oo aa 4
Z(S,I2+y3): 1_p_5_65 {1_p_1_s +p 2 25+p 3 3s+p 4 45}

_ (1-p7") —2—s ;| ,—2-25 __—5-6s
T A—p o) (1—p 569 {1-» +p -P ;-

6.2. Quasi-homogenous singularities

Take w = (wi,...,w,) € (NN{0})" and f(z) € Z,[x1,...,2,]. We say that
f(x) is a  quasi-homogeneous polynomial of degree d with respect to w if: (1)

FO® 2y, X a,) = Xf (2), A € Q)5 (2) Singy (Qp) = {0} C QL.

Set |w| := w1 + ...+ wy,, and
26s.) = [ 1f @)y d.
Zy
Proposition 6.7. With the above notation and hypotheses,

L(p~)
(1 _ pflfs) (1 _ pfdsf|w\) ’

Z(Saf):

S

where L (p~*%) is a polynomial in p~*° with rational coefficients.

Proof. Set
A= {(z1,...,2n) € Zy, ord(x;) > w; for i = 1,...,n}
=P Ly X ... X D" Ly,
A =7y A
Then,
265.0)= [ U@y ot 17 @ de

A Ae
By changing variables in the first integral as z; = p%iu,, i = 1,...,n, d"z = p~*Id"u,
we have

/ F @ e = pt- vl Z(s, f),
A
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and

Z(s, f) = ﬁ/ﬁ(ﬂm; d"z.
AC

We now note that Singy (Q,) N A° = 0, but it may occur that Sing(F,) N Ac 2 (); this
makes the computation of the integral on A° not simple. By using SPF recursively and

L)

some ideas on Néron p-desingularization, one can show that [,. |f (z)], d"z = = =%
For a detailed proof, including the most general case of the semiquasi-homogeneous
singularities, the reader may consult [60]. 4

7. p-adic Analytic Manifolds and Resolution of Singularities

This section is based on [31, Sec. 2.4]. Let U C Q, be a non-empty open set, and let
f:U — Qp be a function. If at every point a = (a1, ..., ay) of U there exists an element
falz) € Qp ((x —a)) = Qp ({z1 — a1, ..., &y — ay)) such that f(z) = f,(z) for any point
x near to a, we say that f is an analytic function on U. It is not hard to show that all
the partial derivatives of f are analytic on U.

Let U be as above and let h = (hi,...,hy) : U — Qp' be a mapping. If each h; is an
analytic function on U, we say that h is an analytic mapping on U.

Let X denote a Hausdorff space and n a fixed non—negative integer. A pair (U, ¢p), where
U is a nonempty open subset of X and ¢y : U — ¢y (U) is a bi-continuous map (i.e., a
homeomorphism) from U to an open set ¢ (U) of Qp, is called a chart. Furthermore
ou () = (z1,...,2,), for a variable point z of U are called the local coordinates of x. A
set of charts {(U, ¢u)} is called an atlas if the union of all U is X and for every U, U’
such that U N U’ # 0 the map

b o byt ou (UNU') = ¢ (UNT')

is analytic. Two atlases are considered equivalent if their union is also an atlas. This
is an equivalence relation and any equivalence class is called an n-dimensional p-adic
analytic structure on X. If {(U, ¢y)} is an atlas in the equivalence class, we say that X
is an n-dimensional p-adic analytic manifold, and we write n = dim (X).

Suppose that X, Y are p-adic analytic manifolds respectively, defined by {(U, ¢v)},
{(V,29y)}, and f : X — Y is a map. If for every U,V such that U N f~1 (V) # 0 the
map

Yyofoop' oy (UNfH(V)) — Qgim(Y)

is analytic, then we say that f is an analytic map. This notion does not depend on the
choice of atlases.

Suppose that X is a p-adic analytic manifold defined by {(U, ¢r)} and Y is a nonempty
open subset of X. If for every U' =Y NU # () we put ¢y = ¢y |v7, then {(U’, ppr)}
gives an atlas on Y, which makes Y a p-adic analytic open submanifold of X, with
dim(X) = dim(Y).

If U, U’ are neighborhoods of an arbitrary point a of X, and f, g are p-adic analytic
functions respectively on U, U’ such that f |w= g |w for some neighborhood W of a
contained in U N U’, then we say that f, g are equivalent at a. An equivalence class is
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said to be a germ of analytic functions at a. The set of germs of analytic functions at a
form a local ring denoted by Ox 4, or simply O,.

Suppose that Y is a nonempty closed subset of X, a p-adic analytic manifold as before,
and 0 < m < n such that an atlas {(U, ¢y)} defining X can be chosen with the following
property: If ¢y () = (x1,...,2,) and U = Y NU # 0, there exist p-adic analytic
functions Fi,..., F,, on U such that firstly U’ becomes the set of all x in U satisfying
Fi(x) == Fy, (z) = 0, and secondly,

oF;

8%] 1<i<m
1<j<m

det[ (a) # 0 at every a in U’.

