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Abstract

This work presents a comparative study of numerical methods for solving the elasticity equations in topology
optimization problems. A computational framework written in MATLAB is used for solving topology optimization
problems using different types of unstructured meshes (square, polygonal and non-convex) in arbitrary two-
dimensional domains. Two numerical methods are implemented and compared with the finite element method (FEM)
concerning the accuracy and computational efficiency: the recently-proposed Virtual Element Method (VEM) and the
Smoothed Finite Element Method (SFEM). The key characteristic distinguishing these methods from the FEM is that
the canonical basis functions are not computed explicitly. Instead, appropriate local projection maps allow the
extraction of the linear component of the element deformations. Therefore, the computation of the stiffness matrix is
reduced to the evaluation of purely geometric quantities. Finally, representative numerical examples for compliance
minimization are presented to illustrate the proposed comparative study.

Keywords: virtual element method; polygonal finite elements; smoothed finite element method; topology
optimization; compliance minimization.

Resumen

Este trabajo presenta un estudio comparativo de métodos numéricos para resolver las ecuaciones de elasticidad en
problemas de optimizacion topologica. Se utiliza un marco computacional escrito en MATLAB para resolver
problemas de optimizacion topoldgica utilizando diferentes tipos de mallas no estructuradas (cuadradas, poligonales y
no convexas) en dominios bidimensionales arbitrarios. Se implementan dos métodos numéricos y se comparan con el
método de elementos finitos (FEM) con respecto a la precision y la eficiencia computacional: el método de elementos
virtuales (VEM) propuesto recientemente y el método de elementos finitos suavizados (SFEM). La caracteristica clave
que distingue estos métodos del FEM es que las funciones de base candnica no se calculan explicitamente. En cambio,
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el uso de mapas de proyeccion local apropiados permite la extraccion del componente lineal de las deformaciones del
elemento. Por lo tanto, el calculo de la matriz de rigidez se reduce a la evaluacion de cantidades puramente geométricas.
Finalmente, se presentan ejemplos numéricos representativos para la minimizaciéon del cumplimiento para ilustrar el

estudio comparativo propuesto.

Palabras clave: método de elementos virtuales; elementos finitos poligonales; método de elementos finitos
suavizados; minimizacion de la compliancia; optimizacion topologica.

1. Introduction

The advancement of numerical techniques for finding
approximate solutions to boundary value problems for
partial differential equations on general polygonal and
polyhedral meshes has recently received considerable
attention in the numerical analysis literature [1]. One
driving force behind this trend is the difficulty associated
with mesh generation for complex domains, for which
the use of arbitrarily shaped elements can provide much-
needed flexibility [2]. Indeed, we stress that general
quadrilaterals do not require being treated as
isoparametric elements; besides, we can allow aligned
vertices and non-convex elements. In addition to the
advantages of mesh generation and adaptation, polygonal
discretization can deliver improved performance in some
applications or in cases where the mesh is subject to
constant change, where the method of conventional finite
elements is not in regular performance [3]. In this case,
in the so-called Virtual Element Method (VEM) the basic
functions do not exist, in contrast to the Finite Element
Method (FEM). This procedure is based on the mimetic
finite  difference = method  with  higher-order
approximations [4].

Recent advances in topology optimization have further
expanded the capabilities and applications of FEM,
VEM, and Smoothed Finite Element Method (SFEM)
[5]. The key innovation of SFEM involves replacing the
standard constant weight function with a linear
polynomial basis function, resulting in improved
accuracy and optimal convergence rates. The method
performs gradient smoothing over individual smoothing
domains, which are then used to compute the stiffness
matrix more efficiently than traditional approaches. The
optimization procedure distributes structural materials
across smoothing domains rather than individual
elements, with the filtering scheme operating on the
smoothing domain level. Numerical validation
demonstrates superior convergence, efficiency, and
accuracy compared to standard finite element
approaches, particularly when dealing with complex
polygonal geometries. Notably, polygonal mesh
combined with advanced algorithms have addressed
classical computational challenges such as checkerboard
patterns and mesh instability while enhancing numerical
stability and solution accuracy [6]. Moreover,

contemporary Matlab implementations enable efficient
topology optimization under complex boundary
conditions and multi-material scenarios, supporting
wider practical adoption [7]. In addition, an innovative
approach to multi-material topology optimization by
combining polygonal finite elements generated through
signed distance functions with the alternating active-
phase algorithm is proposed in [8]. This method
addresses several critical challenges in topology
optimization, including the elimination of checkerboard
patterns and one-node connections without requiring
sensitivity filtering. Polygonal discretization enables the
creation of complex curved boundaries while
maintaining high numerical stability and calculation
accuracy superior to conventional triangular or
quadrilateral element approaches. The alternating active-
phase algorithm effectively handles multiple materials
within the Solid Isotropic Material with Penalization
(SIMP) framework, providing a robust solution for multi-
material structural design optimization.

