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Abstract 

 

In this work we studied the vortex-configuration in a mesoscopic superconducting square in presence of an external 

magnetic field H applied parallel to its surface vector. We study the magnetization curves in a complete loop, the 

magnretic induction and the superconducting-electron density for the sample considering Neumann boundary 

conditions for the order parameter, via length Gennes extrapolation (b → ∞). The sample presents a pinnin center as 

a Kagome-type laticce at different critical temperature. We solve the generalized time-dependent Ginzburg-Landau 

equations for a two-condensate system using the Link-variable method considering a Field-Cooling process. Our 

results show that the vortices are always located at the pinning centers in non-conventional configurations, due to 

cuopling used. 

 

Keywords: Ginzburg-Landau; Superconductor; Type-II; Shubnikov-state; Vortices; Kagome lattice. 

 

Resumen 

 

En este trabajo estudiamos la configuración del vórtice en un cuadrado superconductor mesoscópico en presencia de 

un campo magnético externo H aplicado paralelo a su vector de superficie. Estudiamos las curvas de magnetización 

en bucle completo, la inducción magnética y la densidad de electrones superconductores para la muestra considerando 

las condiciones de contorno de Neumann para el parámetro de orden, mediante extrapolación de longitud de Gennes 

(b → ∞). La muestra presenta un centro de anclaje tipo red de Kagome a diferente temperatura crítica. Resolvemos 

las ecuaciones generalizadas de Ginzburg-Landau dependientes del tiempo para un sistema de dos condensados usando 

el método de variable de enlace considerando un proceso enfriamiento de campo. Nuestros resultados muestran que 

los vórtices siempre están ubicados en los centros de anclaje con configuraciones no convencionales, debido al 

acoplamiento utilizado. 
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1. Introduction 

 

A superconductor is a material that can conduct 

electricity without resistance, meaning that it can 

transmit electrical current indefinitely without any loss of 

energy. Superconductors are characterized by a critical 

temperature Tc below which they exhibit 

superconductivity. Two-condensates superconductivity, 

also known as two-band superconductivity, is a 

phenomenon that occurs in some materials where there 

are two different types of electrons or condensates that 

contribute to the superconductivity. These two-

condensates can have different Tc, allowing the material 

to exhibit superconductivity at higher temperatures than 

a single-band superconductor. Two-condensates can 

interact with each other, leading to interesting 

phenomena such as a re-entrant superconducting phase 

diagram, where the material goes through multiple 

superconducting phases as the temperature or magnetic 

field is varied.  This type of superconductivity has been 

observed in several materials (𝑀𝑔𝐵2, whit  𝑇𝑐 ∼ 39𝐾 

and iron-based superconductors, with  𝑇𝑐 ∼ 55𝐾) and has 

been widely studied theoretically using computational 

methods [1], [2], [3], [4], [5], [6], [7], [9], [10]. 

 

The study of two-condensate superconductivity is an 

active area of research in condensed matter physics, with 

potential applications in high-temperature 

superconductivity and quantum computing, for this is 

important to control the vortex state by pinning centers, 

for example, including structural o topological defects 

into the sample. A good candidate for this is, the kagome-

lattice structure, this lattice consisting of interconnected 

triangles arranged in a hexagonal pattern [11], [12], [13], 

[14]. Some materials with Kagome-lattice structures, 

such as iron-based superconductors and ruthenate-based 

superconductors, have also been studied extensively in 

recent years. These studies have revealed that the 

superconductivity in these materials is closely related to 

the electronic properties of the Kagome-lattice structure. 

Overall, the study of Kagome-lattice structures in 

superconductors is a promising field that could lead to the 

discovery of new materials with high-temperature 

superconductivity and other exotic electronic properties 

[15], [16], [17], [18], [19]. 