Then by Corollary 4.4-(ii) the mapping z — (Fy (z),..., Fin (), Zmi1, ..., Tp) is a bi-
analytic mapping from a neighborhood of @ in U to its image in Q. If we denote by V'
the intersection of such neighborhood of @ an Y, and put ¥y () = (zm+1,.-.,2n) for
every x in V| then {(V,4y )} gives an atlas on Y. Therefore Y becomes a p-adic analytic
manifold with dim (Y) = n —m. We call Y a closed submanifold of X of codimension
m.

Let p,, denote the normalized Haar measure of Q. Take X and {(U, ¢v)} as before. Set
a a differential form of degree n on X; then « |y has an expression of the form

a(z) = fu(x) deg A+ Aday,

in which fy is an analytic function on U. If A is an open and compact subset of X
contained in U, then we define its measure p, (A) as

A):/|fU( fn (Pu(z ZP i (ou (fi ' (0°Z5) N A)). 9)
A

e€Z

We note that the above series converges because fi; (A) is a compact subset. If (U, ¢p/)
is another chart and A C U’, then we will have the same pu, (A) relative to that chart.

In fact, if ¢y (z) = (x},...,2),) = 2, then
0z
det t
‘ [3171}

I n
Actually, the previous equations just give account of the change of variables rule as
x +— 2/, in the integral (9), that is

/

o) det |5 = fulo), and o, (Gura) =

Mn (¢U (CL‘)) .

p

/|fU( pin (SU (@ /|fU’ p Hn (v (2)
A

(see [31, pg. 112 and Proposition 7.4.1]). Note that if X = U C Qp and
a=dry N---Ndz,,

then (i, is the normalized Haar measure of Q).

Vol. 37, N° 1, 2019]



72 E. LEON-CARDENAL & W.A. ZUNIGA-GALINDO

Theorem 7.1 (Hironaka). Take f(x) a nonconstant polynomial in Qp[x1,...,zxs], and
put X = Qp. Then there exist an n-dimensional p-adic analytic manifold Y, a finite set
T = {E} of closed submanifolds of Y of codimension 1 with a pair of positive integers
(Ng,vg) assigned to each E, and a p-adic analytic proper mapping h : Y — X satis-
fying the following conditions: (i) h is the composition of a finite number of monoidal
transformations each one with a smooth center; (ii)

(fo) ()= JE

EeT

and h induces a p-adic bianalytic map
Y N\ BT (Singy (Qp)) = X N Singy (Qp)

(iii) at every point b of Y, if E1,...,E,, are all the E in T containing b with local
equations Yi, ..., Ym around b and (N;,v;) = (Ng,vg) for E = E;, then there exist local
coordinates of Y around b of the form (y1,. .., Ym, Ym+1,---,Yn) Such that

(fon)w)=cw [, n*| N\ doi| =n) <Hy”1> N dyi  (10)
i=1 1<i<n i=1 1<i<n

on some neighborhood of b, in which ¢ (y), n (y) are units of the local ring O of Y at b.
In particular, UgerE has normal crossings.

8. Proof of Theorem 5.4

We want to end this notes by proving Igusa’s Theorem about the meromorphic continua-
tion of Z, (s, f) (see Theorem 5.4 in Section 5). We follow the proof given by Igusa in
[31, Thm. 8.2.1].

Let ’/\lgigndxi
which agrees with the Haar measure of Q. Then

denote the measure induced by the differential form A, ., dz; on Qy,

Zo(s,f) = / o @) |F())]

Qp~f=1(0)

/\lgigndIi .

Pick a resolution of singularities h : Y — X for f~1(0) as in Theorem 7.1; we use all the
notation introduced there. Then Y\ h~! (f71(0)) — X ~ f~1 (0) is a p-adic bianalytic
proper map, i.e., a proper analytic coordinate change; then,

Zo (s, f) = / o (@) |f (R @)

Y~h=1(f-1(0))

h* (/\gignd‘ri) (y)’ .

At every point b of Y A~ (f71(0)) we can choose a chart (U, ¢y) such that (10) holds.
Since h is proper and the support of ¢, say A, is compact, we see that h~! (A) := B is com-
pact. Then we can cover B by a finite disjoint union of open compact balls B,, such that
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each of these balls is contained in some U above. Since ¢ is locally constant, after subdi-
a J, =@l |, =

7 (b)], » and further that ¢y (Ba) = c+p°Zy, for some ¢ = (c1,...,¢,) in Q) and e EN.
Then,

viding B, we may assume that (@ o h)’B =@ (h(b),|e(y)]

Zo(s,f) =Y 0 ®) @), ln0l,- ] / Jyaly T dys,

1SiSn g, ez,

with the understanding that N; = 0,v; = 1 in the case F; is not crossing through b.
Finally one has by [31, Lemma 8.2.1] that

— -1 .
p*(Niervi)e (1711)711\257%) if ¢ € P°Z,
| ‘|N1'S+Ui—1 dy
3 P 3
_ N; i—1 .
citp°L, p~Cleil, st if ¢ ¢ p°Zy.
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