The effectiveness of the method is validated through
comprehensive numerical examples demonstrating its
capability to generate clear, manufacturable topologies.
In addition, a significant advancement in gradient-free
topology optimization by integrating the Topology
Optimization algorithm with the VEM is presented in [9],
[10]. A study shows that using linear VEM removes the
need for numerical integration, which lowers
computational cost while keeping results accurate. By
employing unstructured polygonal meshes, the method
resolves connection instabilities found in standard
quadrilateral meshes and leverages a Heaviside-type
operator to improve convergence for discrete solutions,
making it ideal for both compliance minimization and
mechanism design. Benchmark tests confirm its superior
computational efficiency over conventional methods. For
topology optimization, unstructured meshes are essential
to accurately define geometry, loading, and supports
[11]. Additionally, VEM can be integrated into the
optimization objective or used for structural health
assessment [12]. Another study assesses SFEM for
predicting fatigue and crack growth in low-carbon steel
under mixed-mode loading, comparing various models to
support robust structural integrity evaluation [13].
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The study demonstrates that linear VEM implementation
eliminates the need for numerical integration,
substantially reducing computational costs while
maintaining accuracy. The method effectively addresses
one-node connection instabilities common in traditional
quadrilateral meshes through the use of unstructured
polygonal elements. Additionally, the authors
incorporate a Heaviside-type projection operator to
enhance convergence toward discrete (0/1) solutions,
making the approach particularly suitable for both
compliance minimization and compliant mechanism
design problems. The computational efficiency gains are
demonstrated through benchmark examples showing
superior performance compared to conventional
approaches. Many engineering applications of topology
optimization require the use of unstructured meshes for
accurate description of the design domain geometry,
specification of the loading and support conditions, and
reliable analysis of the design response. Also, it describes
the method of virtual elements; that is, it is included in
the objective function of the optimization problem as
well as can be included to determine structural health.
Another study presents an experimental and numerical
analysis of equivalent stress intensity factor models for
low-carbon steel under complex mixed-mode I+II
loading, using SFEM. This research evaluates different
crack growth rules and stress intensity factor models to
identify which best predicts fatigue behavior and crack
development in modified compact tension specimens,
offering useful insights for structural integrity
assessment in engineering applications.

This article applies topology optimization concepts to
solve the problem of continuous structures and their
respective discretization in polygonal elements, such as
discretization, and its dependence on degrees of freedom
was made according to reference [14]. In addition, the
present work offers a rigorous comparative study of
advanced numerical methods for topology optimization,
specifically the Virtual Element Method (VEM) and the
Smoothed Finite Element Method (SFEM), implemented
within a fully reproducible Matlab framework. A notable
innovation is the implementation and direct comparison
of VEM and SFEM on irregular polygonal meshes,
enabling efficient and accurate simulations for arbitrarily
shaped, non-convex domains that pose challenges for
traditional finite element approaches. The manuscript
develops original numerical routines for both VEM and
SFEM, with each method’s formulation and algorithmic
details explicitly constructed and made available for
Matlab wusers, thus facilitating practical adoption.
Quantitative comparisons, convergence analyses, and
topology optimization simulations are carried out on
benchmark problems using both mesh types, with
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computational results—such as error and efficiency—
systematically analyzed and presented. The study
demonstrates distinct advantages in mesh flexibility,
computational speed, and solution accuracy, along with
clear reproducibility, thereby providing the scientific
community with new tools to advance the application of
polygonal methods in structural design and optimization.
We follow standard notation throughout the paper. As
usual, Sobolev spaces Hy () consists of functions whose
derivatives up to the ku order are square-integrable on ()
generic polygons, e, || denotes the measure of a set (area)
as well as the Euclidean norm of a vector.