 

Several theoretical and experimental works have been 

carried out in this area, for example, F. Du et al., studied 

the interplay of superconductivity with electronic and 

structural instabilities on the Kagome lattice in 

vanadium-based kagome metals AV3Sb5 founding that 

this material exhibit superconductivity on an almost ideal 

kagome lattice, with the superconducting transition 

temperature forming two domes upon pressure tuning 

and that distortions of the crystal structure modulate 

superconductivity in this sample under pressure, 

providing a platform to study kagome lattice 

superconductivity in the presence of multiple electronic 

and structural instabilities [20]. S. Gazit et al., described 

a theoretical model for a Kagome lattice two-band 

superconductor and the emergent Dirac fermions and 

broken symmetries that arise in the confined and 

deconfined phases [21]. T. Neuper et al., showed that the 

lattice geometry, topological electron of the compounds 

KV3Sb5, CsV3Sb5 and RbV3Sb5, play a role in determining 

the properties of materials with a Kagome lattice 

structure and exhibit superconductivity at low 

temperature and an unusual charge order at high 

temperature, revealing a connection to the underlying 

topological nature of the band structure [22]. K. Jiang et 

al., reported progress on the experimental and theoretical 

studies of AV3Sb5 with (A=K,Rb,Cs), as an 

unconventional kagome superconducting sample. They 

found several theoretical models about the nature of the 

time-reversal symmetry breaking [23]. J. S. Leon et al., 

studied theoretically using the Ginburg-Landau model, 

the magnetization and the vortex state in a mesoscopic 

superconducting sample with a Honeycomb and Kagome 

structure in regions with suppressed superconductivity, 

they found that is possible to control the magnetic 

response of the sample and to manipulate the vortex 

configuration whit this kind of topological defects [24]. 

Rui Lou et al. studied the electronic properties of the 

charge density wave (CDW) and superconductivity in 

Kagome metal and observed the superconducting gap on 

both the electron band and the flat band around implying 

the multi-band superconductivity and offering insights 

into the relationship between CDW and 

superconductivity [25]. This paper is outlined as follows. 

In Section 2 we describe the theoretical formalism used 

to study a superconducting sample. In Section 3 we 

present the results and finally, in Section 4 we present our 

conclusions. 

 

2. Theoretical Formalism 

 

In this present work, we will study the superconducting 

matter in a two-condensate thin square of size 𝐿 = 30𝜉10 

with a Kagome lattice of circular defects of radius r =
𝜉10 in presence of an external applied magnetics field H 

(see Figure 1). We will consider the Gibbs functional 

𝒢(𝜓𝑖 , 𝐀)for a two-condensate with a Josephson-coupling 

Ξ(𝜓1, 𝜓2), where 𝜓1 is the superconducting order 

parameter complex pseudo-function 𝜓𝑖 = |𝜓𝑖|𝑒
𝑖𝜃𝑖, (𝜃𝑖 

its phase) for the i=1, 2 condensate, 𝐀 is the magnetic 
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potential related to magnetic induction as 𝐁 = ∇ × 𝐀 [7], 

[8]: 

 

𝒢 = ∫ 𝑑𝑉 (∑ ℱ(𝜓𝑖 , 𝑨)

2

𝑖

+
1

8𝜋
|𝐁|2 + Ξ(𝜓𝑖)) 

 

(1) 

with: 

𝐹 = 𝛼𝑖|𝜓𝑖|2 +
𝛽𝑖

2
|𝜓𝑖|4 +

𝜁𝑖

2𝑚𝑖

|(𝑖ℏ∇ + 2𝑒𝐀)𝜓𝑖|2 (2) 

and 

Ξ(𝜓1, 𝜓2) = 𝛾(𝜓1
∗𝜓2 + 𝜓2

∗𝜓1). (3) 

 
 

Figure 1. Layout of the studied sample: superconducting 

two-condensate thin square of size L = 30𝜉10 with a 

Kagome-lattice of circular defects of radius 𝑟 = 𝜉10, in 

presence of a perpendicular magnetic field H at T = 0. 

 

Here, we will neglect the z-dependence on the order 

parameter in the limit of thin film 𝑑 << 𝜉10 [12], [13], 

[14], [26], [27], [28]. We will consider 𝛼𝑖 = 𝛼𝑖0(1 −
𝑇/𝑇𝑐𝑖) and 𝛽𝑖 are two phenomenological parameters, i = 

1, 2 in the equations 1 and 2. We used the Josephson 

coupling showed in the equation 3. We express the 

temperature T in units of the critical temperature Tc1, 

length in units of the coherence length 𝜉10 = ℏ/

√−2𝑚1𝛼10, the order parameters in units of 𝜓𝑖0 =

√−𝛼𝑖0/𝛽𝑖, time in units of the Ginzburg Landau 

characteristic time 𝑡𝐺𝐿 = 𝜋ℏ/8𝑘𝐵𝑇𝑐1, and the vector 

potential 𝑨 is scaled by 𝐻𝑐2𝜉10, where 𝐻𝑐2 is the bulk 

upper critical field. Although we consider T = 0 in our 

simulations, the generalized time dependent-Ginzburg-

landau equations can be applied to superconductors at                    

T ≥ 0,5Tc , or equivalently, the sizes can be adjusted 

according to 𝜉(𝑇) = 𝜉(0)(1 − 𝑇/𝑇𝑐)−0.5. For instance, 

for T = 0,96Tc, and 𝜉(0) = 10𝑛𝑚, we have 𝜉 = 50𝑛𝑚 

for thin Nb films. This gives L = 600nm. The two-

condensate superconductor dynamical equations in 

dimensionless units, is given by [1], [7], [8], [29], [30]: 

 

𝜕𝜓1

𝜕𝑡
= 𝜑1(𝐫) − |𝐃|2𝜓1 + 𝛾|𝜓2|𝑒𝑖𝜃2 (4) 

𝜕𝜓2

𝜕𝑡
= 𝜑2(𝐫) −

𝑚𝑟2

𝛼𝑟2

|𝐃|2𝜓2 + 𝛾|𝜓1|𝑒𝑖𝜃1 (5) 

 

where 𝑫 = 𝑖∇ − 𝑨, and 𝜑𝑖(𝑟) = (𝑓(𝒓) − |𝜓𝑖|2) 𝜓𝑖, 𝑖 =
1,2. The equation for the vector potential 𝑨. 

 
𝜕𝐀

𝜕𝑡
= 𝐉𝑠 − 𝜅2∇ × ∇ × 𝐀 

 

(6) 

where: 

𝐉𝑠 = 𝜁1ℜ𝔢[𝜓1𝐃𝜓1
∗] + 𝜁2ℜ𝔢 [

𝛽𝑟2

𝛼𝑟2

𝜓2𝐃𝜓2
∗] (7) 

 

For this case, 𝜁1 = 𝜁2, also, and 𝛾 represents the strong of 

the Josephson coupling between the i and j band. The 

boundary conditions 𝐧 ⋅ 𝐉𝑠 = 𝑖𝜓/𝑏, a superconductor-

dielectric interface is simulated by (b → ∞). 𝐧 outer 

surface normal vector. Finally, for the coupling constants 

𝑚𝑟2 = 𝑚2𝑚1
−1 = 0.5, 𝛽𝑟2 = 𝛽2𝛽1

−1 = 0.7, 𝛾 = −0.01,
𝜁1 = 𝜁2 = 0.01 the Ginzburg-Landau parameter 𝜅 = 1.0 

[29], [30]. For the computational mesh we use Δ𝑥 =
Δ𝑦 = 0.25 and the convergence rule for the time Δ𝑡 ≤
𝑚𝑖𝑛(0.25𝜁−2, 0.25𝜅−2𝜁−2), with 𝜁−2 = 2/((Δ𝑥)−2 +
(Δ𝑦)−2). The function 𝑓(𝒓) = 1 for all regions except in 

the Kagome lattice defects were we choose 𝑓(𝒓) = 0.1 

simulating a thermal defect at lower critical temperature 

𝑇𝑐, and, 𝑓(𝒓) incorporates the temperature dependence as  

𝑓(𝒓) = (𝑇𝑐(𝒓) − 𝑇)(𝑇𝑐1 − 𝑇)−1, where T is the working 

temperature, 𝑇𝑐1 is the nominal critical temperature of the 

sample and 𝑇𝑐(𝒓) captures the spatially nanoengineered 

critical temperature in the sample [24], [31]. 