2. Topology Optimization

In this section, we concentrate on topology optimization
of a linearized elastic system under small deformations
subjected to surface tractions t. The elasticity problem,
for a smooth bounded domain Q € R%. The goal of
topology optimization is to find the most efficient shape
®w € R? of a physical system whose behavior is
represented by the solution u, We shall focus on
topology optimization problems as compliance
minimization. The topology optimization problem of
compliance minimization refers to finding the stiffest
configuration under applied loads and boundary
conditions. Compliance J, the work done by the loads, is
defined as:

infJ(p) = jC(p)Vu:Vvdsz t-vds

p Q 'n (1)

s.t. a(u,v) =f(v), jp(x)dx < V£

Q

where V; is the prescribed maximum volume fraction, the
domain Q is a function of density p(x). The effective
elasticity tensor is defined in [15] as per the Solid
Isotropic Material with Penalization (SIMP) model with
p penalization, and the solid regions C° are filled with
material of elasticity tensor. In order to solve Eq. (1)
numerically, it is discretized as follows:

inff] = FTU
P

(2)
s.t. K(p)U=F, E lelpe < VIOl
e

where K is the global stiffness matrix, U global nodal
displacement vector, and F global nodal force vector.

3. Virtual Element Method VEM
The Virtual Element Method (VEM) is an extension of

the finite element method that enables discretization of
domains with arbitrary polygonal elements without
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explicitly calculating canonical basis functions [16],
[17]. Instead, VEM uses local projection maps to extract
the linear component of element deformations, enabling
direct construction of the stiffness matrix based on
kinematic decomposition of deformation states.

FN/

Iy

Figure 1. Extended design domain and boundary
conditions. Source:[2].

3.1. Variational Formulation

For a linearly elastic body under small deformations u,
the variational formulation is:

a(u,v) = f CVu:Vvdx =f t-vds, YWEV  (3)
N _

I'n
where V = {v € H'(Q):v| rp = 0} is the space of
admissible displacements, C is the material stiffness
tensor, and [}, [y partition dQ (see ;Error! No se

encuentra el origen de la referencia.). The discrete
Galerkin approximation belongs to V, € V with:

a(u,v) = Z at(u,v),
ap(u,v) = Z ay.(u,v)

e

“4)

3.2. Kinematic Decomposition and Projection

Consider a polygonal element e with n vertices. The
canonical basis functions @, ...,@,, provide two
degrees of freedom per vertex. The key innovation of
VEM is using a linear projection map mp to extract linear
deformations without computing basis functions
explicitly:

pv =V + (W)(x — X), 5)

where X is the centroid and (Vv) is computed via line
integrals along the element boundary:
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1 1
(Vv) = el f Vvdx = — | v@nds (6)

|e| de
Finally, any deformation statev€ W can be
kinematically decomposed as:

vV =1pV+ (V—1pV) (7)

where the first term represents linear deformations and
the second represents higher-order modes in a (2n — 6)-
dimensional subspace.

3.3. Stiffness Matrix Construction
The bilinear form splits into two parts:

a®(u,v) = a®(mpu, mpv) (®)
+s¢(u — mpu, v — mpv)

The consistency term a®(mpu,mpv) corresponds to
constant strain modes and is computed exactly using only
geometric quantities. The stability term s® approximates
higher-order mode contributions via a symmetric
positive-definite form:

n

s(uv) = ) atu(x)vix) ©

i=1

where af is a positive coefficient that ensures correct
scaling of the energies of higher-order modes. For
implementing the above approach. In consequence, s€ (-
,-) must have the same order of magnitude as a® (-,"), so
an appropriate value of a® is, for example, c.f. [16]
a® = atrace(|e|WpDW?F) (10)
with @ a constant which is chosen as 0.2 after a
numerical analysis with stiffness matrix of FEM for
quadrilateral elements c.f. with stability analysis in [17].
D encodes the material elasticity and matrix Wp
represents deformation states of the space of smooth
functions on each vertex of a polygon as shown in the
Figure 2. This construction avoids explicit basis function
computation while maintaining accuracy and stability
across arbitrary polygonal and non-convex meshes.
Finally, the element stiffness matrix is given by
K, = |elWpDW} + a®(I — Pp)"(I — Pp) (11)
where matrix Pp represents the projection mp in terms
the six bases that span the linear deformation space
computed from boundary integrals
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pl(x) = [L 0]’

pz(x) = [0' 1]’

psx) = [~ Dy, 0], )
Pa(x) = [(x=X)), 0],

ps(x) =[0, (x—X)],

Ps(x) = [0, (x —X)»]

Consequently Eq. (11) is used to compute the force
vector corresponding to a surface traction, similar to the
one discussed in [16].