 

3. Results  

 

In the Figure 2, we plot the magnetization curve −4𝜋𝑀 

as a magnetic field function H, and the superconducting-

electron density of the dominant band  ∣ 𝜓1 ∣2 (right) and 

its phase Δ𝜃1 (left) for the ultra-stable-vortex state in the 

down-branch of the magnetic field at 𝐻2 > 𝐻 > 𝐻∗ 

(Inset). As we can see this curve presents the typical 

behaviour of a type II superconducting sample, where 

each jump represents the entry or exit of one or several 

vortices of the sample. 𝐻2 representes the 
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superconducting-normal transition magnetic field and 

𝐻∗ = 0.3, the magnetic field where the ultra-stable-

vortex state is destroyed. We think that this interesting 

state is due to the heigh of the topological coupling used 

betwee the bands. 

 
Figure 2. Magnetization curve −4𝜋𝑀 as a magnetic 

field function. (Inset) Superconducting-electron density 

of the dominant band  ∣ 𝜓1 ∣2 and its phase  Δ𝜃1 for the 

ultra-stable-vortex state in the down-branch of the 

magnetic field at 𝐻2 > 𝐻 > 𝐻∗. 

 

In the Figure 3 (a-d) we plot the superconducting order 

parameter relationet to electronic density  𝑛𝑠 as 𝑛𝑠 =∣
𝜓1 ∣2 of the dominant band, increasing the magnetic field 

(arrow up) for a) 𝐻 = 0.70, 𝑁 = 0, b) 𝐻 = 0.80, 𝑁 = 4, 

c) 𝐻 = 0.85, 𝑁 = 16, and d) 𝐻 = 0.89, 𝑁 = 36, 𝑁 is the 

vorticity.  We can observe that the vortex entry of occurs 

in an un-conventional way in this system. The first 𝑁 =
2 vortices, enter through the middle region (±𝐿/2) in the 

sample, it is to be expected that the next vortices enter 

through the opposite sides to the sides through which the 

first two entered,but it does not happen like this, the 

entrance is always given by the same region, this is due 

to the nature of the two condensates of the material and 

its coupling between bands, as it does not happen in a 

conventional one-band superconductor [24]. It is 

important to note that due to the high of the coupling 

used, the configuration and size of the pinning-centers, 

the vortex configuration in band 2 is highly dependent on 

band 1 or the dominant band, therefore, in our study, we 

found no notable difference between these configurations 

and we only report results from the dominant band. 

 

In the same way, In the Figure 4 (a-d) we plot the 

superconducting-electron density of the dominant band               

∣ 𝜓1 ∣2, decreasing the magnetic field (arrow down) for 

a) 𝐻 = 0.02, 𝑁 = 20, b) 𝐻 = 0.10, 𝑁 = 22, c) 𝐻 =
0.20, 𝑁 = 24, and d) 𝐻 = 0.89, 𝑁 = 40.  

 

 
Figure 3. Superconducting-electron density of the 

dominant band ∣ 𝜓1 ∣2, decreasing the magnetic field 

(arrow down) H for a) H=0.70, N=0, b) H=0.80, N=22, 

c) 𝐻 = 0.20, 𝑁 = 24, and d) H=0.89, N=40, where N is 

the vorticity. Red (blue) regions represent a 

superconducting (normal) state 𝜓1 = 1(0). 
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Figure 4. Superconducting-electron density of the 

dominant band ∣ 𝜓1 ∣2, decreasing the magnetic field 

(arrow down) H for a) H=0.02, N=20, b) H=0.10, N=22, 

c) H=0.20, N=24, and d) H=0.89, N=40, where N is the 

vorticity. Red (blue) regions represent a 

superconducting (normal) state 𝜓1 = 1(0). 