Figure 2. Illustration for of line integral. Source: own
elaboration.

4. Smoothed Finite Element Method

The Smoothed Finite Element Method (SFEM) improves
standard polygonal finite element accuracy by smoothing
the strain field over sub-cells rather than computing
strains pointwise [18] . This approach reduces artificial
oscillations and enhances stability in topology
optimization.

4.1. Smoothed Strain Field

For a polygonal element e discretized into n, smoothing
cells (sub-domains), the smoothed strain field, EZ- , which
is calculated from a weighted average of the standard

deformation field eg- at cell C (see Figure 3):

1 ~
EZ- = —f s{}(x)cb(x —x.)dx = B,u (13)
0.1,

where u is the displacement vector. Using the divergence
theorem to convert the volume integral to a boundary
integral over [;:

~ 1
BC_

= N®ndrlr 14
2 Jr, (19
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where N contains shape functions at node i and n is the
outward normal. This boundary integral formulation
eliminates the need to compute derivatives inside the cell.

4.2. Stiffness Matrix Assembly

The elemental smoothed stiffness matrix is constructed
by summing contributions from each smoothing cell:

ne

K, = Z BeDBclol (15)

c=1

Figure 3. Illustration of the smoothed finite element
method. Source:[19].

For arbitrary polygonal elements, smoothing cells are
generated by triangulating from the geometric centroid:

1 n
(x07,) = ;Z(xi.yi) (16)

This produces n triangular sub-cells (where n is the
number of polygon vertices), each with its strain field
smoothed independently as is shown in Figure 4. The
method's efficiency stems from evaluating boundary
integrals via simple line integration, avoiding expensive
interior quadrature.
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Figure 4. Central point O. Source: [20].
5. Numerical Simulations

In this section, we present the numerical simulations
carried out in Matlab®. In the first part, a numerical
comparison between VEM, SFEM, and FEM. Secondly,
two topological optimization samples.

5.1. Comparison with FEM

In this segment, we verify the accuracy of the numerical
approach using the displacement path test and a known
problem: a cantilevered beam with an end load. Consider
a rectangular beam of dimensions a = 10, b = 1/2,
filled with isotropic material of Young’s modulus £ and
Poisson’s ratio v, subjected to a transverse load. For the
currentstudy F = 1, E = 10* andv = 0.3 to Figure 5.
Cantilever with an end load. Source:[21]Figure 5 shows
beam dimensions. Additionally, F can be represented as

b
F =f Oxydy;x =10 (17)
-b

and the displacement solution by Airy’s stress function
as follows:
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_3Fx’y 3F(1+v)y FQ2+v)y®

e = 4Eps 2Eb 4ED3
_ 3Fvxy® Fx® BiC (18)
Y= T4EbS T 4ED3 x
here A, B and C are defined as:
A0 B Fa® _C_3Fa2
7 2Eb3’ T 4Eb3
Y
a
b
A0
Vi -
b
/

Figure 5. Cantilever with an end load. Source:[21].

The purpose of the numerical verification studies is to
show that the current approach produces numerical
convergence and stable results for a variety of mesh
types. Those results are verified in terms of the relative
displacement error and the calculation time of the
stiffness matrix in seconds. The error is expressed by [22]
as

IENlL2 = [l (x) — u" ()]

x2 1/2
- ( (ue* (x) — u“(x))de> (12)

Table 1. Mesh Dimensions

Square Mesh Polygonal Mesh
# Elements | NDofs Diameter(h) | # Elements | NDofs Diameter(h)
80x8 1458 0.1768 640 510 0.0326
160x16 5474 0.0884 2560 2034 0.0162
320x32 21186 0.0442 10240 8138 0.0081
640x64 83330 0.0221 40960 32528 0.0040
1280x128 | 330498 0.0110 163840 130056 0.0020
2560x256 | 1316354 0.0055 655360 520240 0.0010

Source: own elaboration.
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where u®® and u" are the exact and each solution
methods, respectively. The next experiments described
on the Table 1 were performed on a machine with an
Intel(R) Core 17, 3.40 GHz processor, and 8.0 GB of
RAM running Matlab R2015a. The experiments were
solved for VEM, SFEM, and FEM in the same meshes.
Additionally, the results of polygonal discretization are
averaged by ten meshes. In the same way, the time
measured in the square mesh is averaged of ten
experiments as in the polygonal case.

We studied the performance of VEM and SFEM under
mesh refinement for different types of mesh. In Figure 6,
the relative displacement error is plotted against the
average diameter and time in seconds against the total
number of degrees of freedom (NDofs). It is shown that
under mesh refinement, displacements and time converge
for different cases. The discrete bilinear form is
constructed to be continuous and bounded. On the other

(2)
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hand, the displacement results exactly in the same point.
The results show that the VEM is faster than FEM but
stable as well as FEM.

5.2. Results of optimization

After verifying the displacement test, the VEM method
is accurate and more efficient calculation of the stiffness
matrix than SFEM and FEM, solving the same problem
faster. Moreover, one could make examples of
topological optimization. In this section, we present
numerical results for compliance minimization problems
with VEM and polygonal mesh on clip domain beam as
shows Figure 8 with L = 4, H =3 and r = 4/6.

- © —FEM
- B -VEM
— % —SFEM

time(seg)

10?2 i ; ;
10% 10° 10* 10° 108

- © —FEM
— 8 —VEM
— % — SFEM P

Figure 6. Convergence and time analysis (a) square mesh and (b) polygonal mesh. Source: own elaboration
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>
> :
P>

F/2

F/2

>
=

> |

(2)

(b)

Figure 8. (a) Clip Domain beam problem. (b) Final topology for clip domain with constant filter R=0.09 and
Vol. fraction = 0.45. Source: own elaboration.

In order to simulate, the Ersatz parameter ¢ is set to 10 —
4, and Young’s modulus and Poisson’s solid phase ratio
were taken to be E° = 1 and v = 0.3, respectively.
Additionally, the volume reduction is 45%, and the ratio
filter is 3% of the minimum domain dimension c.f. with
[2], besides the SIMP penalization was initialized from 1
to 4. Finally, for comparison in the topological
optimization, we present MBB problem with the
dimensions L =3 and h = 1 (see Figure 7) and
discretized with tessellations as elements. The
application of tessellations in topological optimization
constitutes a noteworthy advancement in the field,
effectively bridging the gap between engineering
functionality and aesthetic appeal. These meshes present
distinct advantages over conventional triangular and
quadrilateral elements, facilitating the incorporation of
arbitrary polygonal shapes, including highly skewed,
degenerate, and non-convex elements in numerical
simulations. This flexibility permits the development of
structurally efficient designs characterized by intricate
patterns and recognizable figures, thereby enhancing the
artistic value of engineering structures. By seamlessly
integrating artistic elements into engineering designs,
tessellations have the potential to transform approaches

>
>
>
>

F

=

)

to structural optimization, appealing to both engineers
and architects. This innovative methodology not only
augments the visual appeal of optimized structures but
also introduces new possibilities for efficient and creative
design solutions, which VEM can solve in topological
optimization with quadrilateral tessellation as Figure 7
shows.

6. Limitations and Future Work

This study is limited to linear elasticity problems and
two-dimensional domains. Extensions of the present
work to nonlinear material behavior, three-dimensional
geometries, contact phenomena, and dynamic loading
scenarios are currently under investigation by the
authors. These efforts are particularly focused on
generalizing the implementations for 3D topology
optimization, incorporating nonlinear constitutive

models, and adapting the methods to address problems
involving contact interfaces or transient dynamic loads.
Such developments will broaden the practical relevance
of VEM and SFEM and provide deeper insights into
a wider range of

structural optimization across

engineering applications.

Figure 7. MBB problem and optimized domain with constant filter R = 0.12 and Vol. fraction = 0.5. Source: own
elaboration.
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7. Conclusions

This work demonstrates that original Matlab
implementations of VEM and SFEM enable reproducible
topology optimization and quantitative comparison in
arbitrary, non-convex polygonal domains. The numerical
results reveal that both VEM and SFEM outperform
classical FEM in terms of mesh flexibility, computational
efficiency, and accuracy, particularly for complex
structural benchmarks. Rigorous convergence analyses
confirm these methods as robust and reliable choices
when dealing with irregular meshes, while simulation
results show that polygonal approaches facilitate clear
and manufacturable designs by overcoming common
issues such as checkerboard patterns and mesh
instabilities in traditional optimization schemes. Overall,
the presented routines and findings provide practical
computational tools and detailed reference results for
future work in advanced numerical structural design and
optimization.
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