It is interesting to note that in the down-branch of the 

magnetic field (decreasing H), the pinning centers play a 

very important role in the vortex configuration, thus, 

between 0.8 ≲ 𝐻 ≲ 0.3 we find a highly stable vortex 

configuration (Figure 4 (c)), remains practically 

unaltered in this magnetic field interval, we think that this 

is a very important result in practical applications, since 

we found a magnetic field interval for which the 

configuration of pinning centers allows us to have a 

permanent control of the voracity within the sample. For 

𝐻∗ < 0.3, the vortex exit occurs only in the upper part of 

the sample, keeping the vortex configuration in the lower 

part practically stable. In the same way, we attribute this 

fact to the coupling used and the size of the defect lattice 

Kagome structure. It is interesting to note that when the 

magnetic field increases in the lower left part of Figure 4, 

a hexagonal vortex structure is formed, which is highly 

stable in the sample, both when the field increases and 

when it decreases, when the magnetic field decreases, the 

expulsion of vortices is given by the regions far from 

these configurations. This interesting result can be 

attributed to the fact that the sample is of two-

condensates with a coupling between the bands. 

 

In the Figure 5 (a-b) we plot the magnetic induction B 

related to magnetic vectorial potential A as, 𝑩 = ∇ × 𝑨,  

for a dominant band, for a) H=0.80, and b) H=0.85, 

increasing (arrow up) and decreasing (arrow down) H. 

We can observe that in the superconductin state the order 

parameter 𝜓 = 1.0 while de local magnetic induction 

𝐵 = 0 and in the regions where there are vortices 𝜓 = 0 

and 𝐵 = 1.0, result completely in agreement with the 

already known experimental data.  
 

 
Figure 5. Magnetic induction 𝑩 = ∇ × 𝑨 for a dominant 

band, for a) H=0.80, and b) H=0.85, increasing (arrow 

up) and decreasing (arrow down) H. 
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Also, we can corroborate the result obtained, where we 

assert the existence of an ultra-stable vortex 

configuration, between 0.8 ≲ 𝐻 ≲ 0.3. We see that this 

vortex configuration exists in 0.8 ≲ 𝐻 ≲ 0.85 in the 

down-branch of the magnetic field, this ultra-stable-

configuration does not exist in the up-branch of the 

magnetic field. 

 

In the Figure 6 (a-b) we plot the phase of the order 

parameter of the dominant band  Δ𝜃1 for a) H=0.80, and 

b) H=0.85, increasing (arrow up) and decreasing (arrow 

down) H. When the Kagome-lattice of defects is placed 

in the sample, the square symmetry is broken and the 

lattice acts like a pinning center. The phase allows to 

determine the vortex number in a given region, by 

counting the phase variation in a closed path around this 

region. If the vorticity in this region is N, then the phase 

changes by 2𝜋𝑁. 

 

 
 

Figure 6. Phase of the order parameter of the dominant 

band  Δ𝜃1  for a) H=0.80, and b) H=0.85, increasing 

(arrow up) and decreasing (arrow down) H. Here blue 

and red regions represent values of the modulus of the 

order parameter (as well as Δ𝜃1/2𝜋), from 0 to 1. 

 

4. Conclusions 

 

We studied theoretically the vortex spatial distribution in 

a two-condensate superconducting thin square with a 

Kagome-lattice of topological defects. The presence of 

this lattice and the coupling high between the bands 

affects the vortex entry and the vortex configuration in 

the sample. We found an interesting non-conventional 

ultra-stable vortex configuration in the down-branch of 

the magnetic field, this a very important result, because 

we can to control de resistive state (vortex matter) in the 

sample by controlling the internal structure of topical 

defects into the sample. This non-typical behavior of the 

vortex-matter for a two-band sample, considering a 

Josephson coupling between bands, i can be explained 

with a non-monotonic vortex interaction, i.e, short-range 

repulsion and long-range attraction. Finally, we think that 

we did not find any difference in the vortex 

configurations in the bands, it is due of the chosen values 

of the heigh of the coupling and the size of the defects in 

the Kagome-lattice. 
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